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CHAPTER I 


KINEMATICAL PRELIMINARIES 

1 The d%splacements of rigid bodies 

The name Analytical Dynamics is given to that branch of knowledge 
in which the motions of material bodies, considered as due to the mutual 
interactions of the bodies, are discussed by the aid of mathematical analysis 

It IS natural to begin this discussion by considering the various possible 
types of motion in themselves, leaving out of account for a time the causes 
to which the initiation of motion may be ascribed , this preliminary enquiry 
constitutes the science of Kinematics The object of the present chaptoi is 
to establish a number of kinenaatical theorems which will be required in the 
rest of the work 

Kinematics is m itself an extensive subject, foi a complete account of which the student 
IS referred to treatises dealing exclusively with it, e g that of Koenigs (Pans, 1897) In 
what follows we shall confine oui attention to theorems which aie of utility in the appli- 
catioos of Kinematics to Dynamics 

We shall say that a material body is iigid when the mutual distance of 
every pair of specified points in it is invariable, so that the body does not 
expand or contract or change its shape in any way, although it may change 
its position with reference to surrounding objects 

If a rigid body is moved from one position to another, the change of 
position is called a displacement of the body Certain special kinds of 
displacement have received specific names, thus, if the position in space 
of every point of the body which lies on some straight lino L is unchanged, 
the displacement is called a rotation about the line L , if the position in 
space of some point P of the body is unchanged, the displacement is called 
a rotation about the point P , and if the lines joining the initial and final 
positions of each of the points of the body are a set of paiallel stiaight lines 
of length I, so that the orientation of the body in space is unaltered, the 
displacement is called a tianslation parallel to the direction of the lines, 
through a dtstance I, 
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2 Euler's theorem, on rotations about a point* 

Consider a rigid body, one of whose points is made immoveable by some 
attachment , suppose that the body is free to turn about this point in any 
manner, and let any two possible configurations of the body be taken for 
convenience we shall call these ihe configuration P and the configuration Q 
We shall now shew that it is possible to bring the body from the configuration 
P to the configuration Q by simply rotating it about some definite line 
through the fixed point, i e that a rotation about a point is always equivalent 
to a rotation about a line through the point 

To establish this result (which was first given by Euler), denote the fixed 
point by 0, let OA, OB be the positions, in the configuration P, of two lines 
through the fixed point which are fixed in the body and move with it , let 
OA', OB' be the positions of the same lines in the configuration Q Draw 
the plane which is perpendicular to the plane AOA' exA bisects the angle 
AO A' and draw also the plane which is perpendicular to the plane BOB' 
and bisects the angle BOB Let 00 be the line of intersection of these twc 
planes, supposing them to be not coincident ^ if they are coincident, we 
denote by 00 the line of mtersection of the planes OAB and OA'B' 

Then clearly in either case the Ime OC is related to the lines OA', OB 
m exactly the same way as it is related to the lines OA and OB , that is to 
say, the angles A 00 and BOO are respectively equal to the angles A'OC and 
BOG It follows that if the system OABG is rotated about 0 in such a way 
that the lines OA and OB come into the positions OA' and OB respectively, 
then 00 will retain its position unchanged The line 00 is therefore 
unaffected by the displacement in question, and so the displacement can 
be represented by a rotation through some angle round 00 , which proves 
the theorem 

When a body is continuously moving round one of its points, which is 
fixed in space, the displacement from its position at time t to its position at 
time t + Ai, can, by Euler’s theorem, be obtamed by rotatmg the body about 
some definite line through the fixed point The limiting position of this 
line, when the interval Ai is indefinitely diminished, is called the instantaneous 
asms of rotation of the body at the time t 

When a body is continuously moving round one of its points, which is fixed, the locus 
of the instantaneous axis m the body is a cone, whose vertex is at the fixed point the 
locus of the instantaneous axis in space is also a cone whose vertex is at the fixed point. 
Shew that the actual motion of the body can be obtained by making the former of these 
cones (supposed to be rigidly connected with the body) roll on the latter cone (supposed to 
be fixed in space) (Poiusot ) 

A similar proof shews that if any two positions of a plane figure in the 
same plane are given, the displacement from one position to the other can be 
* Novi Comment Petrop xx (1776), p 189, § 25 
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regarded as a rotation about some point in the plane This point is called 
the centre of rotation 

When the body is regarded as continuously moving, the small displace- 
ment from one position to the position which succeeds it after an infinitesimal 
interval of time can therefore be accomplished by a rotation round a point , 
this point is called the instantaneoiis centie o f rotation 

Example 1 A lamina moves in any manner in its plane Prove that the locus at any 
instant of points which are at inflexions of their paths is a circle, which touches the loci 
in the lamina and in space of the centre of instantaneous lotation (Coll Exam ) 

Example 2 A rigid body in two dimensions is subjected successively to two finite 
displacements in its plane If be the line joining the centres of displacement, and if 
Di be the line which is brought into the position by half the first displacement (i e 
by rotation through half the angle), and if be the position to which is bi ought by 
half the second displacement, shew that the centre of the total displacement of the ngul 
body IS the intersection of Dx and (Coll Exam ) 

3 The theorem of Rodrigues and Hamilton*, 

Any two successive rotations about a fixed point can be compounded into 
a smgle rotation by means of a theoiem, which may be stated as follows 

Successive rotations about three concurrent lines fixed in space^ through twice 
the angles of the plants formed by them, restore a body to its original position 

For let the lines be denoted by OP, OQ, OR Draw Op, Oq, Or per- 
pendicular to the pknes QOR, ROP, POQ respectively. Then if a body is 
rotated through two right angles about Oq, and afterwards through two right 
angles about Or, the position of OP is on the whole unaffected, while Oq is 
moved to the position occupied by its image in the line Or, the effect is 
therefore the same as that of a rotation round OP through twice the angle 
between the planes PR and PQ, which we may call the angle RPQ It 
follows that successive rotations round OP, OQ, OR through twice the angles 
PPQ, PQR, QPP, respectively, are equivalent to successive rotations through 
two right angles about the lines Oq, Or, Or, Op, Op, Oq, but the lattci 
rotations will clearly on the whole produce no displacement, which establishes 
the theorem 

4 The composition of equal and opposite rotations about parallel axes. 

A case of special interest is that m which a body is subjected in turn to 
two rotations of equal amount in opposite senses about two parallel axes 

In neither displacement is any point of the body displaced in a direction 
parallel to the axes, and this is therefore true of the total displacement 
Moreover, if any line be taken in the body in a plane perpendicular to the 

* 0 Bodrigaes, Journ de Math v (1840), p 880, Hamilton, Lectures on Quaternions, § 844 , 
the proof here given is due to Burnside, Acta Math xxv (1902), 
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axes, this line m the first displacement will be turned through an angle 
equal to the angle of rotation, and in the second displacement will be turned 
back through the same angle, eo its final position will be parallel to its 
original position, which evidently can be the case for every line without 
exception, only when the total displacement is equivalent to a simple 
translation It follows that two successive equal and opposite rotations about 
parallel axes are equivalent to a translation in a direction perpendicular to 
the axes, or, in other words, a rotation about any axis is equivalent to 
a notation through the same angle about any axis parallel to it, together with 
a simple translation in a direction perpendicular to the axis 

The converse of this, namely the theorem that a rotation of a iigid 
body about any axis, preceded or followed by a translation in a direction 
perpendicular to the axis, are together equivalent to a rotation of the body 
about a parallel axis, is also true, being essentially the same as the le&ult 
stated in § 2, that any displacement m a plane can be regarded as a roiition 
round some point in the plane By considering the angle betwei'ii the 
initial and final positions of any line which is perpendicular to the axis and 
moves with the body, we see that the angles of rotation round the two axes 
are equal 


5 Ghasles theorem on the most general displacement of a rigid body* 

We shall now consider displacements of a more general chaiacter It is 
evident that a free rigid body can be moved from any one selected con- 
figuration P in space to any other Q by first moving some selected point of 
the body from its position in the configuration P to its position in the 
configuration Q, each of the other points of the body being moved by a simple 
tianslation parallel to this (so that the body is oriented in the same way after 
the operation as before), and secondly rotating the body about this point into 
the configuration Q By Eulei’s theorem, this latter operation can be 
perfonned by simply rotating the body about a line through the point , so 
we see that the most general displacement of a rigid body can be obtained by 
first translating the body, and then rotating it about a line 


W e shall now shew that the line about which the rotation takes place can 
be so chosen, that the motion of translation is parallel to tins line For let A 
be the initial position of any point c f the body, and B the position to which 
this point is brought by the motr n of translation Let AK be the line 
through A paiallel to the line round which the rotation takes place, and let 
K be the foot of the perpendicular from B on AK Then the motion of 
translation can evidentl} be accomplished in two stages, the first of which 
IS a translation parallel to the line about which the rotation takes place, 


Mozzi, Dii>corso vuitematico sopia iliotaviento movientaneo dei cot pi, Naples 171 
hx,ruce> ^ Math n (Pans, 1827), p 87, Oeuvu», (2) vii p 94 , Chasles, 
Scimes (F6rnssae), XIV (1830), p 321, CtmifUa Rmdvx de VAcad xvi (1843), p 14S 


Cauchy, 
U)ui dcB 
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bringing the point A to the position iT, and the second of which is 
a translation perpendicular to the line about which the rotation takes place, 
bringing the point K to the position B But by § 4, the second translation, 
together with the rotation which follows it, are together equivalent to 
a simple rotation about a new axis parallel to the first one If therefore any 
point on this axis be taken as base-point, the whole displacement can be 
accomplished by a translation of the body parallel to a certain line through 
this point, together with a rotation about this line, this establishes the 
theorem 

This combination of a translation and a rotation round a hue parallel to 
the direction of translation is called a screw , the ratio of the distance of 
translation to the angle of rotation is called the pitch of the screw It is 
clear that in a screw displacement, the order in which the translation and 
rotation take place is indifferent 

6 Halph&ii^s theoyem on the composition of two gen&tal displacements 

Halphen has shewn* how to determine geometrically the lOsulbint of any two screw- 
displacements as a screw-displacement 

Let Ai and denote the axes of the two sciews, and A 12 their common perjicndicular 
Lot Bi bo the line which is brought to the position Ai^ by half tho farst diHplax<etncnt 
(1 e half the translation, and rotation through half the angle), and let be tho line to 
whose position A 12 is brought by half the second displacement, lot C denote the common 
perpendicular to the lines Bi and B^ Halphen’s lesult is that the ariH of the temltant 
screw-displacement is 0, and the displacement is twice that which brings the line Bi to the 
position B 2 

For let £>1 and bo lines such that half tho given displaceinouts will bung to tho 
position Bi and to the position A 12 respectively, and let C* be tho common perpendicular 
to Bi and 

The figure thus obtained, and that which is obtained from it by rotating it thiough two 
light angles about ^lia, evidently coincide , whence wo have tho lelations 

Intercept made on Bi by Ai and (7= Intercept made on by and O', 

Intercept made on B^hy A 2 and C'^liiteicept made on by A 2 and O', 

Intercept made on C by Bi and A^Litercopt made on O' by Bi and B 2 , 

Anglo between the planes AiBi, <7= Angle between the pianos d, />i, BiO\ 

Angle between the planes A 2 B 2 , /?2(7«: Angle between the pianos A 2 B 2 , D 2 O', 

Angle between Bi and B^ = Angle between />, ai d B 2 

It follows that the screw about Ai bungs G to the position of O' pioduced, tho intei- 
section of Bi and G being brought to the position of the mtei section of B^ ,md O', and 
then tho sciew about A 2 brings C' to the position of O pioduced, the intersection of 
B 2 and C' being brought to the intersection of /ij and 0, so O is tho avis of tho resulUnt 
screw, and the amount of the translation is twice the inteicept made on G by Bi ami 
Also the line Bi, which by the first scicw is brought to tho position is by tho second 
biought to a position making the same angle with that B^ makes with Bi , and theielore 

* Nouvelles Annales de Math ($) i p 29^ (1882) The proof given here is duo to Burnsido, 
Mess of Math xix p 104 (1889) 
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the rotation of the resultant screw is twice the angle between and This establishes 

Halphen’s theorem 

Example Shew that any infinitesimal displacement of a rigid body can be obtained 
by the composition of two infimtesimal rotations round lines, and that one of these lines 
can ho arbitiaiil^ chosen 

7 Analytic representation of a displacement 

We fibfl.l1 now see how any displacement of a rigid body can be represented 
analytically 

Let rectangular axes Oscyz be taken, fixed in space these will be supposed 
to form a nght-handed system, i e if the axes are so placed that Oz is directed 
vertically upwards and Oy is directed to the northern horizon, then Ox will 
be directed to the east Let the displacement considered be equivalent to a 
rotation through an angle m about a line whose direction-angles are (a, 7), 

and which passes through a point A whose coordinates are {a, b, c), together 
with a translation through a distance d parallel to this line The angle eo 
must be taken with its appropriate sign, the sign being positive when the line 
(a, 7) being directed vertically upwards, the rotation from the southern 

horizon to the northern is round by the east Let the point P whose 
coordinates are y, z) be brought by the displacement to the position of the 
point T, Z), and let the point P be brought by the translation alone 
to the position of the point R (|, % f) , then we have evidently 

f = a; + dcosa, 1; = y + d cos ^ — z + doos^ 

Let K be the foot of the perpendicular from R (or Q) on the axis of 
rotation, and let L be the foot of the perpendicular from Q on KR Then 
we have 

A' — ^ = pi ejection of the broken line RLQ on the axis Ox, 

it being undei stood that projections have their appropriate signs, so that the 
projection of a line AB on the axis of x is — not {xj^ — x^) 

Now the projection of KR on the axis Ox is 

? — a — (projection of AK on the axis Ox) 

01 f — a — cos a ((I — a) cos a -f (^7 — 6) cos + (?’ — c) cos 7}, 

and as Pi = — (1 — cos co) P, it follows that the projection of Pi on the 
axis 0^ IS 

- (1 - cos (o) [| — a - cos a {(^ — a) cos a + (97 — &) cos + (f — c) cos 7)] 

Moreovei, the line LQ is normal to the plane RKA, and its diiection-cosines 
are therefore proportional to the quantities 

- c) cos - (77 - 6) cos 7, (^ - a) cos 7 - (f - c) cos a, 

(77 — 6) cos a — (^ — a) cos / 3 , 
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and since the sum of the squares of these three quantities, divided by the 

expression {(f — a)® + (^ — 6)2 + (f — c)®}, represents the quantity sm® RAKy it 
follows that the sum of the three squares is equal to KR^y and the three 
quantities themselves are the projections on the axes of a length ± KR 
measured along the line LQ Since £Q = ± -fiTiZsinw, the projection of LQ 
on the axis Ox is therefore 

± sin G) {(f — c) cos /S — (77 — 6) cos 7} 

On considering a special case, e g supposing that the axis of rotation is the 
axis Ozy we see that the upper sign is correct , and thus we have 
X — — (1 - cos G)) {(f — a) — cos® a — a) 

— cos a cos (7? — 6) — cos a cos 7(5*— c)} 

+ sin ft) {cos iS (t — c) - cos 7 (17 - b)} 

Substituting for 77, ^ their values in terms of x, y, z, we have 
X = x-{-d cos a — (1 — cos eo) {(x — a) sin® a 

— cos a cos /3 (y — 6) — cos a cos 7(^ — c)} 

+ sin G) {cos cos 7 (?/ — b)} 

Similarly we have 

Y= y + d cos /S — (1 — cos gj) [{y — h) sin® $ 

— cos cos 7(^ — c) — cos yS cos a (a. — a)} 

+ sin G) {cos 7 (^ — (i) — cos a — c)} 

and Z—z-^d cos 7 — (1 — cos co) {(z — c) sin® 7 

— cos 7C0S a (it? — a) — cos 7 cos y8(2/ — 6)} 

+ sin G) {cos a (y — 6) - cos /3 - a)}. 

These equations give the new coordinates X, F, Z m terms of the 
coordmates Xy y, ^ of the oiigmal position of the point and the quantities 
which define the displacement 

8 The composition of small rotations 

We shall now apply the last result to the case m which the rotation is 
infinitesimal, the axis of rotation passing through the origin and there being 
no motion of translation We shall wnte for g), where is a small 
quantity whose square can be neglected The equations of the last article 
now become 

'X “ GJ 4- (-2^ cos y8 — y cos 7) 5>/r, 

, F = y + (it’ cos 7 — ^ cos a) Sy{r, 

Z = z-h (y cos a — X cos / 3 ) Syjr 

But these are the equations which we should obtain if we successively (in 
any order) subjected the body to infinitesimal rotations cos a S^fr about Ox, 
COS 0 81/r about Oy, and cos 7 about Oz It follows that any small rota- 
tion Syjr about a line OK is equivalent to successive small rotations Syfr cosKOx 
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about Ox, cosKOy about Oy, and By}t cosKOz about Oz, where Ox, Oy, Oz 
are any three mutually perpendicular lines which intersect OK in one of its 
points, 0 


9 Euler s parametric specification of rotations round a point** 

The analytic expressions for the translational part of a displacement are, 
as we have seen, extremely simple; but the expressions for the rotational 
part are not so simple, and these will now be furthei considered Suppose 
then that a rigid body is rotated through an angle g) about a line through 
the origin, whose direction-angles are or, y By § 7 , the coordinates 
Z) of the new position of a point whose original coordinates were 
(x, y, z) aie given by the equations 

= /c — 2 sin*-* sin^ a — cos a cos /S — cos a cos 7) 

+ 2 sm ^-G) cos -Jg) {z cos yS — 3/ cos 7), 

^ 2/ "* 2 sin^ ^-G) {y sin^ yS — ^ cos yS cos 7 — ^ cos y8 cos a) 

+ 2 sin cos ^g) (x cos 7 — ^ cos a), 

Z=z-2sm^^cD{z sm27-fljcos7cosa-ycos7cos yS) 

-h 2 sm -^G) cos I G) (y cos a — a? cos yS) 

Now mtroduce parameters f, r), f, Xy defined by the equations 
^“Cosasin Jg), ^ = cos/3sm-|G), f=cos7Sin-^G), ;)^ = cosJg>, 
these parameters evidently satisfy the identical relation 


and the above equations can be written in the form 


If therefore the coordinate axes are denoted by OXYZ, and if moveable 
axes which originally coincide with these are brought into the position O^yz 
the given rotation, the direction-cosmes of the two sets of axes ynth 
leference to each other are given by the following scheme 



Y 

z 


2(l>? + fx) 


2(l7-fx) 





+ ^ + 

* Novi Comment 

Petrop sx (1776), p 208, § 6 sqq 
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It 18 readilj seen that the parameters (i", i>"» corresponding to t'he resultant of 

two successive displacements (f , 17 ', f', x) and (^, 17 , x)> are given by the equations 

xx-se-w-cc 

These formulae (which were discovered independently at different times by Gauss, 
Rodrigues, Hamilton, and Cayley) really constitute the theorem for the multyphcation of 
quaternions For 6 f may be regarded as the components of a quaternion* 
X+f^+* 2 ; + f^» where i, y, Xr satisfy the equations 

i2«^2=Xr2«i - 1 , 

and the above formulae are then all comprehended in the single equation 

The reader who is acquainted with quaternions will observe that the effect of the 
rotation on any vector p is to convert it into the vector qpq~^i where q denotes the 
quaternion x+^*+*z;+i’'^> the quaternion itself is not the rotational opeiator 

10 The Eulenan angles 

The most piactically useful of the various methods of representing 
parametrically the displacement of a rigid body due to a lotation round a fixed 
point IS likewise due to Euler'f* it has the disadvantage of being unsym- 
metrical, but is otherwise very simple and convenient 

Let 0 be the fixed point round which the rotation takes place, and let 
OXYZ be a right- handed system of rectangular axes fixed in space Let 
Oxyz be rectangular axes fixed relatively to the body and moving with it, 
and such that before the displacement the two sets of axes OX YZ and Oxyz 
are coincident m position Let OK be perpendicular to the plane zOZ, 
drawn so that if OZ is directed to the vertical and the projection of Oz 
perpendicular to OZ is directed to the south, then OK is directed to the east 

Denote the angles zOZ^ Id OK, y^K by 0, <^, respectively these are 
known as the three Eulenan angles defining the position of the axes Oxyz 
with reference to the axes OXYZ 

In order to find the diiection-cosines of Ox, Oy, Oz, with respect to OX, 
we observe that these are equal to the projections on Ox, Oy, Oz, respectively, 
of d unit length measured along OX Now this unit length has projections 
cos <t> along OL and - sin <f> along OK, where OL is the intersection of the 
planes -TO F and ZOz , but a length cos <f> along OL has projections cos sm 0 
along Oz and cos cos ^ along OM, where OM is the intersection of the 
planes xOy and ZOz , and a length cos <!> cos 0 along OM has projections 
cos <t> 00^0 cos y}r along Ox and -cos ^ cos 5 sini/r along Oy, also, a length 
-sin <f> along OK has projections - sin <f> sin along Ox and - sin cos ifr 

* This quaternion will have its tensor equal to unity 
t Novi Comment Petrop xx (1776), p 189 
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along Oy Hence finally the projections on Occ, Oy, Oz respectively of the 
unit length measured on OX are 

{ cos ^ cos 0 cos >|r — sm sin y\r along Ox 
A — cos cos 0 sm -v/r — sm <^) cos along Oy, 

[ cos sm 6 along Oz 

Proceedmg m this way, we obtam for the direction-cosmes of the two sets of 
axes OX YZ and Oxyz with respect to each other the following scheme 


X Y Z 


cos (f) cos ^ cos yj/' — sm <j) sin yj/ 

sm (p cos S cos yjr 4- cos (p sin yp- 

- sin S cos yp 

—cos cos e sm yfr — sin ^ cos yjr 

— sm <p cos 6 sin cos <p cos \p 

sin 6 sin yp^ 

cos 0 sm 6 

sm (p sin S 

cos 5 


11 Connexion of the Eulenan angles mth the parameters f , 77 , 

The relations between the Hulerian angles 6^ yjr and the parameters 
X of § 9 may be obtained by companng the schemes of direction- 
cosines which have been given m §§ 9 and 10 , they may however be obtained 
directly as follows 

Let OXYZ and Oxyz be the fixed axes and the axes derived from these 
by the rotation round a Ime OR, whose direction-angles are (a, / 3 , 7 ) 
Draw a sphere of unit radius with the point 0 as centre, so that planes 
passmg through 0 mtersect the sphere m great circles, and lines intersect the 
sphere m points Then in the spherical triangle RZz, the sides are 7 , 7 , 8, 
and the angle at J? is o) , whence we have the relation 

sm^^ = sin 7 Sin-Ja) 

Moreover, let v denote the angle RZY, so = <^ - i, Then the 

arc RZ is brought to the position Rz by successive rotations ^ about Z, 
8 about the pole of Zz, and yjr about 2 :, but the first of these transforms RZ 
mto an arc makmg an angle + or with Zz, at Z, the 

second rotation transforms this into an arc makmg the same angle 
with Zz, but passmg through 2 , and the third rotation transforms it into an 
arc making an angle ^tt - 1 / ^ with Zz, at 2 But this angle must be equal 
to TT RzZ, or TT — r£z, or tt — (^-tt — ^ or ^-tt -f <^ + z/ , so we have 

^TT -f ^ — i; + 


or 
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Hence, since in the spherical triangle RZX the sides are a, 7, -^tt, and the 
angle at ^ is — z; oi ^ (tt — 4- ^), we have 

cos a = sin 7 sm (j>) 

Substituting for sin7 from the equation already found, this gives 
cos a sin = sm ^6 sin ^{yfr — <f>), 

01 ^ = sm sin — (j>) 

Similarly from the spherical triangle RZY we have 
cos yS = sm 7 cos ^ — <^), 

and again eliminating sm 7, we have 

cos /9 sm = sm cos <^), 

or 97 = sm ^6 cos ^ — <56) 

Moreover, since we have shewn that m the spherical triangle RZs the 
sides are 7, 7, and the angles are ^ (tt — — 0 ), (tt — -- <it>^ we have 

the relations 

cos ^6) = cos ^0 cos 4- ^), 
and sm cos 7 = cos ^ 5 sin ^ 4 - </>), 

or ‘X,- cos id cos 4- 

f = cos \0 sm (-v/r 4- <l>) 

The four parameters 97, % a? e q/* Euler^tan 

angles 0, yjr by the relations 

^ = sm ^0 sm — <A)) 

97 = sm I'd cos — <^), 

f == cos id sm i (i|r 4- (j>\ 

COS^d cosi (yfr 4 <A) 

12 TVee conne:iion of rotations with homographies ^ the Cayley- Khin parixoteters 

Consider now a spheie, on the surface of which any figiues (which we shall call S) are 
drawn Let these figures be stereographicallj pi ejected on a plane (eg by taking the 
highest point of the sphere as vertex of projection and the t«ingent-plane at the lowest 
point of the sphere as the plane) we shall call the projected figuics P Now let the 
sphere be rotated thiough a definite angle about some a\is thiough its ccntie, so that the 
tigiues on its surface are shifted to new positions let the figures m thou new positions be 
called /S" , and let the steieogiaphic projections of the figures S* (with the same \orte\ and 
plane of projection as before) be called P' Then corresponding to the rotation of the 
sphere, which changes S to S\ wo have a tramfot matioii m the plane, which changes the 
figures P into the figures P* We shall now examine this tiansfoimatiun nioio closely 

If one of the figures P is a cnclc in the plane, we know that the conesponding figuie>Sf 
must be a circle traced on the spheie, since by stereogi aphic iirojection a cncle is changed 
into a circle theiefore S* must also be a circle, and hence P* must also be a circle 
Thus we see that the U ansfonnations of the plane^ lohich coi respond to lotatwm of the 
spheie^ must he such as to change any cDcle in the plane into another ivcle in the plane 


I 
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It may be shewn* that any transformation of this kind may be represented analytically 
in the following way 

Let z=x+y J — 1, where x and y are the rectangular cooidinates of any point in the 
plane, so that to this point there corresponds a definite value of the complex variable z 
Similarly let where of and y refer to the point into which the point (a, y) 

IS changed by the transformation Then any one-to-one traneformation of the plane, which 
changes all circles into circles'X, may he defined hy an equation of the type 

,^az+h 


wh£re a, b, c, d are {real oi complex) constants, or else hy a transformation of this latter 
kind combined with a reflexion in one of the axes of coordinates 
A transformation represented by an equation of the type 

cz+d 

is called a homographic transformation, or homography It appears therefore that homo- 
graphies m a plane conespond to rotations of a solid body about a fixed point, in such a 
way that if two homographies correspond respectively to two rotations, the homography 
compounded of these con*esponds to the rotation compounded of the two rotations J 

We shall now see now the connexion between rotations and homographies may be 
represented analytically 

Let us replace the parameters 17, by new parameters a, j8, y, 5, defined by the 
equations 

a — d a+8 

^ 2 ' 2i ’ 2i ’ 2 ' 


so that they are connected with the Eulenan angles $, <j), ^|/‘ by the equations 


a=cos^ 


y=isin- , 


8=cosf J 

^ 2 

These “Cayley-Klein'^ parameters clearly satisfy the relation 

a5-i8y = l, 

and replacing the quantities |, g, f, m the scheme of directiou-cosines given m § 9 by 
their values in terms of a, y, 8, we have for the values of the direction-cosines in terms 
^ A y, the following scheme 


^ Y z 



|(-oS-^2+y2+8S) 

t(ay-|-/8S) 

|(a*-|8*+y2-8*) 

i(a«-02-y!+82) 

"-ay4-)9d 

— 1 (o^+yS) 

-a)3+y§ 

ab+ffy 


I ? ? ® introduction to the theory of automorphie functions (London, 1916) 

T A straight Ime is to be regarded as a particular kind of circle 
i Klein, MatA Ann ix. (1875), p 183, Cayley, Math Ann x^ (1879), p 238 
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It may readily be shewn that the parameters (a", jS", fi") coiresponding to the 
resultant of two successive displacements (o', /S', y', «') and (a, /3, y, 8) are given by the 
equations ^ o j 

a" = a'a -H y'ft = a/s' + /3S', 

y"=ya'4-Sy» r=y;3' + dS' 

These equations shew that the transfoimation 

y'^+r 

IS the result of perforining in succession the two substitutions 

, az+^' , az + Q 

^r = — and s'= — 
y2+S ys + d 

and the connexion between rotations and homographic transformations is thus evident 
analytically 

One advantage of the Cayley- Klein parameters, as compared with the parameters 
(c> Vi C* x)j isjhat they retain some of the simplicity of the quaternion calculus, while 
using the 7-1 of ordinary algebra instead of the j, j, i of Hamilton’s quateinions 

Example 1 Let (S, denote the Eulerian angles Suppose that a point in space 
which IS carried about \vith the axes has the vectorial angles ct>{) (leferied to the 
fixed axes OXYZ) before the motion, and (^j', <^{) aft^r the motion Denoting tan^^, 
by fx , and tan by fi', shew that 

f j d-sm j 0 

Example 2 If from the equations 

^i = a^i + /8a2, 

-^2=7^1 + ^^2> 

the ipantitios are formed, and if theise quantities are regarded as uinbral 

symbol and the quantities X,A„ aie replaced by - F+tX, 

r+iA, X, -y-^ia;, y+ix, e, lespectively, shew that the equations obtained are 

1 ^”^+*-^'=“'^ (—y+tJ!)+ZafiZ'+0‘(i/+ia;), 
y+^■X=y^ (— y+ia.) + 2y8s+8^ (y+ix), 

^ Z =ay (— y + M.) + (a8 + ^y)« + ,88(yH-ia), 
and that these are the three equations connecting the coordinates (X, Y, Z) of a point 
referred to the axes OXYZ with its coordinates (i, y, z) referred to the axes Oiyz 
Example 3 If 

-y+ix yJrvx g=XV 1 i(X+V), 
r+^X if=X,X,' I K^i+Xi'), 

shew that 

x,=“^tf and X,'='i^ 

‘ yX4-8 yX' + 8 

13 Vectors 

We now proceed to consider the essential features involved in the 
displacement by simple translation of a rigid body 

The operation of translation in itself, considered apart from the body 
translated, evidently possesses the following properties 
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1° It can be specified completely by any one of the equal and parallol 
lines of space which have a given length (viz the distance of the translation) 
and given direction (viz the direction of the translation), since such a lino 
furnishes all the data which describe the operation 

2° If AB be one of these lines, and AGDE KB be a broken hnt» 
joining its extremities, then the operation represented by is equivalent 
to the sum of the operations represented by AG, CD, BE, KB 

These pioperties 1° and 2^ are possessed by a large number of operationn 
and quantities other than the operation of translation , an operation ot 
quantity which possesses them is called a vector quantity 

By 2^ a vector AB is equivalent to the sum of three vectors AK, KL, LB, 
respectively parallel to three gi\en rectangular axes, and forming a broken 
line joimng the points A and B These three vectors are called the com- 
ponents of the vector AB along the given axes If I be the length and (a, 7 ) 

the direction-angles of AB, the lengths of the component vectors are clearly 
(I cos a, I cos y 8 , I cos 7 ), being in fact the projections of -di? on the axes. 

A single vector which is equivalent to any number of given vectors is 
called their resultant 

If a vector is conceived as varying m dependence on a parameter (e.g th(» 
time), the dilference between the vectois conesponding to any two valutas of 
the parameter is also a vector, and hence the rate of change of the vector 
with respect to the parameter is also a vector, whose components are tho 
rates of change of the corresponding components This is called the fiiim 
of the. vector with respect to the parameter 

14 Velocity and acceleration , their vectorial character 
Consider now a body which is being continuously translated (though not 
necessarily always m the same direction) without any change of orientation 
Its total translation to any time ^ is a vector quantity and hence the rate nt 
which this changes with the time, 1 e its time-flux, is also a vector quantity, 
which IS called the velocity of the body, if x, y, z are the coordinates reforn*d 
to fixed axes of any point fixed m the body and moving with it, then the com- 
ponents of the velocity referred to these axes are the rates of change of ar, y, z, 
1 e are x, y, z (where dots denote differentiations with respect to the time t). 

Similarly the rate of change of the velocity is again a vector, whoHi^ 
components are x, y, z (two dots indicating second derivatives with resp(*ct 
to the time) , this vector is called the acceleration of the body 

It IS clear that if P and Q are two inovmg points, the vector which 
represents the translation (or velocity, or acceleration) of Q is the sum of the 
vector which represents the translation (or velocity, or acceleration, as th(* 
case may be) of P and the vector which represents the translation (or velocity, 
or acceleration) of Q relative to P, le of Q referred to axes whose origin 
moves with P, and whose directions are mvariable 
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16 Angular velocity its vectorial character 

Consider next a body which is rotating continuously about a line Let 6 
denote the angle turned through at any time t then 6 represents the speed 
of turning at the time t If from any point on the line round which the 
rotation takes place a segment whose length represents 6 is measured along 
the line, this segment will evidently furnish a complete specification of the 
nature of the rotation at the instant or (as it is generally expressed) of 
the angular velocity of the body The direction in which the segment is 
measured from the base-point is to be connected with the sense of rotation 
by the usual convention, namely that when the segment is directed vertically 
upwards the rotation from the southern horizon to the northern is round by 
the east 

An angular velocity is therelore repiesented by a line of definite length 
and direction Now by § 8 , if a body one of whose points 0 is fixed 
experiences a small rotation 8 ^ round any line OiT, this displacement is 
equivalent to successive small rotations Byjr cos a round Ox^ Syfr cos j8 round 
Oy, and 8 i/rcos 7 round Os, where Ox, Oy, Os are any three mutually 
perpendicular lines passing through 0 and (a, / 8 , 7 ) are the direction-angles 
of OK with referende to Oxys From this it is clear that we can regard an 
angular velocity represented by a length measured on OK as equivalent 
to angular velocities represented by lengths cos a, cos yjr cos 7 , 
measured along Ox, Oy, Os, respectively 

But this IS essentially the fundamental property of vectors, and can be 
expressed by the statement that angular velocities can be resolved and 
compounded according to the vectonal law 

It must be observed however that an angular velocity does not fulfil all 
the conditions which enter into the definition of a vector, for an angular 
velocity about one line is not equivalent to an angular velocity of the same 
magnitude about a parallel Ime Angular velocity must therefore be regarded 
as a vector which is localised along a definite line 

Example A right ciicular cone 0/ semi -vet tical angle ^ rolls loithout sliding on a plane 
To find Its instantaneous axis of rotation, and to determine its angular velocity about thu 
axis in terms of the angular velocity of the line of contact in the plane 

Since all points of the generator which is in contact with the plane are instantaneously 
at rest (for there is no sliding), this generator is the instantaneous axis of rotation of 
the cone Let o) denote the angular velocity of the cone about this generator, and let ^ 
denote the angular velocity of the line of contact in the plane Then the motion of the 
axis of the cone can bo represented by an angular velocity B round the normal to the 
plane, and the whole motion of the cone is compounded of this together with a rotation 
round the axis of the cone It follows that the component of angular velocity of the cone 
about a line through the vertex of the cone perpendicular to the axis is ^cosjS, but 
this must equal the resolved part of o) in this direction, which is sin /3 We lia\ e 
therefore 

CO— ^ cot /3, 

which IS the required relation between o) and ^ 
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16 Determination of the components of angular velocity of a system in 
terms of the Eulenan angles, and of the symmetrical parameters 

The position at any time of a rigid body which is continuously moving 
about a fixed pomt 0 is most conveniently described by taking two sets 
of rectangular axes, of which one set OX YZ are fixed in space, while the 
other set Osoyz are fixed relatively to the body, and move with it, the 
position of the body being then specified by the three Eulenan angles 6, (f>, yjr, 
which define the position of the axes Oayyz relatively to the axes OXYZ 
We shall now determine the components, along the moving axes, of the 
angular velocity of the body at any instant 

Let OK denote the line of intersection of the planes XOY and scOy , the 
angular velocity of the system is evidently compounded of angular velocities 
^ about OK, <f) about OZ, and about Oz Of these, the first can be 
replaced according to the vectonal law by angular velocities 6 sin '\[r about Oaf 
and 6 cos ypf about Oy , and the second can be resolved mto ^ (j>sm 0 co&yjr 
about Oa:, (I>sm6smyjr about Oy, and ^cos^ about Oz So finally if 
®i, g) 2 > e )3 denote the components of angular velocity of the body about the 
axes Ox, Oy, Oz, respectively, we have 

^ sin — (J> sin 0 cos yjr, 

© 2 = 0 cos sin 0 SlU yjr, 

6 ) 3 ='^+ <f>C08d 

From these expressions we can at once deduce the values of Wj, ewg, 0 ^ 
in terms of the symmetrical parameters rj, of § 9 , for we have 



I yC - 

Similarly we have 

, xt-^x 

+ 

and we have cos ^ f * — 172 -f 

Substituting these values m the equation to, = ^|r + cos 0, we have 

The values of and can he at once obtained from this by the 

pnnciplo of symmetry, and thus we have the components of angular velocity 
given by the equations ^ 


= KXV+jt-VX)> 

®3 = 2 (ijf ~ Sv + xt— Six) 
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17 Time-jlux of a vector whose components relative to moviny axes are 
given 

Suppose now that a vector quantity is specified by its components 9;, f 
at any instant t with reference to the instantaneous position of a right-handed 
system of axes Oxyz which are themselves in motion and let it be required 
to find the vector which represents the rate of change of the given vector 

Let oj, 0)2, 0)3 denote the com;;; onents of the angular velocity of the 
system Oxyz, resolved along the instantaneous position of the axes Ox, Ov, Oz 
themselves 

The time-flux of the given vector is the (vector) sum of the time-fluxes 
of the components taken separately But if we consider the vector 

it IS increased in length to f + m the infinitesimal interval of time dt, 
and at the same time is turned by the motion of the axes, so that (owing to 
the angular velocity round Oy) it is displaced through an angle co2dt from its 
position in the original plane zOx, in the direction away from Oz, and also 
(owing to the angular velocity round Oz) it is displaced through an angle 
a)3dt from its position in the original plane xOy, towards Oy The coordinates 
of its extremity at the end of the interval of time dt, referred to the positions 
of the axes at the commencement of the interval dt, are therefore (neglecting 
infinitesimals of order higher than the first) 

^ + ^dt, 0)3^dt, — oDa ^dt, 

and so the components of the vector which represents the time-flux of ^ are 

G)j^, - 0)2? 

Similarly the components of the vectors which 1 epresent the time-fluxes 
of the vectors t) and ? are respectively 

V* ^iV> 

Addang these, we have finally the components of the hnie-fiiu of the given 
vector in the form 

I - ‘»?<U8+ 

• 17 - 

.1 — f«»2 + i7Wi 

This result can be immediately applied to find the velocity and 
acceleration of a point whoso coordinates («, y, z) at time t are given with 
reference to axes moving with an angular velocity whose components along 
the axes themselves at time t are (o),, <»,) 

For substituting in the above formulae, we see that the components of 
the velocity aie 

X — y<ji)3 + z<f)2, y — ztOi + xod^, z — xo)^ -f- ycoi 

w D O 
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Now applying the same formulae to the case in which the vector whose 
time-flux IS sought is the velocity, we have the components of the accelera- 
tion of the point m the form 

^(a;-yeo, + zco^) -My- + xco,) +o>^{z- ooeo^ + 2/®i)> 

(JLt 

J ^ + xM - a>j (^ - + y®i) + ®8 (« - y «!> + 

Cut 

^(z — a!o)a + yM — 6)2 (® — you, + zcOi) + (V ~ ^“1 + 

^dt 

In the case m which the motion takes place in a plane, which we may 
take as the plane Oxy, there will he only two coordinates (a, y), and only one 
component of angular velocity, namely 6, where 6 is the angle made by the 
moving axes with their positions at some fixed epoch , the components of 
velocity are therefore (putting z, eai, Wa each equal to zero in the above 

expressions) . 

x — y0 and y-VocB, 

and the components of acceleration are 

X - 2y0 --yd — x6^ and y 4- 2x0 -hxd— y0^ 

Example Prove that in the general case of motion of a rigid body there is at each 
instant one defimU point at a finite distance which regarded as invariably connected with 
the body has no acceleration at the instant, provided the axis of the body’s screwing 
motion be not instantaneously stationary in direction (Coll Exam ) 

18 Special resolutions of the velocity and acceleration 

The results obtained m the last article enable us to obtain, formulae, 
which are frequently of use, relatmg to the components of the velocity and 
acceleration of a moving pomt in various special directions 

(i) Velocity and acceleration in polar coordinates 

Let the position of a point be defined by its polar coordinates r, 0, <#>, 
connected with the coordinates (X, F, Z) of the point referred to fixed 
rectangular axes OXYZ by the equations 

[ X = ? sin 0 cos <f>, 
i F = r sin 0 sin </>, 

[Z —rcosB, 

and let it be required to determine the components of velocity and 
acceleration of the point m the direction of the radius vector r, m the 
direction which is perpendicular to r and lies in the plane contaming r and 
OZ (this plane is generally called the meridian plane), and in the direction 
perpendicular to the meridian plane ; these three directions are frequently 
described as the directions of r increasing, 0 increasing, and ^ increasing, 
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17, 18] 

lespectively Take a line through the ongin 0, paiallel to the direction ol d 
incioasing, as a moving axis Oi, and take a line through 0, parallel to the 
direction of ^ incieabiiig, as axis Oy, and a line along the direction ol ? 
increasing as axis Oz The three Eulenan angles which determine the 
position of the moving axes Oofyz with reference to the fixed axes OXYZ 
(0t <l>, 0), so (§ 16) the components of angular velocity of the system Oxyz, 
resolved along the axes Ox, Oy, Oz themselves, are 

a)j = — ^ sin 6, 6)2 == 6, 6)3 = cos 0 

The coordinates of the moving point, referred to the moving axes, are 
(0, 0, r), and so by § 17 the components of velocity of the pomt resolved 
parallel to the moving axes are 

r<f} sin 0, r, 

and the components of acceleration in the directions of 0 inereasing, 
<f> mcreasmg, And r increasing (again using the formulae of § 17) are 
d 

^ (r6) — sin 0 cos 0 + r0, or r6 + 2r^ — sin 0 cos 0, 

] am 0) + r<f>sw. 6 + rd^coa0, or ^ (r“ sm* ^(^), 

W'v f* Sin v at 

and 7- — — r<f)^ sm® 0. 

If the motion of the pomt is m a plane, we can take the initial line in this 
plane as axis Oz, and the quantities denoted by r and 0 m these formulae 
become ordinary polar coordinates m the plane , since <f> is now zero, the 
components of velocity and acceleration in the directions of r increasing and 
0 mcreasmg are 

(f, 

and (r-r^* r0+2r^) 

ip) Velocity and acceleration in cylindrical coordinates 
Consider now a pomt whose position is defined by its cylindrical 
coordinates z, p, <f>, connected with the coordinates (X, F, Z) of the point 
referred to fixed rectangular axes OXYZ by the equations 

Jf = p cos F = p sm ^ ~ ^ ; 

and let it be required to find the components of the velocity and acceleration 
of the pomt in the direction parallel to the axis of z, m the direction of the 
line drawn from the axis of z to the point, perpendicular to the axis of z, and 
m the direction perpendicular to these two lines These three directions are 
generally called the direction of z met easing^ the direction of p increasing, 
and the direction of ^ increasing , and the coordinate ^ is called the azimuth 
of the point 

In this case we take moving axes Ox, Oy, Oz passing through the origin 
and parallel respectively to the directions of p mcreasmg, ^ increasing, and z 

2—2 
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it 

increasing The components of angular velocity of the system Oxyz^ resolved 
along the axes Oosyz themselves, are clearly 

©1 = 0 , 0)2 = 0 , 0)8 = 

and the coordinates of the moving point, referred to the moving axes, aie 
(p, 0, z) It follows by § 17 that the components of velocity of the point in 
these directions are 

(/>> 

and the components of acceleration are 

ip — p<j> + ip^, is)‘ 

(ui) Velocity and acceleration in arc-coordinates 

Another application of the formulae of § 17 is to the determination of the 
components of velocity and acceleration of a point which is moving in any 
way in space, resolved along the tangent, pnncipal normal, and bmormal to 
its path 

Consider first the case of a particle moving in a plane and take lines 
through a fixed pomt 0, parallel respectively to the tangent and inward 
normal to the path, as moving axes Ox and Oy These axes are rotating 
round 0 with angular velocity where is the angle made by the tangent 
to the path with some fixed line m the plane If v denotes the velocity of 
the pomt, s the arc of the path described at time and p the radius of 
curvature of the path at the point, we have 


ds 






ds 

d^^ 


and the angular velocity of the axes can therefore be written in the form vjp 

Smce the components of the velocity parallel to the moving axes are 
{v, 0), it follows firom § 17 that the components of the acceleration parallel to 

the same axes are v Since 




^ ^ ^ _ dv 

dt ^ dt ds“^ ds' 


it follows that the acceleration of the moving point in the direction of the 
dv 

tangent to its path is t; ^ , and the acceleration in the direction of the inward 

normal is — 

P 

Now the velocity of a moving pomt is determined by the knowledge of 
two consecutive positions of the moving point, and the acceleration is therefore 
determined by the knowledge of three consecutive positions , so even if the 
path of the jK>mt is not plane, it can for the purpose of determining its 
at any mstmit be regarded as moving in the osculating plane of 


18 ] 
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its path, since this plane contains three consecutive positions of the point 
Hence the components of acceleration of the point, in the directions of the 
tangent, principal ncrmal, and bwormal to its path, are 


/ di -\ 

(•S’ ") 


(iv) Acceleration along the radius and tangent 

The acceleration of a point which is in motion in a plane may he expressed 
in the following form*, let r he the radius vector to the point from a fixed 
origin in the plane, p the perpendicular from the origin on the tangent to the 
path, s the arc of the path described at time t, p the radius of curvature of 
the path at the point, and v or the velocity of the point at time t , and let 
h denote the product pr. Then the acceleration of the point can be resolved 

h^r 7 

tnto components — along ihe radttts vector to the ongin and ~ ^ along the 
tangent to the paih 

For the acceleration can be resolved into components vdv/ds along the 
tangent and ‘^/p along the noimal , now a vector I directed outwards along 
the radius vector can be resolved into vectors - Fpf 7 along the inward normal 
and Fdr/ds along the tangent, so a vector v^jp along the inward normal can be 

resolved into ^ inwards along the radius vector and ~ ~ along the tangent 

The acceleration is therefore equivalent to components 

dv , rv’‘ dr . , 


and 


rv^ 

PP 


inwards along the radius vector. 


h?r 


The latter component) is — , and the former can be written 
PP 


1 dv^ dp 

2 ds p ds' 


or 


which establishes Siacci’s result. 


1 d (v^p^) 
ds ’ 


or 


h dh 
ds^ 


Exa/nxple 1 JDeteTmiTxe t}\& tneTidian, and transverse compouenU of the CLCotlera*- 

tion of a point moving on the surface of the amhor-rtng 

cos <]!), yR=(o-f asin^) sm<^, 

Let P bo the point (^, ^), and let 0 be the centre of the anohor-rmg and C the centre 
of the meridian cross-section on which P lies The polar coordinates of C relative to 0 
arc (<j, </>), and the polai cooidinates of P relative to € are {a^ 6, (f>) , so the components 
of acceleration of C relative to 0 are 

00 transverse 

— 00 * outwards from the aus, i e. — c 0 *sin B along the normal, 

and -00* cos ^ along the meridian 
* Dae to Siaooi, Atti della R AcCm di Torino, xiv* p* 750 
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The cjomponents of acceleration of P relative to G are 

sin ^ cos ^ along the meridian, 

transverse, 

[ « ( 1^2 _ ^2 giii 2 0 normal. 

Thus finally the components of acceleration of P in space are 

a& - (c+a sin 6 ) (t>^ cos B along the meridian, 

sm2 B - C(#>2 sm B normal, 

and 


^ (sin2 B 4>) transverse 
^ sin d ^ 


Example 2 If the tangential and normal componmte of the acceleration of a point 
momng in a plane are constant^ shew that the point describes a logarithmic spiral. 


In 

this case 


dv 



so 


Also 



P 

so 

8 

or 

S 


‘=as. 


a== (7p, where (7 is a constant, 

dtS 

1 jT , where is the angl 

a<p 

Integrating this equation, we have 


where A and B are constants and this is the intrinsic equation of the logarithmic spiral. 

Example 3 To find the acceleration of a point which describes a logarithmic spiral with 

constant angular velocity about the pole 

h^r 

By Siacci’s theorem, the components of acceleration are ^ along the radius vector 

and along the tangent, but if o> is the constant angular velocity, we have hmstar^ 

so the components of acceleiation are 

o)V® , 2a>V dr 

Since ” » ” > ^ constant in the spiral, wo see that each of these components of 

acceleration vanes directly as the radius vector 


Miscellaneous Examples 

1 If the instantaneous axis of rotation of a body moveable about a fixed ppint is fixed 
in the body, shew that it is also fixed in space, i e the motion is a rotation round a fixed 
axis. 

2. A point is referred to rectangular axes Ox^ Oy revolving about the origin with 
angular velocity ©, if there be an acceleration to a, ^=0, of amount x (distance), 
shew that the path relative to the axes can be constructed by taking (i) a point 


0 
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P=?i.»a/(w2-.l), (ii) a uniform circular motion with angular velocity (n-l)fi) about this, 
‘•nd (ill) a uniform circular motion with angular velocity (w+l)®, but in the opposite 
lense, about this last (Coll Exam ) 

3 The velocity of a point moving m a plane is the resultant of a velocity v along the 
Hdius vector to a fixed point and a velocity i;' paiallel to a fixed line Prove that the 
orrespondmg accelerations are 


dv . w' - , dv' . vd 

^ + and ^ + -, 

I being the angle that the radius vector makes mth the fixed direction 


(Coll Exam ) 


4 A point moves in a plane, and is referred to Cartesian axes making angles a, jS with 
' fixed line in the plane, where a, /3 are given functions of the time Shew that the com- 
Kinent velocities of the point are 

cot O “ a) - y/3 cosec 0 - a), y +^^9 cot O - a) + xa cosec O - a), 

nd obtain expressions for the component accelerations (Coll Exam ) 


5 A point IS moving in a plane 6 is the loganthm of the ratio of lis distances from 
wo fixed points in the plane, and <f> is the angle between them also is the distance 
►etween the fixed points Shew that the velocity of the point is 


cosh $ - cos <l> 


(Coll Exam ) 


6 If in two different descriptions of a curve by a moving point, the product of the 
elocities at corresponding places m the two descriptions is constant, show that the 
ocelerations at corresponding places in the two doscnptions are as the squares of the 
elocities, and that their directions make equal angles with the normal to the curve, in 
pposite senses (J von Vieth ) 


7 A point IS moving in a parabola of latus rectum 4a, and when its distance from the 
)cus IB r, the velocity is v , shew that its acceleration is compounded of accelerations R 
nd N, along the radius vectoi and normal respectively, where 

I (Coll Exam; 


8 Show that if the axes of x and y rotate with angular velocities coi , fi >2 respectively, 
lid IS the angle between them, the component accelerations of the point ( 4 ?, y) parallel 
> the axes are 

4 ? - -f cot (y« 2 + oosec 

^d y -■y<i02* + (^a>i+ 2 ^«)i) cosec i^+(ya>2 4 - 2^0)2) cot (Coll Exam) 

9 The Velocity of a point is made up of components w, i? m directions making angles 
0 with a fixed hne Prove that the components /, /' in these directions of the accelera- 
on of the point will be given by 

y=s;t4 — nS cot 'omo X, 

f'^v-hui cosec x+v<t> cot X, 

being the inclination of the two directions 

Being given that the lines joinmg a moving point to two fixed points are r, a in length 
id 4> in inclination to the line joining the two fixed points, determine the acceleration 
the point in terms of m, the rates of increase of B, <f) (Coll Exam ) 
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10 If jl, 5, O' be three fixed pomte, and the component velocities of a naoving point P 
along the directions PA, PB, PC % and m, shew that the accelerations m the same 


directions are 





oosAPE 

~PT 




cos 


and two similar expressions 


(Coll Exam) 


11 The movement of a plane lamina is given by the angular velocity q> and the com- 
ponent velocities v of the origin 0 resolved along axes Oy traced on the lamina. 
Find the component velocities of any point (a?, y) of the lamina Shew that the eciuations 

dt 

represent circular loci on the lamina , one being the locus of those points which are passing 
cusps on their curve loci m space and the other being the locus of the centres of curvature 
of the envelopes in space of all straight hues of the lamina (Coll Exam ) 


12 Shew that when a pomt describes a space-curve, its acceleration can be resolved 
into two components, of which one acts along the radius vector from the i>rojection of a 
fixed point on the osculating plane, and the other along the tangent , and that these are 
respectively 

r 


and 


^ p » 

T dT , qdq 
ds ds * 


where p is the radius of curvature, q the distance of the fixed point from its projection on 
the osculating plane, r and p are tne distances of this projection from the moving point 
and the tangent, T is an arbitrary function (equal to the product of p and the velocity) and 
♦ IS the arc (Siaoci ) 


13 A circle, a straight line, and a point he in one plane, and the position of the pomt 
lb determined by the lengths t of its tangent to the circle and p of its perpendicular to 
the hue Prove that, if the velocity of the point is made up of components w, v m the 
directions of these lengths and if their mutual inclination be d, the component accelerations 
wfilbe 

U--UV cose ft, (Coll Exam) 


14 A particle mo\es in a circular arc If r, r' are the distances of the particle at P 
from the extremiti^ A, B of & fixed chord, shew that the accelerations along AP, BP are 
respectively 

dv m', ^ , dv' vv' 

5 j+j^(r-roo 8 a), and — + - (r'-roosa), 

vhwa », «' are the velocities in the directions of r, /, and a is the angle APB 

A pmnt d^nbes a semicircle under accelerations directed to the extremities of a 
^ameter, which ^ at any pomt inversely as the radii vectores r, / to the extremities of 
Ihe diameter Shew that the accelerations are 


4a^F2 4a* 

where a IS the radius of the circle and V the velocity of the point parallel to the diameter. 

(Coll Exam) 
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16 The motion of a rigid body in two dimensions is defined by the velocity (w, v) of 
one of its points C and its angular velocity c» Determine the coordinates relative to (7 of 
the point I of zero velocity, and shew that the direction of motion of any other point P is 
perpendicular to PI 

Find the coordinates of the point J of zero acceleration, and express the acceleration of 
P in terms of its coordinates relative to J (Coll Extim ) 


16 A point on a plane is moving with constant velocity V relative to it, the plane at 
the same time turning round a fixed axis {perpendicular to it with angular velocity (o Shew 
that the path of the point is given by the equation 


ve 


= coa“i - , 


T and B being referred to fixed axes, and a being the shortest distance of the point from the 
axis of rotation (Coll Exam ) 


1*7 The acceleration of a moving point Q is represented at any instant by ©a, where © 
IS a fixed point and a describes uniformly a circle whose centre is © Prove that the 
velocity of Q at any instant is represented by Ojo, where 0 is a fixed point and p describes 
a circle uniformly, and determine the path described by Q 

(^Camb Math Tnpos, Part I, 1902 ) 

^/2 i»S 

18 A point moves along the curve of intersection of the ellipsoid ^ ^ ^ 1 

the hyperboloid of one sheet - g— -f ^2^75^ + ^2 — velocity at the point where 

^ g.2 ^2 

the curve meets the hyperboloid of two sheets 1- + -2 — is 

z f 1 * 


where h is constant Prove that the resolved part of the acceleration of the point along 
the noimal to the elhpsoid is 


h^ahc (/ti—X) 

( 62 -^) (c2-^) 


(Coll. Exam ) 


19 A rigid body is rolling without sliding on a plane, and at any instant its angular 
velocity has components ©1, ©2 along the tangent to the lines of curvature at the point 
of contact, and ©5 along the normal shew that the point of the body which is at the point 
of contact has component accelerations 

-*-y22©i©3, -"jRi© 2©^, jfl!l©22 ■+* jRgWj®, 

where jBi, i?2 are the principal radii of curvature of the surface of the body at the point 
of contact (^CoU Exam) 
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19 The ideas of rest and motion 

In the previous chapter we have frequently used the terms fixed " and 
“movmg”as applied to systems So long as we are occupied with purely 
kinematical considerations, it is unnecessary to ^ enter into the ultimate 
significance of these words, all that is meant is, that we consider the 
displacement of the “moving” systems, so far as it affects their configuration 
with respect to the systems which are called “ fixed,” leaving on one side the 
question of what is meant by absolute fixity,” 

When however we come to consider the motion of bodies as due to specific 
causes, this question can no longer be disregarded 

In popular language the word “fixed” is generally used of terrestrial 
objects to denote invariable position relative to the surface of the earth at 
the place considered But the earth is rotating on its axis, and at the same 
time revolving round the Sun, while the Sun m turn, accompanied by all 
the planets, is moving with a large velocity along some not very accurately 
known direction m space It seems hopeless therefore to attempt to find 
anything which can be really considered to be “at rest” 


In the nineteenth century it was supposed that the aether of space (the 
vehicle of light and of electnc and magnetic actions) was (apart from small 
vibratory motions) stagnant, and so was capable of providing a basis for 
absolute fixity But this doctrine has been subverted by the modern Principle 
of Belativity*, which asserts that even in the domain of electromagnetic 
phenomena it is impossible to distinguish absolute rest from a state of uniform 
translatory motion common to all the members of a system 

Accordmgly in dynanucs, although when we speak of the motion of bodies 
we always imply that there is some set of axes, or f rams of ref ^mce as it may 
be c^led, with reference to which the motion is regarded as taking place, and 
to which we apply the conventional word “fixed,” yet it must not be supposed 
that absolute fixity has thereby been discovered When we are considenng 


* C£ Whittaker’s Hwtory 0 / %ht 'Xheones of Aether and Electricity, ch 
or Conway’s Relativity (London, 1915) 


xn (London, 1910) , 
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the motion of terrestrial bodies at some place on the earth's surface, we shall 
take the frame of reference to be fixed with reference to the earth, and it is 
then found that the laws which will presently be given are sufficient to 
explain the phenomena with a sufficient degree of accuracy , in other words, 
the earth s motion does not exercise a sufficient disturbing influence to make 
it necessary to allow for its effects in the majority of cases of the motion of 
terrestnal bodies 

It IS also necessary to consider the meaning to be attached to the word 
“time,” which in the previous chapter stood merely for any parameter 
varying continuously with the configuration of the systems considered The 
Principle of Relativity reveals the great difficulties that attend any attempt 
to elucidate the idea of time : in particular, it is by no means easy to define 
simultaneity i ue. to explain what is meant by saying that two events at 
different points of space happen “ at the same time ” However, a system of 
time- measurement which is intelligible from the point of view of ordinary 
instrumental work, and which is sufficient for our present purpose, is the 
following we suppose that the angle through which the earth has rotated on 
its axis (measured with reference to the fixed stars, whose small motions we 
can for this purpose neglect), in the interval between two events, measures 
the time elapsed between the events in question This angular measure can 
be converted into the ordinary measure in terms of mean solar hours, minutes, 
and seconds at the rate of 360 degrees to 245 x 365^/366^ hours 

20 The laws which determine motion * 

Considering now the motion of terrestrial objects, and taking the earth as 
the frame of reference, it is natural to begin by investigating the motion of a 
very small material body, or particle as we shall call it, when moving in vacuo 
and entirely unconnected with surrounding objects The paths described by 
such a particle under various circumstances of projection may be observed, 
and the methods of the preceding chapter enable us, from the knowledge 
thus acquired, to calculate the acceleration of the particle at any point of any 
particular observed path It is found that for all the paths the acceleration 
18 of constant amount, and is always directed vertically downwards This 
acceleration is known as gravity, and is generally denoted by the letter g , its 
amount is, xn Great Britam, about 981 centimetres per second per second 

The knowledge of this experimental fact is theoretically sufficient to 
enable us to calculate the path of any fiee terrestrial particle in vacuo, when 
the circumstances of its projection are known the actual calculation will not 
be given here, as it belongs more properly to a later chapter 

The case of motion which is next in simplicity is that of two particles 
which are connected together by an extremely light mextensible thread, and 

* The laws of motion are due to Newton . JPrirmjna, p, 12 (ed. 1687) 
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are free to move m vacuo at the earth^s surface So long as the thread is 
slack, each particle moves with the acceleration gravity, just as if the other 
were not present But when the thread is taut, the two particles influence 
each other’s motion We can now as Before observe the path of one of the 
particles, and hence calculate the acceleration by which at any instant its 
motion IS being modified We thereby arrive at the experimental fact, that 
this acceleration can be represented at any instant by the resultant of two 
vectors^ of which one represents the acceleration g and the other is directed 
along the instantaneous position of the thread 

The influence of one particle on the motion of the other consists there- 
fore in superposing on the acceleration due to gravity another acceleration, 
which acts along the line joining the particles and which is compounded 
with gravity according to the vectorial law of composition of accelerations 
Denoting the particles by A and B, we can at any instant calculate, from the 
observed paths, the magnitudes of the accelerations /i and f thus exerted by 
B on A and by ui on jB respectively , and this calculation immediately yields 
the result that the ratio of f to /a does not vary throughout the motion On 
investigating the motions which result from various modes of projection, at 
various temperatures etc , we are led to the conclusion that this ratio is an 
invariable physical constant of the pair of bodies A and 

On consideration of the motion of more complex systems it is found 
that the experimental laws just stated can he generalised so as to form 
a complete basis for all dynamics, whether terrestnal or cosmic This 
generalised statement is as follows If any set of mutually connected particles 
are m motion^ the acceleration with which any one particle moves is the 
resultant of the acceleration with which it would move if perfectly free, and 
accelerations directed along the lines joining it to the other particles which 
constrain its motion Moreover, to the several particles A, B, C, , numbers 
m^t mci can be assigned, mch that the acceleration along AB due to the 
influence of B on A is to the acceleration along BA due to the influence of 
A on B in the ratio ms The ratios of these numbers m^, mst are 

invariable physical constants of the particles 

The evidence for the truth of this statement is to be found in the universal 
agreement of the calculations based on it, such as those given later in this 
book, with the results of observation 

It will be noticed that only the ratios of the numbers 
determined by the law , it is convenient to take some definite particle A as 
a standard, calling it the unit of mass, and then to call the numbeis nislmjit 
majm^^ , the masses of the other particles mcy 

* The ratio is m fact equal to the ratio of the weight of B to the weight of A , the ratio 6f 
the weights of two terrestnal bodies, as observed at the same place on the earth’s surface, is a 
perfectly definite quantity, and does not vary with the place of observation 
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The mass of the compound particle formed by uniting two or more particles 
IS found to be equal to the sum of the masses of the sepaiate particles 
Owing to this additive property of mass, we can speak of the mass of a finite 
body of any size or shape , and it will be convenient to take as our umt of 
mass the mass of the ^ certain piece of platinum known as the 

standaid kilogramme, this unit will be called a gramme, atid the number 
representing the ratio of the mass of any other body to this unit mass is 
called the mass of the body in grammes 

21 Force 

We have seen that in every case of the interaction of two particles A and 
B, the mutual influence consists of an acceleration fi on A and an acceleration 
fii on B, these accelerations being vectors directed along AB and BA respec- 
tively, and being inversely proportional to the masses and It follows 
that the vector quantity via/a is equal to the vector quantity but has 

the reverse direction The vectox m^fA is called the force exerted by the 
particle B on the particle A , and similarly the vector nijfji is called the force 
exerted by the particle A on the particle J?. 

With this terinmology, the law of the mutual action of a connected 
system of particles can be stated in the lonn the forces exerted on each other 
by eveiy pair of connected pai tides aie equal and opposite This is often 
called the Lauu of Action and Reaction 

If the various forces which act on a particle -4. as a result of its connexion 
with other particles are compounded according to the vectoiial law, the 
resultant force gives the total influence exerted by them on the particle A , 
this force divided by is the acceleration induced m A by the other 
particles , and the resultant of this acceleration and the acceleration which the 
particle A would have if entirely free (due to such causes as gravitation) is 
the actual acceleration with which the particle A moves 

In general, if an acceleration represented by a vector / is induced xn 
a particle of mass ni by any agency, the vector rnf is called the foi ce^ due to 
this cause acting on the particle , and the resultant of all the forces due to 
various agencies is called the total force acting on the particle It follows 
that if {X, F, Z) are the components parallel to fixed rectangular axes of the 
total force acting on the particle at any instant, and {U, S) are the com- 
ponents of the acceleiation with which its path is being described at that 
instant, then we have the equations 

mx == jy, my = F, mz = 

Two other terms which are frequently used may conveniently be defined 
at this point 

* Force is the via moirix of Newton’s Pnncipta, t def 8. 
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The product of the number which represents the magnitude of the com- 
ponent of a given force perpendicular to a given line L and the number 
which represents the perpendicular distance of the Ime of action of the force 
from the line L is called the moment of the force about the line L 

If the three components (X, F, Z) of the force actmg on a single free 
particle are given functions of the coordinates {x, y, z) of the particle, they 
are said to define a field of force. 

22 Work 

Consider now any system of particles, whose motion is either quite free or 
restricted by given connexions between the particles, or constraints due to 
other particles which are not regarded as formmg part of the system Let m 
be the mass of any one of the particles, whose coordinates referred to fixed 
rectangular axes in any selected configuration of the system are {x, y, z ) , and 
let (X, F, Z) be the components, parallel to the axes, of the total force 
acting on the particle in this configuration 

Let {x-\-Zx, y-f Z’\-hz) be the coordinates of any point very near to 
the point (Xj y, z), sueh that the displacement of the particle m from one 
point to the other does not violate any of the constraints (for instance, if m is 
constrained to move on a given surface, the two points must both be situated 
on the surface) Then the quantity 

Xhx -f Yhy + ZZz 

IS called the work* done on the particle m by the forces acting on it in the 
infinitesimal displacement from the position {x, y, z) to the position 

{x -f y + Sy, z -t- hz) 

This expression can evidently be mterpreted physically as bemg the 
product of the distance through which the particle is displaced and the com- 
ponent of the force (X, F, Z) along the direction of this displacement 

Since forces obey the vectonal law of composition, the sum of the com- 
ponents in a given direction of any number of forces actmg together on a 
particle is equal to the component in this direction of their resultant and 
hence the work done by a force which acts on a particle in a given displace- 
ment 16 equal to the sum of the quantities of work done in the same displacement 
by any set of forces into which this force can be resolved 

Suppose now that in the course of a motion of the system, the particle m 
is gradually displaced from any position (which we can call its initial position) 
to some other position at a finite distance from the first (which we can call 
its final position) The work done on the particle by the forces which act on 

* Newton defined the Actio Agentia as the product of the velocity into the component of force 
along the direction of motion, it is evidently the time-flux of the work donti Of Pnnctpia, i 
p 26 (ed 1687) 
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%t during this finite displacement is defined to be the sum of the quantities 
of woik done in the successive infinitesimal displacements by which we can 
regard the finite displacement as achieved The work done m a finite dis- 
placement IS therefore represented by the integral 

where the integration is taken between the initial and final positions along 
the arc s descnbed in space by the particle during displacement 

These definitions can now be extended to the whole set of particles which 
form the system considered, the system being initially in any given con- 
figuration, we consider any mode of displacing the various particles of the 
system which is not inconsistent with the connexions and constraints, the 
sum of the quantities of work performed on all the particles of the system in 
the displacement is called the total work done on the system in the displace- 
ment by the forces which act on it 

23 Forces which do no work. 

There are certain classes of forces which frequently occur in dynamical 
systems, and which are characterised by the feature that during the motion 
they do no work on the system 

Among these may be mentioned 

1® The reactions of fixed smooth surfaces the term smooth implies 
that the reaction is normal to the surface, and therefore in each infinitesimal 
displacement the point of application of the reaction is displaced in a direction 
perpendicular to the reaction, so that no work is done 

2® The reactions of fixed perfectly rough surfaces the term perfectly 
rough implies that the motion of any body in contact with the surface is one 
of pure rolling without sliding, and therefore the point of application of the 
reaction is (to the first order of small quantities) not displaced in each 
infinitesimal displacement, so that no work is done 

3® The mutual reaction of two particles which are rigidly connected 
together for if (rPi, yi, Sj) and (%, 2 / 2 » are the coordinates of the particles, 
and (X, Y, Z) are the components of the force exerted by the first particle on 
the second, so that (—X, — F, — X) are the components of the force exerted 
by the second particle on the first, the total work done by* these forces m 
an arbitrary displacement is 

X (Sd?g - -4- F (Sya - Syi) -f Z - S2:j) 

But since the distance between the particles is invariable, we have 

8 + (ya - yiY -f (z^ - Zif] = 0, 

or - iCi) - ^Xy) ( 2/2 - 2^) (%2 - Syi) + (- 2^2 - ^ 1 ) = 0, 
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and since the force acts in the direction of the line joining the particles, we 
have 

Combining the last two equations, we have 

X (Bx, - Bx,) + Y(By,- By,) + Z (Sz , - Sz,) - 0, 

and therefore no work is done in the aggregate by the mutual forces between 
the particles 

4^ A rigid body is regarded from the dynamical point of view as an 
aggregate of particles, so connected together that their mutual distances are 
invariable It follows from 3® that the reactions between the particles which 
are called into play in order that this condition may be satisfied (or molecxdar 
forces as they are called, to distinguish them from exteJinal forces such as 
gravity) do, in the aggregate, no work in any displacement of the body 

5®. The reactions at a fixed pivot about which a body of the system can 
turn, or at a fixed hinge, or at a joint between two bodies of the system, are 
similarly seen to belong to the category of forces which do no work 

In estimating the total work done by the forces acting on a dynamical 
system an any displacement of the system, we can therefore neglect all forces 
of the above-mentioned types 

24 The coordinates of a dynamical system 

Any material system is regarded from the dynamical point of view as 
constituted of a number of particles, subject to interconnexions and con- 
straints of various kinds, a rigid body being regarded as a collection of 
particles, which are kept at invariable distances from each other by means 
of suitable internal reactions 

When the constitution of such a system (i e the shape, size, and mass of 
the various parts of which it is composed, and the constraints which act on 
them) IS given, its configuration at any time can be specified in terms of a 
certain number of quantities which vary when the configuration is altered, 
and which will be called the coordinates of the system, thus, the position of a 
single free particle in space is completely defined by its three rectangular 
coordinates {x, y, z) with reference to some fixed set of axes , the position of 
a single paiticle which is constrained to move in a fixed narrow tube, which has 
the form of a twisted curve in space, is completely specified by one coordinate, 
namely the distance s measured along the arc of the tube to the particle from 
some fixed pomt in the tube which is taken as origin , the position of a rigid 
body, one of whose points is fixed, is completely determined by three co- 
ordinates, namely the three Eulerian angles B, ^ of § 10 , the position of 
two particles which are connected by a taut inextensible string can be defined 
by nve <XM>rdmates, namely the three rectangular coordinates of one of the 
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pM>tioiet and two of th« dirootion-ccwinoii of the etnng (ainct* when theao fiv«* 
qiiantitiOH am known, the poaitiun of tho aeconcl partick. la imujuely deter- 
muted) , and ao on. '' 


^mpk, Sut« thfl niimtwr of ttwk{)eti<{«nt ontmitiMbm reqmrwl to apccify tim 
oonflguration at any inaUnt of a rigid «KHjy which i. o.««,tmm«i^i.,ove in «oSLt with 
a gtvrni fixed araeoUi aurfaoe. 


We ahaii generally denote by a tho number of cooHmatea required to 
ap^ify the configuration of a ayatom, and ahall auppoae the ayatema con- 
anleriHl to be aiioh that n ia finite. Tho cooidinatea will generally be denoted 
oy Vi. 9t. . . 9a. If the ayatom oontaina moving conatrainta (o.g. if it oonaista 
of a particle which la oonatrained to be in contact with a aurfaoe which in 
turn la made to rotate with oonatant angular velocity round a fixed axia) 
It may be nMeani^ to apeoify the time < in addition to the cooidinatea 
9«. ft. • 9a. in order to define completely a oonflgiimtion of tho ayatem. 

The quantitioa 4 ,, are firequentiy called tho mlocitiet correapondinir 
to the oocirdlinatee ?i i ?t» * * * 9m* 
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which ia exoludad hy iba hmllaUon that a k u, iia ftnitej for tho conflgumUo,. of tbo 
itiitig oennot be ex|ireii«d In iemui of e Dn|{« number of {lemmeterM. 


SSt Hokmomdo and non^Monamw 

It if now neoeaaary to call attention to a diatiiiotion between two kinds 
of dyi^ioal systenu. which ia of great iraportanoe in the analytiiml diacuaaion 
of their moUon . this distinction may be illustrated by a aimple example. 

If we oonaider the motion of a sphere of |pven radius, which is constrained 
to move in contsot with a given fixed plane, which we esn toke as the piano 
of mjf, the ooi^garstion of the sphere at any instant is completely specified 
by five ooordinatea. namely the two rectangular cooidinatea («, y> of the 
centra of the sphere and the throe Eulerian angles 0, ^ of § 10, which 

■pemiy the orientation of the sphere about its centra. The sphere o«i take 
up any position whatovor, so Itmg as it is in contact with tho plane ; the five 
coordinates (*, y, 0, oan therafiira have any arbitrary values. 

If now the plane is amooth, the diapiaoemunt from any position, defined 
by the coordinates {a, g, 0, i^), to any ar^soont position, defined by the 

oooidinates (« 4- y 4 fiy, d 4- ^ 4 * ^ 4* 8^), where ia, ig, 30, i^, S'^ 

m arbitraiy independent infinitesimal quantities, is a petttik diaplaoement, 
i.e, the sphere oan peidbrm it without violating the constraints of the system. 
But if the plane is perfectly rough, this is no longer the case when 8a, 8y, 80, 
8^, 8^ ure arbitn^ ; for now the oooditimi that the dispfsioement of tho 
p«»« of oemtsot is Mro (to the first mder of small quantities) must be 
Mtisfiod, sod this implies that the quantities ia, 8g, 80, 8^, 8^ (ue no 
longwr independent, but ara mutually oooneeted (in foo^ they must be such 
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as to satisfy two non-integrable linear equations) , so that the case of the 
sphere on the perfectly rough plane, a displacement represented by arbitrary 
infinitesimal changes m the co(yrdinates is not necessarily a possible dis- 
placement 

A dynamical system for which a displacement represented by arbitrary 
infinitesimal changes in the coordinates is in general a possible displacement 
{as in the case of the sphere on the smooth plane) is said to be holonomic , 
when this condition is not satisfied (as in the case of the sphere on the rough 
plane) the system is said to be non-holonomic 

If (S^i, bqz, Sgu) are arbitrary infinitesimal increments of the coordinates 
m a d3mamical system, these will define a possible displacement if the system 
IS holonomic, while for non-holonomic systems a certain number, say m, of 
equations must be satisfied between them m order that they may correspond 
to a possible displacement The numbei (n-m) is called the number of 
degrees of freedom of the system Holonomic systems are therefore charac- 
terised by the fact that the number of degrees of freedom is equal to the 
number of mdependent coordinates required to specify the configuration 
of the system. 

26 Lagrange s form of the equations of motion of a holonomic system"^ 

We shall now consider the motion of a holonomic system with n degrees 
of freedom Let (ji, q ^, .. 3n) be the coordinates which specify the con- 
figuration of the system at the time t» 

Let typify the mass of one of the particles of the system, and let 
(ajj, be its coordmates, referred to some fixed set of rectangular axes 
These coordinates of mdividual particles are (from bur knowledge of the 
(institution of the system) known functions of the coordmates 51, 32, of 
the system, and possibly of t also , let this dependence be expressed by the 
equations 

[^^ = /^(^l, ?2, . t), 

' ? 2 > • > ?n> ^)j 

= ?2> ,qn>t) 

Let (Xt, ZC) be the components of the total force (external and 
molecular) actmg on the particle , then the equations of motion of this 
particle are 

= X», 

Multiply these equations by 
» 

dq/ dqr' dqr' 

* Lagrange, H^ectmique Analyttque (1788), Seconde Partie, Section iv The equations were 
^ first suggested in one of his earher papers, Miscell Taurin n (1760) 
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respectively, add them, and sum for all the particles of the system We 
thus have 



where the symbol 2 denotes summation over all the particles of the system , 
this can be either an integration (if the particles are umted into rigid bodies) 
or a summation over a discrete aggregate of particles 
But we have 


ar. _ 3 /a/. , df 

^fx 3r» 


SO 




'^f 




'’3g, 

_ ^ . 3i:»\ d /dio\ 

_A /. 0fl;A ( d^f . dfi . 

dt V ’ 3? J ~ dq^dqr * ' 

_ d /. d£>,\ 

dti'^'dqj 


+ - 


3“/. 


5g„3g, 


Sn 


+M) 

dtdqj 


OHx 


’3g 

and therefore we have 


3rt 

33r 


H 




2to, (^^ 


3?r ^0?r> 


Now the quantity 

represents the sum of the masses of the particles of the system, each 
multiplied by half the square of its velocity, this is called the Ktneho 
Energy of the system* From our knowledge of the constitution of the 
system, the kinetic energy can be calculated "f" as a function of 

, 22> • 2i> 2a» ?n7 

we shall denote it by 

^(?i> ?a> • ?n> <i\7 ?a> j'lii 

and shall suppose that T is 3 , known ^function of its arguments, Since 

M 

dq2 


• _ n ji. 


9qi 


+ 1^(7 


The mass of a particle multiplied by the sq^uare of its Telocity was called the ms viva by 
Leibnitz {Acta trud , 1695), 

t The methods of performmg this oalQulation for rigid bod^s are given in Chapter V, 

3—2 
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and yx and i* are likewise Imear functions of qi, qs, 5n» 'W’O see that T is a 

quadratic function of q,, q^, . if the functions /, f do not involve the 

exphcltly (as is generally the case if there are no moving constraints 
in the system), the quantities ai, y, z are homogeneous linear functions of 
3i> 32 ) 3»j then 2* is a homogeneous quadratic function of qi, jj, qn- 

From the definition it follows that the kinetic energy of a system is essentially 
positive, T IS therefore a positive defmite quadratic form m q^, g'j, jn) aad so satisfies 
the oonditions that its discriminant end the principal minors of every order of its 
discnminant are positive. 


We have thus denved from the equations of motion the equation 

t\ ^ Sg»-/ 

and the expression on the left-hand side of this equation does not involve the 
individual particles of the system, except m so far as they contribute to the 
kmetic energy T We have now to see if the right-hand side of the equation 
can also be brought to a form in which the individuality of the separate 
particles is lost 

For this purpose, consider that displacement of the system in which the 
coordinate qr is changed to + Sgr, while the coordinates 

1> ?r+i> • 3n 

and the time (so far as this is required for the specification of the system) aie 
unaltered Since the system is holonomic, this can be effected without 
violating the constramts In this displacement, the coordinates of the 
particle are changed to 








and therefore the total work done m the displacement by all the forces which 
act on the particles of the system is 

0 /^ 


l(Xxp- + 7x^^ + Zx^ 
, V dqr dqr dq, 




Now of the forces which act on the system, there are several kinds which 
do no work Among these are, as was seen in § 23, 


1® The molecular forces which act between the particles of the rigid 
bodies contained m the system * 

2® The pressures of connecting-rods of mvariable length, the reactions 
at fixed pivots, and the tensions of taut inextensible strings 

3®* The reactions of any fixed smooth surfaces or curves with which 
bodies of the system are constrained to remain m contact, or of perfectly 
rough surfeces, so as these can enter into holonomic systems 
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sr 


4® The reactions of any smooth surfaces or curves with which bodies 
of the system are constrained to remain in contact, when these surfaces oi 
curves are forced to move in some prescribed mannei , for the displacement 
considered above is made on the supposition that t, so far as it is required foi 
the specification of the system, is not varied, i e that such surfaces or curves 
are not moved dunng the displacement, so that this case reduces to the 
preceding 

The forces acting on the system, other than these which do no work, are 
called the poctemal forces It follows that the quantity 



IS the work done by the external forces in the displacement which conesponds 
to a change of to qr + the other coordinates being unaltered. This is 
a quantity which (from our knowledge of the constitution of the system, and 
of the forces at work) is a known function of q^, g®, ... qn, t, we shall denote 
It by 

Qr(qi»qii, ..qn,t)Sqr- 

We have therefore 


dt \9gy./ 


dT 

dqr’ 


Q. 


This equation is true for all values of r from 1 to w inclusive , we thus 
have n ordinary differential equations of the second order, m which fx, g®, .. gn 
are the dependent vanables and t is the independent variable , as the number 
of differential equations is equal to the number of dependent vanables, the 
equations are theoretically sufficient to determine the motion when the 
initial circumstances are given. We have now arrived at a result which may 
be thus stated : 


Let T denote the kinette energy of a dynamical system^ and let 
Qi^qi + +• . + Qn^qn 

denote the work done hy the external forces in an arbitrary displacement 
(Sgi> Sga, . %), so that T, Q^, Qa, .. are, from our knowledge of the 
eonstitutwn, of the system, known functtons of . q^, g,, g,, . g„, t, 

then the equations which determine the motion of the system may he written 

d (ZT\ ar ^ . 

These are known as Lagrange's equations of motion. It will be observed 
that the unknown reactions (e.g of the constraints) do not enter mto these 
equations The determination of these reactions forms a separate branch oi 
mechanics, which is known as Kineto^statics* i so we can say that m Lagrange's 
eqitations the kineto-ataUoal relations of the problem are altogether eliminated 
* Cf Heun, DeuUche Math Ver ix (Heft 2> (1900), p, 1 
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27 Conservative forces the Kmetic Potential 

Certain fields of force have the property that the work done by the forces 
of the field m a displacement of a dynamical system from one configuration 
to another depends only on the imtial and final configurating of the system, 
being the same whatever be the sequence ot infinitesimal displacements by 
which the finite displacement is effected 

Gravity is a conspicuous example of a field of force of this character the work done 
by gmvity m the motion of a particle of mass m tvom one p<»ition at a height A to 
another position at a height k above the earth’s surface is mg(h-h), and this do^ not 
depend in any way on the path by which the particle is moved from one position to the 

otter 

Fields of force of this type are said to be conservative. 

Let the configuration of any dynamical system be specified by n 
coordinates gj. g» Choose some configuration of the system, say 

that for which / , \ 

qr^oLr, (r»l, 

as a standard conhguration , then if the external forces acting on the system 
are conservative, the work done by these forces in a displacement of the 
system from the configuration (jj, ga, » gn) to the standard configuration is a 
defimte function of g^, g^, not depending on the mode of displacement 
Let this function be denoted by 1f^(gi> g«> » gn)j called the Potentiul 
Energy* of the system m the configuration (gi, ga, gn) In this case the 
work done by the external forces in an arbitrary displacement 

(Sgi, 8ga, . Sgn) 

IS evidently equal to the infinitesimal decrease in the function F, corresponding 
to the displacement, i^e is equal to the quantity 

-Is'’*’ 

Lagrange’s equations of motion therefore take the form 

If we introduce a new function L of the variables gj, ga, . gn> <iu 
defined by the equation 

then Lagrange’s equations can be written 


. n). 


dt \9g J 3gr 


' 0 , 




* The Potential4nnotion was introduced by Lagrange in 177S (Oeuvres, vx» p. SB5)» 
name Potential is due to Green (1828) 


The 
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The function L is called the Kinetic Potential, or Lagrangxan function , 
this single function completely specifies, so far as d 3 mamical investigations 
are concerned, a holonomic system for which the forces are conservative 


28 The explmt form of Lagrange's equations 

We shall now shew how the second derivatives of the cooidinates with 
respect to the time can be found explicitly from Lagrange’s equations 
Let the configuration of the dynamical system consideied be specified by 
coordinates q^, ga> we shall suppose that the configuration can be 

completely specified in terms of these coordinates alone, without t, so that 
the kinetic energy of the system is a homogeneous quadratic function of 
? 2 ) 3n As was seen in § 26, this is always the case when the 
constraints are independent of the time, but not in general when the 
constraints have forced motions (as for instance in the case of a particle 
constrained to move on a wire which is made to rotate m a given way) 
Suppose then that the kinetic energy is 

S ^auqicqu 

A-i r«i 

where a^ = a;*, and where the coeflScients au are known functions of 


The Lagrangian equations of motion for the system are 


or 


or 


d (dT\ dT 
dt\dqj~dqr~^''' 

(r=l, 2, . n), 


{r-1,2, n), 

n » » rZ ml 

+ t 2 \qiqm = Qr, 

(r = 1, 2, . . n), 


si/rribol*, denotes the 


fdai, 

dafnr 

\dq.n 

dqi 


expression 


These equations, being linear in the accelerations, can be solved for the 
quantities q^ In fact, let D denote the determinant 

CCu U-ia dig , dm 


dai dg2 dgg 
dsi das 


I dfti • . • djin I 

* It was introduced by Chnstofiel, Journal fill Math lxx (1869), and is of importaiice in the 
theory of quadratic differential forms. 
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and let Ar, be the minor of a„ in this determinant Multiply the n equations 
of the above system by Aj,, A^,, Ant, respectively, and add them re- 
membering that the quantity 2 Art(ir* i8 when s is different from v, and 

r=l 

has the value D when s is equal to v, we have 


or 


n n n 


Dq,+ 1 1 t Ar 

Z »1 in=l r=fl 
1 n n n 

qr^-fr 1 t XAr 

^ m=l r-1 



Mm 


2 ^ruQrt 
r«l 


1 


i AruQr 

rui 


This equation is true for all values of v from 1 to n inclusive , and 
these n equations^in which q^, , jn are given explicitly as functions of 

^ 1 , qu qn, qu ?», • 9n, can be regarded as replacing Lagrange’s equations 
of motion 


29 Motion of a system which is constrained to rotate 'uniformly round an 
aans 

In many dynamical systems, some part of the system is compelled by an 
external agency to revolve with constant angular velocity to round a given 
^ed axis , the motion of a bead on a wire which is made to rotate m this 
way IS a simple example There is, as we have seen, no objection to the 
direct application of Lagrange’s equations to such cases, provided the system 
IS holonomic, but it is often more convement to use a theorem which we 
shall now ohtam, and which reduces the consideration of systems of this kind 
to that of systems in which no forced rotation about the given axis takes 
place 

Suppose that, independently of the prescnbed motion round the axis, the 
system has n degrees of freedom, so that if the given axis is taken as axis of 
z, and any plane through this axis and turning with the prescnbed angular 
velocity 18 taken as the plane, from which the azimuth <l> is measured, the 
cylindrical coordinates of any particle m of the system can be expressed xn 
terms of n coordinates ji, g-j, , g„, these expressions not involving the time t 
Then if the kinetic energy of the system m the actual motion be 7, and if the 
work done by the external forces in an arbitrary infinitesimal displacement 
be QiSg, + . + QnSgn, where Qi, Qs, . , Qn will be supposed to 

depend only on the coordinates g„ and if the kinetic energy of 

the system when the forced angular velocity is replaced by zero be denoted 
by Ti, we have 

2\ = ^ Xm + r* + 

Now the quantity will be a function of g,, g„ . , q^, which is 

determined by our knowledge of the constituticm of the system denote it by 
W The quantity will also be a known function of gi, 
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2i> » 3i». being linear m q^, q^, ,^n> it will be zero if, when to is zero, the 
motion of every particle has no component in the direction of ^ increasing , 
while if n IS equal to unity, so that there is only one coordinate q, it will be 
the perfect differential with respect to t of a function of q these are the two 
cases of most frequent occurrence, and we shall include them both by as- 

dY 

suming that is of the form , where P* is a given function of the 

coordinates qi, qa, ..., 


We have therefore 


and the Lagrangian equations 


T^T, + <o~ + co^W, 


dt \dqr} ~ dqr 
can be written in the form 

d fdT{\ ,d( 0F\ ZTr d fdY\ 

dt dt\^J dqr ^ dt\dqr) ^ 


dW 
dqr ' 


Qr 


or 


d /d_TA 

dt \d^r) 


3^ 

dqr 


‘ dqr^ co’‘W) + Qr, 


(r = 1, 2, , n) 

(r=l, 2, . ,n) 
(r=»l, 2,.. ,n) 


These equations shew that, subject to the assumption already mentioned, 
the motion m the same as if the prescnbed angvlar velocity were zero, and 
the potential energy were to contain an additional term — In this 

way, by modifying the potential energy, we are enabled to pass from a 
system which is constrained to rotate about the given axis to a system for 
which this rotation does not take place. The term centrifuged forces is 
sometimes used of the imaginary forces introduced in this way to represent 
the effect of the enforced rotation. 


30. The Lagrangian equations for quasi-coordinates. 

In the form of Lagrange's equations given in § 26, the vanablea are n 
coordinates g., .... qn, and the time t; the knowledge of these quantities, 
together with a knowledge of the constitution of the system, is sufficient to 
determine the position of any particle in any configuration of the system, 
which may be expressed by saying that j,, j*, .. , are true coordinodes of 
the system. We shall now find the form which is taken by the equations 
when the variables used are no longer restricted to be true coordinates of 
the system*. 

Consider a system defined by n true coordinates ji, qa, ., qn, the 
kinetic energy being T and the work done by the external forces in a 

* Partioular <mm«s ot the th«or«m of this artlele were kaonn to liagrange and Bnler the 
genenl form of tho equations is due to Boltzmann (TFien Sitzmgtberiekte, 1002) and Hamel 
{ZtiUohrift fUr Math. u. Phj/t. 1004) 
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displacement (Sg„ being + QtZq^ + + QnSjn. so that tho 

Lagrangian equations of motion of the system are 

d (dT\ dT ^ , , . , 

dtlsqj (*-1.2, ,n) (1) 

Let coj, 0 ) 2 , , tt)„ be ?Mndependeiit linear combinations of the velocities 

9i> 92 > > 9n» defined by the relations 


®r— ®ir9i 4“ Otjj,. ^2 • +®nr9n (t 1, 2, , 7l) *(2), 


where a,i, , , Onn are given functions of , gVi> and let cZtti, dTr^, 

. , dwn he n linear combinations of the differentials dqi, dq^., , dqny defined 

by the relations 

diTr « dirdqx -h <t^dq^ H- .. + ctnrdqn (r = 1, 2, » , n\ 


where the coefficients a are the same as in the previous set of equations 


These last equations would be immediately integrable if the relations 
were satisfied for all values of k, r, and m, and m that case variables 


Wr would exist which would be true coordinates, we shall not however 
suppose the equations to be necessanly integrable, so that diri, dir^, , diTn 
will not necessanly be the differentials of coordinates tti, 7 r 2 , . , tt^i , we shall 
call the quantities dir^^ dir^^ dir^ differentials of quasi-coordmates 


Suppose that the relations (2), when solved for ji, ja, . , jn, give the 
equations 

9<( — + f/c = 1, 2, . ,w) (3) 

Multiplying the Lagrangian equations (1) by respectively, 

and addmg, we obtain the equation 



Now SQjcSjk is the work done by the external forces on the system in an 

arbitraiy displacement, so is the work done in a displacement 

in which all the quantities Bir are zero except Stt^. If therefore the work 
done by the external forces on the system in an arbitrary infinitesimal dis- 
placement (StTi, StT^, . , STTn) IS -H U.StT, + + UJlTn, we have 




(dt \dqj dqJi 


n„ 


By means of equations (3) we can eliminate g,, g,, , g„ from the 
function T, so that T becomes a function of Wj, , ®„, q^, g^, . g„ (we 
suppose for simplicity that t is not contained explicitly in T ) , let this form 
of T be denoted by T. 


dT ^df 
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and therefoie 


ic ( , at wft)®/ s < 


rrut Kdtosj dqj 

But IS zero or unity according as r is different from, or equal 


to, 8 so we have 


It [dcoj ■'■ , dt 


We also have 


dT dT ^dfdto. df 


^qK 3?* 7 3®» 9?« 9»» S?* 

dk © ? S ll;*?”* (a£ " ^) ■ a^= "’• 

97 ^ 07 ^ 00 "BT 

Now or 2 = — , would represent .5 — if w, were a true 

« « Oq^ OTTr _9w, 

d!r 

coordinate , we shall denote it by the symbol 5— whether tt^ is a true 

UTTr 

coordinate or not Also the expression 


= +22 


df da„ 


22y9„y8mz(! 

Km V 


dct^g 8af^N 

.9?w 9?* ) 


depends only on the connexion between the true coordinates and the dif- 
ferentials of the quasi-coordinates, and is independent of the nature or 
motion of the dynamical system considered we shall denote this expression 
by Jrth We have therefore 


d^\ 96 )r/ t dlTr 


dct>s dTTr 


(r = l, 2, .,n). 


These n equations are the equations of motion expressed in terms of the 
quasi-coordinates , when the quasx-coordinates are true coordinates, the 

9cc * 9ctm 

quantities y^si «^re all zero, since the conditions 5-^ = are satisfied, and 

vjwi djjc 

the equations reduce to the ordinary Lagrangian equations 

d (dT\ Sr „ / 1 0 N 

dnawj - aw, 


Example A ngid body is free to turn about one of its points 0, which is fixed, so 
that the coordinates of the body can be taken to be the three Eulenan angles 6, <^, i/r, 
which (§ 10) specify the position of axes fixed in the body and moving with it, with 
reference to axes 0X7Z fixed in space Let an arbitrary displacement (fid, fi<^, fi*^) of the 
body be equivalent to the resultant of small rotations fin-i, bn^ round Oxy Oy, Ozy 
respectively, so that dwiy dwz can be taken as the differentials of quasi-coordmates 
let 6)1, «3 be the components about the axes Ovyz of the angular velocity of the body 
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ak any instant, so that diru dir^, dvs are the differentials of qnaai-ooordinates corre- 
sponding respectively to the velocities oi, aj, as Shew that the equations of motion of 
the body are 

/d (Zf\ 



dT . 

df ^ 

dT 


S ©3 

diTi 

df , 




0©1 

drr^ 

df , 




0©2 

0173 


where T is the Idnetic enei^ of the body, expi*essed m terms of wj, 0)2, a>3, d, yj/', 
Hj, n2, Hs are the moments about the ax^ Oaf, Oy, Oz, respwtively, of the external forces 

acting on the body . and ^ stands for ^ ^ + ^ + 


dS dfTr ~ dtp oiiv dyfr dir,. 


dT 


It will appear later that ? depends only on wi, ©2, ©3, so the terms aSre zero 


31. Forces derivable from a potential-f unction which involves the 
velocities. 

In certjam cases the conception of a potential-energy function can be 
extended to dynamical systems in which the acting forces depend not only 
on the position but on the velocities and accelerations of the bodies 

For consider a dynamical system whose configuration is specified by 
coordinates 51 , g' 2 > •, ?», and suppose that the work done by the external 
forces in an arbitrary displacement (Bqi, Sja, Bqn) is 

QiBqi -f QzBq^ + . . + QnSjn 

Then if can be expressed in the form 


dq,dt[dqj 


(r = l, 2 , ,n), 


where F w a given function of q^, q^, . , q^, q„ , q„, the Lagrangian equa- 
tions of motion are 


d/dV\ 

dt \^qr) dqr dqr dt wjr/ 
and if a kinetic potential L be defined by the ecjuation 

L^T-^r, 

the equations take the customary form 

d /dL\ dZi ^ 
dtKdqJ 


(r=l, 2 , .,w), 


(r = 1 , 2 , , n\ 


The function V can be regarded as a generalised potential energy 
fiinctima. An example of such a system is furnished by the motion of a 
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particle subject to Weber’s electrodynamic law of attraction* to a fixed 
point, the force per unit mass acting on the particle being 


where r is the distance of the particle from the centre of force 
the function V is defined by the equation 



in this case 


Example If the forces ^f ^ dynamical system which is specified by 

coordmatas qu ,qn are derivable from a generalised potential-function 7, so that 



shew that Qi, Q 2 , , Qn must be linear functions of ^ 1,^29 

relations 

^ oQjt 

9?* ^ ’ 


(»= 1 , 2 , ,»), 

, satisfying the n(2n^l) 


4 . B, jL 

hk Iqi’^dt dqj^ 

dQi ^ ^Qk ^ ^Qk\ 

^ dt *" Iql) ' 

On the geneial conditions for the existence of a kinetic potential of forces, reference 
may be made to 

Helmholtz, Journal ftir Math^ Vol c (1886) 

Mayer, Leipzig Beric/ite, Vol XLViii (1896) 

Hirsch, Mat/i Annalen, Vol L (1898) 


32 Imttal moUons 

The differential equations of motion of a dynamical system cannot in 
general be solved in a finite form in terms of known functions. It is how- 
ever always possible (except in the vicinity of certain singularities which 
need not be considered here) to solve a set of differential equations by powei - 
series^ i.e. to obtain for the dependent vanables expressions of 

the type 

^ s* O&i + 61 ^ -h Cl 4 - di -h , 

Ja = Ota 4“ ^2 ^ + 6a 4- ^2 ^ > 

^ qn-Cl,n'^bnt+Cnf + dnt^+ , 

the coefficients a, b, can in fact be obtained by substituting these series in 
the differential equations, and equating to zero the coefficients of the various 

•W ’V^ehet, Amialend. Phys lxxui (1848), p 198 Cf ’Whittokov^u Hiato)*y of the Theories 
of Aether and Etectneity, pp 926—281. 
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powers of t , the expansions will converge in general foi values of t within 
some definite circle of convergence in the ^-plane 

It IS plain that these senes will give any information which may be 
required about the initial character of the motion {t being measured fi^om the 
commencement of the motion), since is the initial value of bi is the 
mitial value of q^, and so on This method of discussing the initial motion 
of a system is illustrated by the following example 


Eijcample Consider the motion of a particle of umt mass, which is free to move in a 
plane and initially at rest, and which is acted on by a field of force whose components 
parallel to fixed i octangular axes at any point (a?, y) are (X, 7 ), and let it be required to 
determine the initial radius of curvature of the path 


Let y+i?) be the coordmates of any point adjacent to the initial point (tr, y), 

so that f , 17 may be regarded as small quantities , then the equations of motion are 

f =X (^+f, y+i?) 




3X(a?, y) . 


dx 








If theiefore we assume for ( and rf the expansions 

(it IS not necessary to include terms of lower order than smce the quantities f, 1;, 7 

are imtially zero), and substitute m these differential equations, we find, on companng 
the coeffcients of various powers of ty the relations 

6 = 0 , 

a=o. /=*(xg'+r^ 

The path of the particle near the point (a?, y) is therefore given by the series 

i,= rM+j(x|g+r^M»+ , 

where w. denotes the quantity 

Now if the coordinates $ ^ind 7 of any curve are expressed in terms of a parameter Uy 
the radius of curvature at the point u is known to be 


(Vcfa 4 / \(iuj j 

cP^ drf * 
du^ du du^ dw 


so the radius of cuiwature corresponding to the zero value of w, for the curve given by the 
above expressions, is * 


3 (X*+ 72 )^ 


and this is the req;mred ladius of curvature of the path of the particle at the initial point. 
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33 Similarity in dynamical systems'*^ 

If any system of connected particles and rigid bodies is given, it is 
possible to construct another system exactly similar to it, but on a different 
scale If now the masses and forces in the two systems, which we can call 
the pattern and model respectively, bear certain ratios to each other, the 
workings of the two systems will be similar, though possibly at speeds which 
are not the same but bear a constant ratio to each other 

To find the relation between the various ratios involved, let the Imear 
dimensions of the model and pattern be m the ratio so 1, let the masses of 
corresponding particles be in the ratio y 1, let the rates of workmg be m the 
ratio z 1, so that the times elapsed between corresponding phases are in the 
ratio 1 and let the forces be in the ratio w 1 Then for each particle we 
have an equation of motion of the form 

TWO? = X , 

so if m IS altered m the ratio y 1, ^ is altered m the ratio xz^ 1, and X is 
altered in the ratio w 1, we must have 

w = sByz\ 

and this is the required relation between the numbers x, y, w. 

Example If the forces acting are those due to gravity, we have and conse- 

quently = 1, so that the rates of working are inversely as the square roots of the linear 
dimensions 

If the forces acting are the mutual gravitations of the particles, every particle 
attracting every other particle with a force proportional to the product of the masses and 
the inverse square of the distance, we have so that the rates of working are in 

the ratio yl 


34 Motion with reversed forces 

A special case of similarity is that in which the ratio w has the value — 1 

We have seen that the motion of any dynamical system which is subjected 
to constraints independent of the time, and to forces which depend only on 
the positions of the particles, is expressed by the Lagrangian equations 



(r = l, 2, .. , w), 


where the kinetic energy iT is a homogeneous quadratic function of the 
velocities qxy , gn, involving the coordmates gx, ga, • , gn, m any way, 
and Q IS a function of g,, ga, , only 

Introduce a new independent vanable defined by the equation 

T =* it, where i = V — 1, 


and let accents denote differentiations with regard to t Then since 


* Newton, Prmcipic, Book ii Sect 7, Prop 32 



48 


[oh n 


The Eqtiatiom of Motion 


dt \dqr) 
become 


and 5— are homogeneous of degree — 2 in dt, the above equations 
oqr 


A. = 

dr\dqr) Sqr 


where ® is the same function of qi, qi, , qn, qi, 


(r — Ij 2 , . , w), 
o» that T 18 of 


32 > > 9 nj ?ij 22> •) 

But if T (instead of t) be now interpreted as denoting the time, these last 
equations are the equations of motion of the same system when subjected to 
the same forces reversed in direction Moreover, if Ui, <Xn, A, » 

J 3 n are the initial values of q^, q^, , qn, ?i, qi? • > Sn> respectively, in any 

particular case of the motion of the origmal system, then a^, Oj, , , a^, — 

— lySg, , — tySn will be the corresponding quantities in the transformed 

problem We thus have the theorem that in any dynamical S'ystem subjected 
to constraints independent of the time and to forces which depend only on the 
position of the particles^ the integrals of the equations of motion are still real 
if t be replaced by —It and the initial velocities ySj, ^8,, . , by — — 1A> 

— V— 1^2, , — V— l)8n respectively, and the eapressions thus obtained repre* 

sent the motion which the same system would have if with the same initial 
conditions^ it were acted on by the same forces reversed in direction 


36 . Impulsive motion. 

In certain cases (e g. m the colhsion of rigid bodies) the velocities of the 
particles m a dynamical system are changed so rapidly that the time occupied 
in the process may, for analytical purposes, be altogether neglected 

The laws which govern the impulsive motion of a system bear a close 
analogy to those which apply in the case of motion under finite forces • they 
can be formulated in the following way* 

The number which represents the mass of a particle, multiplied by the 
vector which represents its velocity at any mstant, is a vector quantity 
(localised in a Ime through the particle) which is called the momentum of 
the particle at that instant , the three components parallel to leotangular 
axes Oxyz of the momentum of a particle of mass m at the point {w, y, z) are 
therefore {mx, my, mz) If any number of particles form a dynamical system, 
the sum of the components in any given direction of the momenta of the 
particles is called the component m that direction of the momentum of the 
system. The impulsive changes of velocity in the Various particles of a 
connected system can be regarded as the result of sudden communications 
of momentum to the particles. 

The effect of an agency which causes impulsive motion in the system 

* They were involved m the discovery of the laws of impact m 1668 by WaJhs and Wren 
PhiL Tram No 43, pp 864, 867 ' 

t Momentum is the quantitax viotus of Newton^s Pnncipta, Book i Bef 2 The idea can be 
traced back to Descartes 
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will be measured by the momentum which it would communicate to a smgle 
free particle If therefore (w©, Wo) are the components of velocity of a 
particle of mass m, referred to fixed axes in space, before the impulsive 
communication of momentum to the particle, and if (u, v, w) are the com- 
ponents of velocity of the particle after the impulse, then the vector quantity 
(localised m a line through the particle) whose components are 

m (w — Uq), m (t; — Vo), 

represents the impulse acting on the particle 

For the discussion of the impulsive motion of a connected system of 
particles, it is clearly necessary to have some experimental law analogous to 
the law of Action and Reaction of finite forces , such a law is contained m 
the statement that the total impulse acting on a particle of a connected 
system is equal to the resultant of the ecstemcU impulse on the particle (i e the 
impulse communicated by agencies external to the system, measured by the 
momentum which the particle would acquire if free) together with impulses 
directed along the lines which join this particle to the other particles which 
constrain its motion, and the mutually induced impulses between two connected 
particles are equal m magnitude and opposite in sign 

If we regard the components of an impulse as the time-integrals of the 
components of an ordinary fimte force which is very large but acts only for 
a very short time, the law just stated agrees with the law of Action and 
Reaction for finite forces 

CJwmge of hnetio energy due to impulses 

The change in kinetic energy of a dynamical system whose particles are acted on by a 
given set of impulses may be detenmned in the following way 

Let an impulse /, directed along a line whose direotion-cosines referred to fixed axes of 
reference are (X, /x, v), be communicated to a particle of mass m, changmg its velocity 
from Vo, m a direction whose direction-oosmes are {Lq, Jfo, to v, in a direction whose 
direction-cosines are (Z, Jf, The equations of impulsive motion are 
m (vZ- vqZo) «* iX, m (vJf - voifo)®* -fjn, m {vN- 
Multiplying these equations respectively by 

J(vZ4-VoZo), i (vir+'i?o-2^o)> and i(vir+Vo^o)» 

and adding, we have 

J wv* - ^\Iv (ZX -H Mp + Wv) + J/vq (ZoX -f *') 

The change in kinetic energy of the particle is therefore equal to the product of the 
impulse and the mean of the components, before and after the impulse,^ of the velocity of 
the particle in the direction of the impulse 

Now consider any dynamical system of connected particles and ngid bodies, to which 
given impulses are communicated , applying this result to each particle of the system, and 
summing, we see that the change %n the kinetic energy of the system u equal to the sum of the 
impulses applied to it, each multiplied hy the mean of the tomponents, before and after ike 
communication of the impulse, of the velocity of its point of application in the direction of the 
impulse In this result we can clearly neglect the irapxdsive forces between the molecules 
of any ngid body of the system 


w n 


4 
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36 The Lagrangian equations of impulsive motion 

The equations of impulsive motion of a dynamical system can be 
expressed in a form* analogous to the Lagrangian e<iuations of motion for 
finite forces, in the following way 

Let (Z„ F„ Z,) be the components of the total impulse (external and 
molecular) applied to a particle m, of the system, situated at the point 
(a-,, Pi, Zt) The equations of impulsive motion of the particle are 

m, (ar, — a;«) — X„ mt(yi~ M ~ ■" ^ • 

where (i«, y,., and y., i*) denote the components of velocity of the 
particle before and after the application of the impulse. 

If qu qti , denote the n independent coordinates m terms of which 
the configuration of the system can be expressed, we have therefore 


S ■», |(i, - i.) + tf, - y») - *>) 




where the summation is extended over all the particles of the system. 

Now in forming the summation on the nght-hand side of this equation, 
it IS seen as in § 26 that the molecular impulses between particles of the 
system can be omitted the quantity 




can therefore readily be found when the external impulses are known: we 
shall denote it by che symbol Qr We have consequently 

1 m, \izi - + (y. - y„) + (i, - i^) . Q, 

But as in § 26 we have 

. dxt d 

and similarly 

where qn and qr denote the velocities of the coordinate Pf before and after 
the impulse respectively Thus if 

r » 4 2 to, + y ^ + Zi') 




* Due to Lagnnge, SUe. Anal. (J* M.), n. p. IM. 
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denotes the kinetic energy of the system after the impulse, the above 
e(^uatioii can be wntteii in the form 



^)o quantity corresponding to g— ,^but relating to the 

instant before the impulse 

Similar equations can be found for the rest of the coordinates qi, q^, , 

and thus we obtain the set of n equations 


dT (dT\ . 

9?r lagrA®*'’ ,n), 

which are known as the Lagrangian equations of impulsive motion 

These are algebraical equations for the determination of ji, q^, , q^ m 

terms of g^io, , Jnoj they are not differential equations like the Lagrangian 
equations of motion for fimte forces, since the second derivates of the 
coordmates with respect to the time do not enter 


Miscellaneous Examples 

1 Two rigid bodies moving m space are constrained only by a taut inextensible stnng 
joining a given point of one body to a given point of the other, and one of the bodies is 
constrained to roll without sliding on a given fixed surface How many degrees of freedom 
has the system, and how many independent coordinates are required to specify its con- 
figuration ? 

2 A point is referred to curvilinear coordinates a, 6, c, and the square of its 
velocity is 

2 Tm + (7c* -^^Fbo + 2(?ca + 2JSab 

Shew that p, q, r, the component accelerations in the directions of the tangents to the 
coordinate lines, are given by three equations of the type 

3 A particle which is free to move m space is initially at rest at the ongin, and is in 
a field of force whose components (Z, T, Z) at any point (a?, y, z) are given by the expansions 

Zwct+ 6^7+ quadratic and higher terms in 
Y « cir+ quadratic and higher terms in x^y^z^ 

dlir*+oubic and higher terms in a?, y, z 
Find the radii of curvature and torsion of the orbit at the ongin 
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CHAPTER III 

PRINCIPLES AVAILABLE FOR THE INTEGRATION 

37 Problems which are soluble by quadratures 

The determination of the motion of a holonomic d 3 nQamical system with 
a finite number of degrees of freedom has in the preceding chapter been 
shewn to depend on the solution of a set of ordinary differential equations 
If n denotes /the number of degrees of freedom, and (gj, . , g^) are the 
coordmates specifying the configuration of the system at the time then 
the set of equations consists of n differential equations, each of the second 
order, with gi, ga, , g^ as dependent variables and t as independent variable 
This set of equations is said to be of order 2 n, the order being defined to 
be the sum of the orders of the highest denvates of the dependent vari- 
ables occurring in the equations It is a well-known result of the theory 
of ordinary differential equations that the number of arbitrary constants of 
integration in the solution of a set of differential equations is equal to 
the order of the system, whence it follows that there are 2 n constants of 
integration in the general solution of a holonomic dynamical problem with 
n degrees of freedom 

Now any given set of differential equations of order k can be reduced 
to the form 

dxf 

{^19 1)) (r =S 1, 2, * ,, A?), 

where Xi, X^, , JT* are known functions of their arguments, by taking as 

new variables (a>^, . , xj,) the original dependent variables together with 

their denvates up to (but not including) the highest denvates occurring m 
the onginal set of equations. Thus e g the set of equations 

d^q d^q 

— Qi {919 32 9 32 X = Qa (?i> 3a* 9i9 9^)f 

(where Qi and Q 2 are any functions of the arguments indicated) which is of 
order 4, can be reduced to the set 

^ — ^ \ dxA ^ , 

dt dt dt ” dT “ 


Prindplea mailable for the integration 
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by taking 
The form 


= ‘'»4 = ?2 

xr / . 

(A?i, ^2, j 


(^= 1 , 2 , ,*) 


may therefore be regarded as the typical form for a set of differential 
equations of order ifc 


If a function t) is such that ^ is zero when (^j, x^, , oc]^) 

are any functions of t whatever which satisfy these differential equations, the 
equation 

f(xi,X 2 , . , xjs, t) = Constant 


is called an integral of the system The condition that a given function f 
may furnish an integral of the system is easily found . for the equation 
dfldt^O gives 




^ 9/ 

+ r“— Xjs + 

COCic dt 




0 , 


or 




and this relation must be identically satisfied in order that the equation 

f{^i> 0 = Constant 

may be an integral of the system of differential equations 

Sometimes the function f itself (as distinct from the equation /sa constant) is called an 
integral of the system 


The complete solution of the set of differential equations of order k is 
furnished by k integrals 

fr (^ 1 , 0 == Cti , (r =S 1, 2, , k), 

where o&i, a,, , a* are arbitrary constants, provided these integrals are 

distinctf 1 e. no one of them is algebraically deducible from the others For 
let the values of Xi, x^, , Xk, obtained from these equations as functions of 

t, Uif a^f , ajc, be 

= <f>r («1 , aa, , a,., t), {r -1,2, , *) , 

then if (a?!, x^f xjb) are a,ny paiticular set of functions of t which satisfy 

the differential equations, it follows from what has been said above that 
Saving to the arbitrary constants suitable constant values we can make 
the equations 

fr (^i> ^ 2 > • • • > 0 ^ (r — 1, 2, , k) 

true for this particular set of functions (xi, x^, > otfg) ^ and therefore this set 

of functions (xi, x^f , Xk) will be included among the functions defined by 
the equations x^ = <f)j. The solution of a dynamical problem with n degrees 
of freedom may therefore be regarded as equivalent to the determination of 
27ir integrals of a set of differential equations of order 2n, 
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Thus the differential equation 

which 18 of the second order, possesses the two integrals 

r gr2 + g2=ai, 

1 tan“^2-/=a2, 

I ^ 

where oj and arbitrary constants. On solving these equations for q and q^ we have 

g^ssa^isin (<+a2)» 

,^=ai4cos(^+a2), 

and these equations constitute the solution of the differential equation 

The more elementary division of dynamics, with which this and the 
immediately succeeding chapters are concerned, is occupied with the dis- 
cussion of those dynamical problems which can be solved completely in 
terms of the known elementary functions or the mdefinite integrals of such 
functions These are generally referred to as prohlems soluble by quadratures. 
The problems of dynamics are not m general soluble by quadratures , and in 
those cases in which a solution by quadratures can be effected, there must 
always be some special reason for it, — in fact the kinetic potential of the 
problem must have some special character The object of the present 
chapter is to discuss those peculiarities of^ the kinetic potential which are 
most frequently found in problems soluble by quadratures, and which in fact 
are the ultimate explanation of the solubility 


38 Systems with tgnorable coordinates 

We have seen ^ 27) that the motion of a conservative holonomic 
dynamical system with n degrees of freedom, for which the coordinates are 
9n and the kmetic potential is X, is determined by the differential 

equations 

d fdL\ dL ^ 

dtidqj dqr~^’ ('■“1.2, . , n) 

dL 

The quantity is generally called the momentum corresponding to the 
coordinate qr 


It may happen that some of the coordinates, say Ji, g*, are not 

explicitly contained in X, although the corresponding velocities gi, 
are so contained Coordinates of this kind are said to be ignorable or cyclic ; 
It will appear in the following chapters that the presence of ignorable 
coordinates is the most frequently-occumng reason for the solubility of 
particular problems by quadratures 

The Lagrangian equations of motion which correspond to the h ignorable 
coordinates are 


d (dD 
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and on integration, these can be written 


= (r*!, 2, ^X 

where /Sg, , ^ are constants of integration These last equations are 
evidently h integrals of the system 

We shall now shew how these h mtegrals can be utilised to reduce the 
order of the set of Lagrangian differential equations of motion* 

^ 3 jTf 

Let 22 denote the function L — ^ <ir . By means of the h equations 

— ^r> 2, , ]£), 

we can express the k quantities g„ q^, , q^, which are the velocities cor- 

responding to the ignorable coordinates, in terms of 

3li+i> ^i+s* > Jni ?*+»> > 9n> fiit ^2, , 0k> 

we shall suppose that in this way the function B is expressed in terms of the 
latter set of quantities 

Now let ^denote the increment produced in any function /of the quan- 
tities ji+i, gt+s, , qi, jj, . qn (or of the quantities qjc+u qt+t, , qn, 
St+i. •.?», A. ^2> -M by arbitrary infinitesimal changes ^3*+,, 

83,1, 83,, , 83, in Its arguments Then we have 


by the definition of R But 


and 


Sir ^ Sin, M sa x SZ.. 

rmk+l<^^r r»lOqr r>^k+lSgr ^ 


^ (r?i ’’■ dq) ~ 


Since 

We have therefore 


dqr 


= /9r. 


SB= 


2 ^ 83 r-f- 




and since the infinitesimal quantities occurring on the nght-hand side of this 
equation are arbitrary and independent, the equation is equivalent to the 


* The transformation which follows is really a case of the Hamiltonian transformation, which 
IS discussed in Chapter X, it was however first separately given by Booth m X876, and somewhat 
later by Helmholtz 



56 


PTivoiplBS (ivctfilciblc foT the ii%t6gT(xtiou [oh hi 


system of equations 


dL _ZB 
dqr dqr ’ 

(r — A;-f-l, A;-t-2, 

, n), 

dqr dqr ’ 

(r = A -H 1, A? 2, 

. w), 

II 

1 

(r=l, 2, .,k) 



Substitutmg these results in the Lagrangian 
have 


d ^ 
dt \9yr/ dqr 


equations of motion, we 
(r = A -1-1, A? + 2, , n). 


Now jB IS a function only of the vanables • •> Sn, qi+u 5?n> 

and the constants , yS*. so this is a new Lagrangian system of 

equations, which we can regard as defining a new dynamical problem with 
only («-A?) degrees of freedom, the new coordinates being q^^i^ 
and the new kmetic potential being R When the variables > 3n 

have been obtained in terms of t by solvmg this new dynamical problem, the 
remainder of the ongmal coordinates, namely qx, , qjc, can be obtained 
from the equations 

= ..,k) 


Hence a dynamical problem mth n degrees of freedom, which has k ignorahle 
coordinates, can he reduced to a dynamical problem which has only (n — A?) 
degrees of freedom This process is called the ignoration of coordinates 


The essential basis of the ignoration of coordinates is in the theorem that when the 
kinetic potential does not contain one of the coordinates qr explicitly, although it involves 
the corresponding velocity an integral of the motion can be at once wntten down, 

, az 

namely constant This is a particular case of a much more general theorem which 

will be given later, to the effect that when a dynamical itystem admits a known infinitesimal 
contact-transformation, an integral of the system can be immediately obtained 

If the original problem relates to the motion of a conservative dynamical 
system in which the constraints are independent of the time, we have seen 
that its kinetic potential L consists of a part (the kinetic energy) which is 
a homogeneous quadratic function of q„ and which involves 

qic-^i> ?i:+ 2 , * j ?n in any way, together with a part (the potential energy with 
sign reversed) which involves , , q^ only But m the new 

dynamical system which is obtained after the ignoration of coordinates, the 
kmetac potential B cannot be divided into two parts in this way m fact, R 
will in general contain terms Imear in the velocities And more generally 
when (as happens very frequently in the more advanced parts of Dynamics) 
the solution of one set of Lagrangian differential equations is made to depend 
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on th^t of another set of Lagrangian differential equations with a smaller 
number of coordinates, the kinetic potential of this new system is not 
necessarily divisible into two groups of terms corresponding to a kinetic and 
a potential energy We shall sometimes use the word natural to denote those 
systems of Lagrangian equations for which the kinetic potential contains 
only terms of degrees 2 and 0 in the velocities, and jion-natural to denote 
those systems for which this condition is not satisfied 


As an example of the ignoration of coordinates, consider a dynamical system with two 
degrees of freedom, for which the kinetic energy is 


and the potential energy is 








where a, 6, o, d are given constants 

It IS evident that is an ignorable coordinate, since it does not appear exphoitly in T 
or V 


The kinetic potential of the system is 



and the integral corresponding to the ignorable ooordmate is 


a^bq2^ 


where )3 is a constant, whose value is determmed by the imtial oiroumstanoes of the motion 

The kinetic potential of the new dynamical system obtained by ignoring the coordinate 
gt IS 

« - 0 - - Ji32 (a + bq^^), 

and the problem is now reduced to the solution of the single equation 

d m\ dM ^ 

* \ w ’ 

or q 2 +(^d+b^)q 2^0 

As this IS a linear differential equation with constant coefficients, its solution can be 
immediately written down it is 

q 2 =A sm {{M-\-bp^)i ^+€}, 

where A and € are constants of integration, to be determined by the imtial circumstances 
of the motion This equation gives the required expression of the coordinate q^ in terms 
of the time the value of qi m terms of t can then be deduced from the equation 

fi^i ^ ^ (a + bq^) dt, 

which gives 

3{(2d+6^*)i t+»), 

and so completes the solution of the system 
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39 Special oases of ignoration; integrals of momentum <md angular 
momentum 

We shall now consider specially the two commonest types of ignorable 
coordinates in dynamical problems 

(i) Systems possessing an integral of momentum 

Let the coordinates of a conservative holonomic dynamicfil system with 
n degrees of freedom be ji, and let T be the kinetic energy of the 

system, and Y the potential energy, so that the equations of motion of the 
system are 

d (dT\ dT_ dV / o N 

dt {jdqJ dqr Sjr ’ 

Suppose that one of the coordinates, say q^y is ignorable, and moreover is 
such that an alteration of the value of qi by a quantity ly the remaining 
coordinates q^y q^y • > ?n being unaltered, corresponds to a simple translation 
of the whole system through a distance I parallel to a certain fixed direction 
in space , we shall take this to be the direction of the ^r-axis in a system of 
fixed rectangular axes of coordmates* 

Smce is an ignorable coordinate, we have the integral 

dT 


dq: 


^ Constant, 


and we shall now discuss the physical meamng of this equation 
We have 

BT 0 

where the summation is extended over all the particles of the system, 
i , .. 3y» , j. 


or 






26 




since in this case ^ • 
dqi 


1 ^ = 0 
’ a?. ’ dq. 


Now represents (§ 36) the component parallel to the as-axis of 

the momentum of the system of particles and consequently this is the 

dT 

physical meaning of the quantity ^ in the present case 

pqi 


The integral 


= Constant 
dq. 


can therefore be interpreted thus : When a dynamical system can he 
translated as %f rigid in a given direction without violating the constraintSy 
and the potential energy is thereby unaltered (the way in which the kinetic 
energy depends on the velocities is obviously unaltered by this translation, so 



39] 


59 


Principles mailahU for the integration 


the corresponding coordinate is ignorable), ^len the componmt parallel to this 
direction of the momentum of the system is constant 

This result is called the law of conservation of momentum*, and systems 
to "which it apphes are said to possess an integral of momentum 

(ii) Systems possessing an integral of angular momentum 

Again taking a system -with coordinates q^, g-„ , and kinetic and 

potential energies 3’ and F respectively, let us now suppose that the 
coordinate is ignorable, and moreover is such that an alteration of by 
a quantity a, the other coordinates remainmg unchanged, corresponds to 
a simple rotation of the whole system through an angle a round a given 
fixed line in space we shall take this line as the axis of ^ in a system 
of fixed rectangular axes of coordinates 

Since S', is an ignorable coordmate, we have the integral 

= Constant . . (1), 

and we have to determine the physical interpretation of this equation 

We have as before 


32’ „ t da!{ . 9wi 

where the summation is extended over all the particles of the system 
if we write 

ai, = ncos^, y, = rtsm^i, 
we have d<f>i=‘dqi, 

dtCi dasi 


But 


so 


dqi d<f»i 


■■-riBm<j>^ = -y^, 


and therefore 


dzt 
dqi 

9?i 


= 0, 




( 2 ). 


Now if r denote the distance of any particle of mass m from a given 
straight line at any instant, and if o> denote the angular velocity of the 
particle about the line, the pioduct mr^a> is called the angular momentum 
of the particle about the line 

Let 0 be any point, and let P, P' be two consecutive positions of the 
moving particle, the interval of time between them being dt Then the 


* ThxB has been evolved gradually from the observation of Newtoh, Pmtetpta, Book i introd, 
to Sect XI , that if any number of bodies are acted on only by tjieir mutual attractions, their 
common centre of gravity will either be at rest, or move uniformly in a straight line 
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angular momentum about any line OK through 0 is clearly the limiting 
value of the ratio 


^ X Twice the area of the projection of the triangle OP P on 
a plane perpendicular to OK, 

so if {I, nij n) are the direction-cosines of OK and if (X, fi, v) are the direction- 
cosines of the normal to the triangle OPP\ we see that the angular 
momentum about OK is equal to the product of (?X -I- rfifi + into the 
angular momentum about the normal to the plane OPP It is evident from 
this that if the angular momenta of a particle about any three rectangulai 
axes Oxyz at any time are ^i, Aj, As respectively, then the angular momentum 
about any Ime through 0 whose direction-cosines referred t^ these axes are 
(Z, m, n) is ZA, + mk^ + nA, , we may express this by saying that amgular 
momenta about axes through a point are compounded according to the vectorial 
law 


The angular momentum of a dynamical system about a given axis is 
defined to be the sum of the angular momenta of the separate particles of 
the s)rstem about the given axis , in particular, the angular momentum of 
a system of particles typified by a particle of mass m, whose coordinates are 
(^t» 2 ^ 1 , about the axis of z is where 

i 

«, = r, cos y, = r, sin 

and the summation is extended over all the particles of the system , this 
expreMion for the angular momentum of a system can be written m the form 

% 

and on companng this ivith equation (2) we have the result that the angtdar 

dT 

momentum of the system considered, about the axis of z, is 

The equation (1) implies therefore that the angular momentum of the 
system about the axis of z is constant and we have che following result 
When a dynamical system can he rotated as if rigid round a given axis ivith- 
out violating the constraints, and the potential eneigy is thereby unaltered, the 
angular momentum of the system about this axis is constant 

This result is known as the theorem of conservation of angular 
momentum"* 


Example A system of n free particles is in motion under the influence of their 
mutual forces of attraction, these forces being derived from a kinetic potential V, which 
contains the coordinates and components of velocity of the particles, so that the equations 
of motion of the particles are 







Kepler s law, that the ladms from the auii to a planet sweeps out equal areas In equal times, 
was extended by Newton to all cases of motion under a central force from this the general 
theorem of conservation of angular momentum has gradually developed 
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shew that these e<5^uatioiis possess the integrals 


= Constant, 


("*’^-+g£)=< 

2 (^ir 2 /r + = Constant, 

(nirZr + = Constant, 

/ 0 -pr 0 

2 jm,. {y^z^ - z^y^) + y^ g— | = Constant, 

f 0 F 3 n 

2 - Xy Zy) + 0j- gj^ j = Constant, 

2 |m, (ar,y, —yrir)+'>!r^ — Vr 0j-| “Constant, 

which may be regarded as generalisations of the integrals of momentum and fl-ngiiiai. 
momentum 


40 The general theorem of angvlar momentum 

The integral of angular momentum is a special case of a more general 
result, which may be obtained in the following way 

Consider a d 3 mamical system formed of any number of free or connected 
and interacting particles if they are subjected to any constraints other than 
the mutual reactions of the particles, we shall suppose the forces due to these 
constraints to be counted among the external forces 

Take any line fixed in space, and choose one of the coordinates which 
specify the configuration of the system (say q^) to be such that a change in 
qi, unaccompanied by any change in the other coordinates, imphes a simple 
rotation of the system as if rigid round the given line, through an angle equal 
to the change in 9 , We suppose the constraints to be such that this is a 
possible displacement of the system 

The Lagrangian equation for the coordinate is 


and this reduces to 


A 

dt 


dT\ ^ 

dqx 


Q 




(D 


dt \dq, 


since the value of q^ (as distmguished firom j,) cannot have any effect on 

dF d!r 

the kinetic energy, and therefore must be zero Now is the angular 

momentum of the system about the given line, and QiSgj is the work done 
on the system by the external forces in a small displacement Sji, le a small 
rotation of the system about the given line through an angle from which 
it IS easily seen that Qi is the moment of the external forces about the given 
line We have therefore the result that the rate of change of the cmgylar 
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mowienty/m of a dj/nuTaicdl system about any fixed line is equal to the moment 
of the external forces about this line The law of conservation of angular 
momentum obviously follows from this when the moment of the external 
forces IS zero 

Similarly we can shew that the rate of change of the mor(ientum of a 
dynamical sy stein parallel to any fixed direction is equal to the component^ 
parallel to this live, of the total external forces acting on the system 

For impulsive motion it is easy to establish the following analogous 
results 

The impulsive increment of the component of momentum of a system in any 
fixed diiection is equal to the component in this direction of the total external 
impulses applied to the system 

The impulsive increment of the angular momentum of a system round any 
axis IS equal to the moment round that axis of the external impulses applied to 
the system 


41 The Energy equation. 

We shall now introduce an integral which plays a great part in d 3 mamical 
investigations, and indeed in all physical questions 

In a conservative dynamical system let Ji, ga» 3 » be the coordinates 
and let L be the kinetic potential we shall suppose that the constraints 
are mdependent of the time, so that X is a given function of the variables 
^ 3w. 3i, 8» only, not involving t explicitly We shall not, at 

first, restrict L by any farther conditions, so that the discussion will apply 
to the non*natural systems obtained after ignoration of coordinates, as well as 
to natural systems 


We have 


dL « dL ^ :x dL 

^ = 2 3r^+ S 3r^ 
at r-l oqr ^qt 


(S) ' Lagrangian equations 



Integratmg, we have 


where A is a constant 


^ dL j. 

Z qr^-L- 
oqr 


t hy 


This equation is an integral of the system, and is called the integral of 
energy or laiv of conservation of energy^. 

* Galileo was aeqoamted with the feot that the Tdoeitj of a particle eliding down an inolmed 
plane from reet depends only on the vertical height through whieh it hae descended From this 
elementary particalar case the prmeit^e was gradually evolved by Huygens, Newton, Jcdin 
and Daniel Bemoalh, aind Lagran^, 
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We have seen that in natural systems, in which the constraints do not 
involve the time, the kinetic potential L can be written in the form T-V, 
where T (the kinetic energy of the system) is homogeneous and of degree 2 
in the velocities, while F" is a function of the coordinates only In this case, 
therefore, the integral of energy becomes 


1. s 

r=l OJr 


-L 



-T + V 


— 2T— T-\-Y, smce T is homogeneous of degree 2 in q^, 
= T + V 


} 


It follows that %n conservative natural systems, the sum of the kinetic and 
potential energies is constwnt This constant value h is csalled the total energy 
of the system 


This latter result can also be obtained directly jBrom the elementary 
equations of motion For from the equations of motion of a smgle particle, 
namely 

we have 


Sm* + y%y% + ZiZ^) == S -f Z^z^), 


where the summation is extended over all the particles of the system, or 


d ^lmi(m^^y^^if)^^{XdxJrYdy’¥Zdz), 

so that the increment of the kinetic energy of the system, in any infinitesimal 
part of its path, is equal to the work done by the forces acting on the system 
m this parfc of the path, and therefore is equal to the decrease in the potential 
energy of the system. The sum of the kinetic and potential energies of the 
system is therefore constant 


The equation of eneigy 

(where for simphoity we suppose the system to consist of a smgle particle) is true not 
only when (x, y, z) denote coordinates referred to any fixed axes, but also when they 
denote coordinates referred to axes which are moving with any motion of translation 
m a fixed direction with constant velocity 

For let (f, Tf, C) denote the coordinates of the particle referred to axes fixed in space 
and parallel to the moving axes Oxyz, so that 

y=rf--bt, 

where a, c are ihe constant components of velocity the origin 0 of the moving axes 
Then the result already proved is that 

d.im{(»+Tj^-hC^)^Xd$-^Ydfi+ZdC, 

or d» {(a?+^*)*+(y+i^)*4’(ji+c)*l»=Z(cKa7+'flwft)’4- F (dy+bdt)-{-Z{dz+cdt), 
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Now we have 


and therefore 


s=m(a^+hfj+cC) dt 
={aX-\‘hT‘\-cZ)dt^ 


which estabhshes the theorem 

It may be noted that from this result the three equations of motion of the particle 
can be derived, by takmg etc, and suUracting the equation of energy m the 

ccordmates (a:, y, t) from the equation of energy m the coordinates ({, i;, f) 


42 Reduction of a dynamical problem to a problem with fewer degrees of 
freedom, by means of the emrgy-eqmtion 

When a conservative dynamical system has only one degree of freedom, 
the integral of energy is alone sufficient to give the solution by quadratures 
For if g be the coordinate, the integral of energy 

q-:: L = h 

IS a relation between q and q , if therefore q be found explicitly in terms of q 
from this equation, so that it takes the form 

g =/(?). 

we can integrate again and obtam the equation 



+ constant, 


which constitutes the solution of the problem 

When the system has more than one degree of freedom, the integral of 
eneigy is not in itself sufficient for the solution, but we shall now shew that 
it can be used for the same purpose as the integrals corresponding to ignor- 
able coordinates were used, namely to reduce the system to another dynamical 
system with a smaller number of degrees of freedom* 

In the function L, replace the quantities gj, g„ g„ by gig»'. gig*. 

gig». respectively, where g/ denotes and denote the resulting function 

ctgj 

by n (g„ g*', g*', , gn', gi, g*. , go) Then differentiating the equation 


L (gi . g*. 

we have 


> g»> ?!> ?*> > g»)~'^(gi> g*. g*. •» go. gi. g*. • > g**). 

5gi~3gi 

(»- = 2, 3. 

(r = 1,2,3, . ,n) (8). 


9gr gi 2gr' 
0g, 0g, 


.. ... ..( 1 ), 
>^) (2). 


* Wluttaker, of Math xxx (1900) 
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Equations (1) and (2) give 


3gi 9?! r=2gi0gr 

Now in the integral of energy 

S gr 5 ~ — L — k, 

r=\ oqr 

replace g, by gig/ for all values of r from 2 to w inclusive, and then from this 
equation obtain gj as a function of the quantities (g^', , , g/, gi, g„ , 

and by using this expression for gi, express the function 

I 

r=l ^qir ?! 

in terms of (gg, g, , , g», gi, gs, , g„) Let the function thus obtamed 


be denoted by L' , then from (4) we see that L' is the same as , but 
differently expressed 


Differentiating the equation of energy, which by (4) may be written in 
the form 

o I. 

g,^-D = A, 

and reg^ing it as a relation which implimtly determines gi as a function of 
the variables (qi, g,' , g/, gi. g,, . , g„), vve have 


a®n ^ an a*n 

®‘a^,“ag/ ag/ ^’ag.ag/' 

• (5). 

.^^_an_ a»n 

ag,’ agr ag, ag,agr 

(6) 

But differentiating the equation 


rr an 
“ag,’ 


regarded as an identity in the vanables (gg', g,', .. , g„', gi, 

9», ■ , 9»). we have 

dL' _ a*n a»n ag, 
ag, Sgiag, ag,’ag/ 

. .. (7), 

dju _ afn a’n ag, 

ag, agiag, ag,’ ag. 

. . ..(8) 

Comparing equations (6) and (7), we have 


1 ^ 
a?,' 9, ag/ ’ 

(r = 2, 3, . , ii), 

and comparing equations (6) and (8^, we have 



dL' 1 an 
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(Combining these with equations (2) and (3), we have 
dL' dL , 
dqr dqr * 

Substituting from these equations in the Lagrangian equations of motion, 
we obtain the system 


{dq; 


or finally 


dqi 


o 

II 

(r = 2, 3, 

• .n), 

11 

o 

It 

05 

• . n) 


Now these may be regarded as the equations of motion of a new dynamical 
system in which L' is the kinetic potential, (q 2 , qst > 2n) ^he coordinates, 
and plays the part of the time as the independent variable The new system 
will, like the systems obtained by ignoration of coordinates, be m general 
non-natural, U will not consist solely of terms of degrees 2 and 0 xn the 
velocities <g/, y,', , q ^) , but on account of its possession of the Lagrangian 

form, most of the theorems relatmg to dynamical systems will be applicable 
to it The integral of energy thus enables us to reduce a given dynamical 
system with n degrees of freedom to another dynamical system with only (n — 1 ) 
degrees of freedom 

The new dynamical system will not in general possess an integral of 
energy, since the mdependent variable ji occurs explicitly m the new kinetic 
potential L' But if qi is an ignorahle coordinate in the original system, 
then 5^1 will not occur explicitly in any stage of the above process, and there- 
fore will not occur explicitly m Z' From this it follows that the new system 
will also possess an integral of energy, namely 


2 qf —,-U = constant, 

r*2 


and this can in its turn be used to reduce further the number of degrees of 
freedom of the system 

The precedmg theorems shew that any conservative dynamical system with 
n degrees of freedom and (n—l) ignorahle coordinates can be completely 
mtegrated by quadratures , we can proceed either (a) by first performing the 
process of ignoration of the coordinates, so arriving at a system with only one 
degree of fireedom, which possesses an integral of energy and can therefore be 
solved in the manner indicated at the beginning of the present article, or 
(fi) we can first use the mtegral of energy to lower the number of degrees of 
fireedom by unity, then use the integral of energy of the new system to lower 
the number of degrees of freedom again by unity, and so on, obtaining finally 
a system with one degree of freedom which again can be solved m the manner 
indicated. 
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Example The kinetic potential of a dynamical system is 

■^“i/(?»)<?i*+ Jys*- ^ (gr,) 

equf^n differential 

_d/az'\ ^ 

(fj'iVS^y 3gr,“ ’ 
where ?«'=^ , and where L' is defined by the equation 

Z'-{2A - 2Vr (a-,)}i {/(fs)+ 5 ,'a}i 

Shew that the non-^turel dynamical system represented by the last differential 
equation possesses an integral of eneigy, and hence solve the sysU by quadratu^ 

43 S^rahono/thevanablea, dynamwal syeterm of Lmmlh’s type. 

A class of dynamcal equations which are obviously soluble by quadratures 

IS c^tituted by the equations of those systems for which the kinetic enerey 
IS of the form 

2* = i»i(?i)9i*+i».(?,)?,*+ +K(9«)9»*. 

and the potential energy is of the form 

F = Ml (ji) + M, ( j,) + + M„ (jn), 

where Wx, m„ , w* are arbitrary functions of their respective 

arguments; so that the kinetic potential breaks up mto a sum of parts, each 
of which involves only one of the variables 

For in this case the Lagrangian equations of motion are 

^ l»f'(9r) 9v} — iVr'(jr)9f** — W,'(jr), (r — 1,2, , n), 

»r(9r)4r + iv/(q,)y,> = -M/(j,), (r = l,2, ,n) 

These equations can be immediately mtegrated, and give 

i»r(9r) ^r'+Wr(9r) = <V, (r = 1, 2, , «), 

where Ci, <?,, , c« are constants of integration, these equations can be 

further integrated, since the variables q,. and t are separable, and we thus 
obtain 

* “ /{2<v-2M^(jr)} 

where 7x» 7t» *•*> 7» new constants of integration These last equations 
constitute the solution of the problem. 

An important extension of this class of dynamical systems was made by 
Liouville*, who shewed that all dynamical problems for which the kinetic 
and potential energies can respectively be put in the forms 

^ = i S (9i) + «* (?*) + . + «» (y.)} {», (g,) q,* + v, (g.) g** + + v„ (g„) g„>}, 

Tr- Wi(g,)4-M,(g,)+ +w>.(gn) 

«i (9i) + «, (g.) + . . . + M* (g„) 

can be solved by quadratures 

* Jcumat de iiath xiy (1849), p 257 
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(r = 1, 2, , n), 


For by taking 

j •Jvr{qr)^9r = <lr'> 

where a' a,' axe new vanables, we can replace all the functions 

kinetic and potential energies take the form 
T=iM(9,“ + 3!*+ +?«)> 

7 = ^^( 9 .) + «'»(?»)+ +^« (?«)}» 

11 

where u stands for the expression 

«i (9i) + Ms (9a) + + “» (W 

The Lagrangian equation for the coordinate qi is 

dt / 


9 ?i 9 ?i ’ 


or 




Multiplying this equation throughout by 2 m9i, we have 

(mV) -« 2i^ («!“ + ?»“+ • = 

But from the integral of energy of the system, we have 

(ji® + 5 a’ + + ?n’) — 

where A is a constant, The equation for the coordinate qi can therefore 
be written in the form 


‘ 09 i 


^2q,±J(h-V)u] 


g 

= 29i0^JAu,(gi)-Wi(9i)} 

= 2 ^^{fc«i( 9 i)-M'i( 9 'i))- 

Int^p:ating, we have 

^mV = H (9x) - M'l (9i) + 7i . 

where yj is a constant of integration. We obtain similar equations for each 
of the coordinates (9,, 9,, , 9,) , the corresponding constants (y„ yj, . . , yn) 

must satisfy the relation 

yi + 7 s + • + 7n = 0 , 

m virtue of the integral of energy of the system* 
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These equations give 

“ (?») ~ Wn (?n) + 7«} dqt , , 

and this set of equations, which can be immediately integrated since the 
variables are separated, furnishes the solution of the syste^ 

Jor further mveistigations on this subject ef Stackel, Ann xui il8cu\ .. <5^^ 

aenH) lof an/? W loe. iio», A<c L A ^6; xx’ 

( 911), p 108, and Vrkljan, ZeiUchr f Phyi lix (1910), p 718, iav (I930j, p 280 


Miscellaneous EnAMPf.icg 

nZ.ZTS i-*"™ »«*<>•*• « th. *«” 


1") 


-2j:=o 


2 A system of free particles is m motion, and their potential energy, which depends 
only on their ooor^tes, is unaltered when the system in any confagumt.on is tranTated 
as If npd through any distance in any direction What integrals of the motion can 
at once be vrntten down? 


3. In a dynamical system with two degrees of-freedom the kinetic energy is 
and the potential energy is 

where «, 6, c, rf are constants. Shew that the value of y, in terms of the time is given by 
an equation of the form 

where A, and fo constants. 

4. The kinetic potential of a dynamical system is 

where a, A, c are given constants shew that is given in terms of t by tlie equation 

?2“P(^+c), 

where € is an arbitrary constant and p denotes a Weierstrassian elliptic function 

5 Prove that in a system with ignorable coordinates the kinetic energy is the sum 
of a quadratic function T' of the velocities of the non-ignored coordinates and a quadratic 
function K of the cyclic momenta. 

In the osse where there are three coordinates x, y, <f> and one coordinate ip is ignored 
investigate the equations of motion of the type 

d fdT'\ dA'dV^. fd /d<l>\ c /d<b\\ ^ 

S [mj " &- + Bai + [di (dy) - ^ (Sijl 
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where V is the potential energy, h is the cyclic momentum, and the difiFerential coefficients 
of with respect to :^and y are calculated from the hnear equation by which h is 
expressed m terms of 57 , y^ (Camb Math Tnpos, 1904 ) 

6 The kinetic potential of a dynamical system with two degrees of freedom is 

By using the integral of energy, shew that the solution depends on the solution of the 
problem for which the kinetic potential is 

and by usmg the integral of energy of this latter system, shew that the relation between 
gi and is of the form 

where o and e are constants of integration, and p denotes the Weierstrassian elliptic 
function 


7 The kinetic energy of a dynamical system is 
and the potential energy is 

- 

Shew (by use of Liouville’s theorem, or otherwise) that the relation between qi 
and ^2 IS 

q ^ + 2ahqi 9.% cos y = sin^ y, 
where a, &, y are constants of integration 


8 The kinetic energy of a particle whose rectangular coordinates are (ar, y) is J (^ + y% 
and its potential energy 19 




where (-4,-4', £, B', G) are constants and where (r, /) are the distances of the particle 
from the points whose coordinates are (c, 0) and (-c, 0), where c is a constant Shew 
that when the quantities and are taken as new variables, the system is 

of Liouville’s type, and hence obtain its solution 


9 The observation that ^‘a cat always falls on its feet” suggested the problem 
A. system, whose state at any instant is completely specified by the position and velocity 
of each element, is initially without velocity in free space in vaciio Can it at a subsequent 
instant resume its initial coi^figuration htU mth a different orientation in space ? 

Shew that if the system is not conservative, or if the forces are derived from a potential 
which IS not one-valued, the reply is affirmative but if the system is conservative with a 
one-valued potential, the reply is negative 

(Of Pamlev4, Compies Rendus, oxxxix (1904), p 1170 ) 



CHAPTEB IV 


THE SOLUBLE PROBLEMS OP PAHTICLE DYNAMICS 

44. Th^ particle xuith one degree of freedom the pendulum 

As examples of the methods described in the foregoing chapters, we shall 
now discuss those cases of the motion of a smgle particle which can be solved 
by quadratures 

We shall consider first the motion of a particle of mass m, which is free 
to move in the interior of a given fixed smooth tube of small bore, undei 
the action of forces which depend only on the position of the particle m the 
tube The tube can in the most general case be supposed to have the form 
of a twisted curve in space 

Let s be the distance of the particle at time t from some fixed point of 
the tube, measured along the arc of the curve formed by the tube and let 
/(s) be the component of the external forces acting on the particle, m the 
direction of the tangent to the tube 

The kinetic energy of the particle is 
and its potential energy is evidently 

-fy(s)ds, 

J So 

where Sq is a constant The equation of energy is therefore 

/(s)ds + C, 

J So 

where c is a constant 

Integrating this equation, we have 

^ + c| 

where I is another constant of integration This equation represents the 
solution of the problem, since it is an mtegi*al relation between $ and t, 
involving two constants of integration 
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The two constants c and i can be physically interpreted in terms of the 
initial circumstances of the particle’s motion t thus if the particle starts at 
time < — to from the point 8 = Soi with velocity it, then on substituting^ these 
values m the equation of energy, we have 

and on substituting the same vdlues in the final equation connecting 9 and 
we have Z = io- 

The most famous problem of this tjrpe is that of the simple pcrtd^lufrh , 
m this case the tube is supposed to be in the form of a circle of radius u 
whose plane is vertical, and the only external force acting on the particle is 
gravity* Using 0 to denote the angle made with the downward vertical by 
the radius vector from the centre of the circle to the particle, we have 
s^ad and /(«)«- ingr sin 


so the equation of energy is 

a0^ = 2gr cos d constant = — 4<gf sin* + constant. 

Suppose that when the particle is at the lowest point of the circle, the 

quantity ^ has the value h Then this last equation can be written 

o*tf ’ = 2gh — 4iga sm* i 0. 

Taking smid = y, this becomes 




Now in the pendulum-problem there are two distinct types of mol^on, 
namely the " oscillatory,” m which the particle swings to and fro about the 
lowest point of the circle, and che “ circulating,” in which the velocity of the 
particle is large enough to carry it over the highest point of the circle, so 
that it moves round and round the circle, always in the same sense We 
shall consider these cases separately. 

(i) In the oscillatory type of motion, since the particle comes to rest 
before attsumng the highest point of the circle, y must be zero for some value 
of y less than unity, and therefore A/2a must be less than unity. Writing 

h = 2aA*, 

where A; is a new positive constant less than unity, the equation becomes 



* In actual pendulums, the tube is replaced by a rigid bar connecting the particle to the 
centre of the cucle, which serves the same purpose of constraining the particle to deeoribe 
the circle 

The isochronism of small oscillations of the pendulum was discovered by Oehleo la 16BS, 
and the formula for the period was given by Hnygene m 1673 OsoiUationa of anite 
were first studied by Euler m 1736 
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the solution of this is* 

2' = *8n{(ff (<-<.), A;]-, 

where to is an arbitrary constant 

This equation represents the solution of the pendulum-problem in the 
oscillatory case the two arbitrary constants of the solution are 4 k, and 
these must be determined from the initial conditions From the known 
properties of the elliptic function sn, we see that the motion is periodic, its 
period (i e the interval of time between two consecutive occasions on which 
the pendulum is in the same configuration with the same velocity) being 

4 K, where 

« p(i - (1 ^ 

J 0 

(ii) Next, sup{K)se that the motion is of the circulating type , in this 
case h is greater than 2a, so if we write 2a = the quantity k will be less 
than unity. 

The differential equation now becomes 




the solution of which is 


y«sn 




a.nd in this and k are the two constants which must be determined in 
tccordance with the initial conditions. 

(lii) Lastly, let h be equal to 2a, so that the particle just reaches the 
The equation now becomes 


/■ertex of the circle 



y-\/fa-s*X 

he solution of which is 

y«tanh|y/|(f_<i,).. 

It WM remarked by Appellt that an ineight into the meaning of the imaginary period 
* functions which occur in the solution of the pendulum-problem u afforded 

y he thwrem of § 34 For we have seen that if the particle is set free with no initial 
^ooity at a point of the circle which is at a vertical height k above the lowest point 
tie motion is given by ’ 

y-Asn|y^|(r-g,ij., where A*- A j 

* 0£ Whittaker and Watson, Modem AnalytU, g 22 11 
t Omptee Mendus^ i^xxvii (187$) 
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and therefore by § 34, if, with the same initial conditions, gravity were supposed to act 
upwards, the motion would be given by 

y=irsn (t-to), *1 

But the penod of this motion is the same as if the initial positipn were at a height 
(2a -A), gravity acting downwards and the solution of this is 

y^y mi I (t " ro)> » where 


The latter motion has a real penod 4 


K* , and therefore the function 


sn I* \/f 

must have a period 4 K', so the function sn (w, h) must have a period 4tK' The 

double periodicity of the elliptic function sn is thus inferred from dynamical considerations 

Example A particle of unit mass moves on an epicycloid, traced by a point on the 
circumference of a circle of radius h which rolls on a fixed circle of radius a The particle 
is acted on by a repulsive force pr directed from the centre of the fiixed circle, where r is 
the distance from this centre. Shew that the motion is periodic, its period being 




[Tbs result is most easily obtained ^en the equation of the epicycloid is taken in 
the form 

5 being the arc measured from the vertex of the epicycloid ] 


46 Motion in a moving tube 

We shall now discuss some cases of the motion of a particle which is free 
to move in a given smooth tube, when the tube is itself constrained to move 
in a given manner 

(i) Tube rotating uniformly 

Suppose first that the tube is constrained to rotate with uniform velocity 
(o about a fixed axis in space We shall suppose that the particle is of unit 
mass, as this involves no real loss of generality 

We shall moreover suppose that the field of external force acting on the 
particle is derivable ftom a potential-energy function which is symmetrical 
with respect to the fixed axis, and so can be expressed in terms of the 
cylindrical coordmates and r, where z is measured parallel to the fixed 
axis and r is the perpendicular distance from the fixed axis , for a particle 
in the tube, this potential energy can therefore be expressed in terms of 
the arc s we shall denote it by V (s), and the equation of the tube will be 
written in the form 


r = g(s) 
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By § 29, the motion of the particle is the same as if the prescribed angalar 
velocity ® were zero, and the potential energy were to contain an additional 
Hence we can at once wnte down the equation of energy in 

the form 

where c is a constant 

Integrating again, we have 

< = [2c + «’ [g («)}* — 2 F {«)]“ids + constant, 

and this relation between t and s represents the solution of the problem 

Example 1. If the rotating tube is plane, and the pertide can desenbe it with 
constant velocity when the fixed axis is vertical and in the plane of the tube, and the 
field of force is that due to gravity, shew that the tube must be in the form of a parabola 
with its axis vertical and vertex downwards 

Example 2 A particle moves under gravity in a circular tube of radius a which 
rotates uniformly about a fixed vertical axis inclined at an ang^ o to its , if d be 

the angular distance of the particle from the lowest point of the circle, shew that a solution 
exists given by 

where the function p is formed with the roots 

, avfl 008 g <»«*COSer 

and ^ is a constant 


(ii) Tvh 0 movmg with constant acceleration parallel to a fixed direction 

Consider now the motion of a particle m a straight tube, inclmed at an 
angle a to the horizontal, which is constrained to move in its ovm vertical 
plane with constant horizontal acceleration / 

Taking the axis of x horizontal and that of y vertically upwards, with the 
origin at the mitial position of the particle, we have for the kmetic energy 

where = y cota + ^yi*, 

so 2 ^®=i( 3 /cota + /i)*-i-iy* 

» Jy* cosec* a - 4 - y cot a ./i -f 
and the potential energy is 

y=-gy 

The equation of motion 

dV 


d (dT 
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gives therefore 

d 

^ (y cosec^a + ft cot a) = — y, 

or g —/cot a) sm** a 

Integrating, we have, supposing the particle to be initially at rest, 
y = g Qin Qj _/cos a) sm a, 
and therefore cos a +/sin a) sin a 

These equations constitute the solution of the problem it will be observed 
that in this system the kinetic energy involves the time explicitly, so no 
integral of energy exists 


46. Motion of two interacting ft ee particles 

We shall next consider the motion of two particles, of masses Wi and ma 
respectively, which aie free to move in space under the influence of mutual 
forces of attraction or repulsion, acting m the line joining the particles and 
dependent on their distance from each other 

The system has six degrees of freedom, since the three rectangular coordi- 
nates of either particle can have any values whatever We shall take, as the 
SIX coordinates defimng the position of the system, the coordinates (X, F, Z) 
of the centre of gravity of the particles, referred to any fixed axes, and the 
coordinates (j*?, y, z) of the particle mg referred to moving axes whose ongin is 
at the particle mi and which are parallel to the fixed axes 


, The coordinates of referred to the fixed axes, are 


(V-: 


in^a> 


F- 




4- Wig ’ wii 4- mg ' 

and those of ?7ia, referred to the fixed axes, are 


Z- 


mj 4-msj. 


( 




WriX 


F4- 






miZ 

mi 4- wi 


)■ 

)• 


+ mg 4- mg 

The kinetic energy of the system is therefore 

\ TOi + jra,/ ■* \ mi + ma/ ® mi-k-mj 


mj 4- mg 

The potential energy of the system depends only on the position of the 
particles relative to each other, so can be expressed m terms of (a,, y, x) let 
it be V (®, y, z) 
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The Lagrangian equations of motion of the system are 

^ = 1^=0, ^ = 0. 
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niiOTa _ dV 




dV 


+ ^712 ^ dy^ 


ryiiVi^ 

+ 702 ' 


W 

dz 


The first three of these equations shew that the centre of gravity moves m 
a straight line mth uniform velocity, and the other three equations shew that 
the nwtmi of m, relative to the same as if m, were fixed and m, were 

attrcwted to tk, with the force derived Jrom the potential energy y* 


TYti 


If two free particles move in space under any law of mutual attraction 
shew that the tangents to their paths meet an arbitrary fixed plane in two pom^ the 
line joining which passes thiough a fixed point (MeSte ) 

47 Central f 01 ces in general Hamilton’s theorem 

The last article shews that the problem of two interacting free particles 
IS reducible to the problem of the motion of a single free particle acted on by 
a force directed towards or from a fixed centre This is known as the prohlek 
of centr^ forces There is clearly no loss of generality if we suppose the 
mass of the particle to be unity 

If the particle be projected in any way, it will always remain in the plane 
which passes through the centre of force and the initial direction of projec- 
tion for at no time does any force act to remove it from this plane We can 
therefore define the position of the particle by polar coordinates (r, 0) in this 
plane, the centre of force being the origin Let P denote the acceleration 
directed to the dentre of force We shall not suppose for the present that P 
18 necessanly a function of r alone 

The kinetic energy of the particle is 

and the work done by the force in an arbitrary infinitesimal displacement 
(Sr, S6>) is ^ 

-PSr 

The Lagrangian equations of motion of the particle are therefore 

(r -rd‘ = — P, 

The latter equation gives on integration 

= A, where A is a constant , 

this is the integral corresponding to the ignorable coordinate 9^ and can be 
physically interpreted as the integral of angular momentum of the particle 
about the centre of force. 

* Newton, Pnnctpia, Book i. Sect 11. 
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To find tto cfifiorentaal oqnaton of the peth deemW (which M ^nemlly 
crfled the ehminete di tom the fimt equation by ueiog 

the relation , , , 

d 

dt^ 7^ d6^ 

we thus obtain the equation 


h d fh p 

?de\?de)~7^ 


or, -ymting u for 1/r, 


dHi ^ _jL 
d0> 


This IS the differential equation of the orbit* in polar coordinates , its 
integration will introduce two new arbitrary constants in addition to the 
constant h, and a fourth arbitrary constant will occur in the determination of 
t by the equation 


’-If 


r^dd + constant 


The diflferential equation of the orbit in (r, p) coordinates, (where p 
denotes the perpendicular from the centre of force on the tangent to the 
orbit), IS often of use it may be obtamed directly from Siaccis theorem 
(§ 18), which (since h is now constant) gives at once 

pY 


or 


P = i*^ 

p^ dr ' 


which is the differential equation of the orbit 

Sincse A— vp, where i; is the velocity in the orbit, we have from this equation 

which may be written m the form » 

-where q is the chord of curvature of the orbit thiough the centre of force. 

We frequently require to know the law of force which must act towards a 
given point in order that a given curve may be described , this is given at once 
by the equation 

dhi,\ 




if the equation of the curve is given m polar coordinates ; while if the equa- 
tion is given in (r, p) coordinates, the force is given by the equation 

p® dr 

* Thu is snbstantiaUy given in Newton’s Principta, Book i S§ ^ and B, and m Olairaut’s 
Thiorti de Ul Lune (1765) ; and in the above form* in Whewell’s Dynamics (182S) 
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If the equation of the curve is given m rectangular coordinates, we pro- 
ceed as follows 

Take the centre of force as origin, and let f(x, y) = 0 be the equation of 
the given curve The equation ot angular momentum is 

a>y — yx = h 

Differentiating the equation of the curve, we have 

/» y = o, 

From these two equations we obtain 


where /, stands for % 

OX 


X '• 


Differentiating agam, we have 

+ -Ms— ^ \ hfx hfy \ 

dx xf,+ yffdx\xf + yf„) xf^ + yf ayU/x + W 

Performing the differentiations, this gives 

07 = + ^f^fyfxy — fxfyy) 

(^/x4-y/y)» 

But the required force is P, where o? = — P ~ , and therefore we have 

T 

p = {fyffex "" fyfxy’^f»*Jvy) 

(a/* 4* ufyY ' 

this equation gives the required central foice 

The most important case of this result is that m which the curve 
f(x, y)*0 is a conic, 

2f(x, y) = flwr* + 2kxy + 6y* -f- 2gx -f 2fy -f c =« 0 
In this case we find at once that the expression 

fmfy “ '^fyyfa? 

has, for points on the conic, the constant value 

— {ahc -f- 2fgh — a/“ ~ fcy* — ch% 

while the quantity 
has the value 

and so IS a constant multiple of the perpendicular from the point («, y)on the 
polar of the origin with respect to the conic We thus obtain, foi the force 
under which a given conic can be described, an elegant expression due to 
Hamilton*, namely that the force acting on the particle in the position {Xj y) 


* Pros Poy Irish Aca4 18i6» 
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varies directly as the radius from the oefntre of force to the point (x, y), aind 
inversely as the cube of the perpendicular from {x, y) on the polar of the centre 
of force 


The two following theorems, the proof of which is left to the student, may together be 
regarded as the converse of Hamilton’s theoi*em 

(i) If a particle moves under the action of a force directed to a hxed point, varying 
directly as the distance from the fixed point and inversely as the cube of the distance 
from a given straight line, the orbit is always a conic 

(u) If a particle moves under the action of a force directed to the ongin, of 
magnitude 

ft 

where (x, y) are rectangular coordinates and fi, a, ft y are constants, the orbits are comes 
which touch the lines 

0^2 ^ 2fixy + yy^=^0 

Darboux {Cornptes Eendus, lxxxiv p 936) has shewn that these xwo laws of force are 
the only laws for which the orbits are always comes, if the force depends only on the 
position of the particle Suchar {Nmv vi p 632) has found other laws of force, 

which involve the components of velocity of the particle 


Example 1 If a conic be described under the force ^ given by Hamilton's theorem, 
shew that the penodic time is -7=^0* where ^0 is the perpendicular from tjie centre of 

Vf* 

the conic on the polar of the centre of force (Glaisher ) 


Example 2 Shew that if the force be 

^ 

(A3i^-^%Exy^By^^rf^ 

a particle will describe a conic havmg its asymptotes parallel to the lines 

Ax"^ + 'lExy + 0, 

if properly projected (Glaishen) 


48. The mtegrable cases of central forces, problems soluble in terms of 
circular and elliptic functions. 

The most important case of motion under central forces is that m which 
the magmtude of the force depends only on the distance r Denoting the 
force by /(r), the differential equation of the orbit is 


de‘ ^ A»u» 


Integrating, we have 
where c is a constant integrating this equation again, we have 


dr 

ipr> 
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and thw is the equation of the orbit in polar coordinates When r has been 
found from this equation in terms of B, the time is given by the integral 

^ ^ / r® + constant 

The prohlem of motion under central forces is therefore always soluble by 
quadratures when the force is a function of the distance only 

Example Shew that the differential equations of motion of a point P are always 
mtegrable by a simple quadrature when the central force F is of the form 

r,_ 4>{6) 

r‘^(flt+by 

where ^ is a function of 6 only, while a and i are arbitrary constants (Armellim ) 

We shall now discuss the cases in which the quadrature can be effected 
in terms of known functions, the central force being supposed to vary as some 
positive or negative integral power,— say the nth, — of the distance 

Let us first find those problems for which the integration can be effected 
in terms of circular functions The above integral for the determination of $ 
can be written in the form 



where a, h, c are constants , except when n •=! — 1, when a logarithm replaces 
the term in « " • If the problem is to be soluble in terms of circular func- 
tions, the polynomial under the radical m the integrand must be at most of the 
second degree , this gives 

-»-l = 0, I, or 2, 

and consequently 


« = — 1, — 2, or — 3 


The case n = - 1 is however excluded by what has already been said, and 
the case w. = 1 is to be added, since in this case the irrationality becomes 
quadratic when tt’ is taken as a new variable. 


Ne.Kt, let us find the oases m which the integration can be effected by the 
aid of elliptic functions* For this it is necessary that the irrationality to be 
integrated should be of the third or fourth degree f in the variable with 
respect to which the integration is taken But this condition is fulfilled if 
~ 4, or — 6, when u is taken as the independent variable ; 
n = 3, 5, or - 7, when «* is taken as the independent variable. 

It follows that the problem of motion under a centred force which varies as 
the nth power of the distance is soluble by circular or elliptic functions in the 
cases 

»=» 5, 3, 1, 0, - 2, - 3, - 4, — 5, - 7 

* The»e cases were first investigated by Lei^endre, XMorie dee Vonetimu EUtpUquet (1826) 
and afterwards by J F Stader^ CreWg Journal^ xisvr (1858), p 262 
t Whittaker and Watson, Modem Analysis, § 22*7 
W D 


6 



82 


The Soluble Problems of Particle Dynamics [oh. iv 

Example Shew that the problem is soluble by elliptic functions when n has the 
folloyfing fractional values 

- 4 ’ "5 

The general case of fractional values of « is discussed by Nobile, QvamaU d% Mat xlvi 
(1908), p 313 

The cases m which motion under a central force varying as a power of 
the distance is soluble by means of circular functions are of special interest 
They correspond, as shewn above, to the values 1,-2, — 3 of w. , the case 
« = -2 will be considered in the next article "the cases n = l and m = -3 
can be treated in the following way 

(1) n = l 

In this case the attractive force is 

/(r) = /ir, 

so the equation of the orbit becomes 

s _ ^ where = v, 

c 

®“2 

or 2(^-7) = arccos " i , where 7 is a constant of integration, 

/c» fiy 

[i-W 

or 

This is the equation of an ellipse (when /4> 0 ) or hyperbola (when fi< 0 ) 
referred to its centre The orbits cure therefore conics whose centre is at 
^he centre of force* 

(u) n = — 3 

In this case the attractive force is 
so the equation of the orbit becomes 

* Newton found that if a body move m an ellipse under the aotion of a force directed to the 
centre of the ellipse, the force is directly jiroportional to the distance ; Prineipia, Book i § 2, 
Prop X 
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Integrating, we have 

A cos {h6 + e), where 2 - ^ , when /i < h\ 

jM = 4cosh(fc(? + e), where P = when 

\u = A6-\-e, when jj,=:h?, 

where m each case A and e are constants of integration 

These curves are sometimes known as Cotes' spirals, the last is the 
reciprocal spiral* 

In connexion with forces varying as the inverse cube of the distance, it may be observed 
that if / 

'■=/«>) 

be an orbit descnbed under a central force P(r) to the origin, then the orbit 

r=fm, 

where k is any constant, can be descnbed under a central force P(r)+^, where c is 

a constant . the intervals of time between corresponding points, i e points for which the 
radius vector has the same value, in the two orbits being the same 

For, if accented letters refer to the second orbit, we have 

If therefore we choose the new constant of tnomentum 4' so that 

4'«44 

^this equation implies that the intervals of time between oorresponding points in the two 
orbits are the same, since it can be written ^ , we have 

P' SB p— 4^ (1 — 4 ^) 

r* ’ 

which establishes the result This is sometimes known as Newton^s theoretic of revolving 
orbits 

The t 3 rpes of central motion corresponding to 
n=:6, 3, 0, -4, -5, -7 

lead, as has been shewn, to elliptic integrals * on mverting the integrals, we 
obtain the solution m terms of elliptic functions As an example we shall 
take the case of ?? == - 6 

* Newton, Principia^ Book i § 2, Prop ix, , R Cotes, Marmoma Mensurarum, pp Sl, 98 

6—2 
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Let /iM* be tbe force towards the centre of attraction , we shalb suppose 
the particle initially projected with a velocity less than that which would be 
acquired by a fall from rest at an infimte distance to the point of projection, 
SO that the total energy 

IS negative : call this quantiiy — ^7 Then the equation of energy 
together with the equation 

7 ^e=h 

/dry 7 ^ j. ii 

[de) ~ 

Introducing in place of t* a new variable p defined by the equation 

1 

Hp + if 

the differential equation becomes 

The roots of the quadratic 

^ 3 9 2A* ^ 

are real when 7 is positive , their sum is and the smaller (of them is less 
than - J Hence if the greater and less of the roots be denoted by ei and 0, 
respectively, and if $2 denotes — we have the relations 

+ ^2 + ^8 = 0 , 

. 61 > ^ > 63, 

(^) = ^ (Z’ “ «i) (P -«»)'./>- e.), 

so p = p(e-eX 

where e is a constant of mtegration, and the function ^ is formed with the 
roots €ij 62, 63 Thus we have 

r = 1 

Now r IS real and positive, and, as we see from the equation of energy, 
cannot be greater than^^. So «>(<?-*) + * is real and positive and 
has a fimte lower limit, but when the function p(^-e) is real 
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and has a finite lower limit for all real values of 0 only when e is real 
so e IS purely real, and by measuring 0 firom a suitable imtial Ime we can 
take e to be zero We have therefore 


7- ^ 


and Hhia is the equation of the orbit in polar coordinates* 
The tune can now be determined from the equation 

‘-Ifr-M. 

or t = Jtf. 

2h» It 


d0 


Performing the integration, we have 


* ~ 2W-t)(e»-e,) ^ ’ 

where ^(0) is the Weierstrassian zeta-functionf This equation determines t 

Enswavph 1 . Shew that the equation of the orbit of a particle which moves under the 
mfluence of a csentral attractive force can be written m the fbrm 


or else in the form 


r^asn 



V vr+p 

\ Vi+ifc* 




provided where h is the angular momentum round the ongm and ^ is the 

excess of the total energy over the potential energy at infinity 

(Cambridge Math Tnpos, Part I, 1894 ) 


Example A particle is attracted to the origin with constant acceleration , shew 
that the radius vector, vectorial angle, and time, are given in terms of a real auxihary 
angle w by equations of the type 





^ » if (<i)j 4 - %y^ 4 . 4- a) — tf 


<r (a>i4-^w— 0)2 — a)flr(a>i4'0)2+a) 


(Schoute ) 


Among the points of special interest on an orbit are the points at which 
the radius vector, after having increased for some time, begins to decrease 
or after having decreased for some time, begins to increase *A point 
belonging to the former of these classes is called an apocmtre, while pomts 
of the latter class are called pericmtres, both classes are included under the 


* The orbits are discussed and dassifled by W 1). MacMillan, Amer Joum Math xxx 

(1908), p, 282 

t Of Whittaker and Watson, Modern Analysts^ § 20 4 
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general term apse At an apse, if the apse is not a singularity of the orbit 
(e g a cusp), we have 

^ = 0 
de ’ 

which implies that the tangent to the orbit is perpendicular to the radius 
vector 

The words aphehon and perihelion are generally used instead of apocentre 
and pencentre when the centre of force is supposed to be the Sun 


Exdffi'pU A particle moves under an attractioh 



to a fixed centre , shew that the angle 
apses IS 


subtended at the centre of force by two consecutive 


It 



where h is the constant of angular momentum 


49 Motion under the Newtonian law*. 

The remaining case m which motion under a central force varying as an 
mtegral power of the distance can be solved in terms of circular functions is 
that in which the force varies as the inverse square of the distance This 
case is of great importance m Celestial Mechanics, since the mutual attractions 
of the heavenly bodies vary as the mverse squares of their distances apart, m 
accordance with the Newtoman law of universal gravitation. 

(i) The 01 bits 

Consider then the motion of a particle which is acted on by a force 
directed to a fixed point (which we can take as the origin of cooixlmates), of 
magnitude ijlu\ where u is the reciprocal of the distance from the fixed point* 
Let the particle be projected from the point whose polar coordinates are 
(c, a) with velocity Vq m a direction making an angle y with c , so that the 
angular momentum is 

sin 7* 

The differential equation of the orbit is 

dhi , P ^ H' 

^ dd^ ^ AV " sin® 7 ’ 

this is a linear differential equation with constant coefficients, and its 
integral is 

^ == ~ 2 » {l + e cos (6 - tsT)], 

Vo®c®sin®7^ ^ 

* Newton, Pnncipia^ Book i § 3, Props xi , xii., xin. 
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wh^e e and w are constants of integration. This is the equation, in polar 
coordinates, of a conic whose focus is at the origin, whose eccentncity is e 
and whose semi-latus rectum I is given by the equation 

^ _ Vc^ sm^ 7 

the constant w determines the position of the apse-line, and is called the 
perihelion-constant 

The ciroumstanoe that the focus of the come is at the centre of force is m accord with 
Hamilton s theorem, for if the centre of force is at the focus of the come the perpen- 
dicular on the polar of the centre of force is the perpendicular on the directrix, which is 
proportional to r, as by Hamilton’s theorem the force must be proportional to l/r» 

To determine the constants e and w in terms of the initial data c, a, 7, Vo , 
we observe that initially 


d = o, u = -. 

c 


du 

dd 


= - - cot 7 , 


substituting these values m the equation of the orbit and the equation 
obtained by differentiating it with respect to 6 , we have 

( i'o*C8in*7 = /i + ;uecos(a — w), 

(»o*c sin 7 cos 7 — sin (a - w) 

Solving these equations for e and w, we obtain 

1 ^ VoVsin»7 2P(i°csin*7 

/t 

-/* 


cot (a — w) ' 


ctio® sin 7 cos 7 


+ tan 7. 


The semi-major axis, when the conic is an ellipse, is generally called the 
mean distance of the particle , denoting it by a, we have 


a -■ 


I 


and substituting the values of I and e* already found, we have 

this equation determines a in terms of the initial data. 

The time occupied in deacnbing the whole ciiciimference of the ellipse, 
which IS generally called the periodic time, is 


X area of ellipse, 
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since h represents twice the rate at which the area is swept out by the radius 
vector, the penodic time is therefore where 6 is the semi-minor axis 

But we have 

A = «oCsm7=v'/4i = ty 
by n , the penodic time can then be written 


IS usual to denote the quantity f^a~^ 


n is called the mean motion, being the mean value of 6 for a complete period. 

It has been shewn by Bertrand and Koenigs that of all laws of force which give a zero 
force at an infinite distance, the Newtonian law is the only one for which all the orbits are 
algebraic curves, and also the only one for which all the orbits are closed curves 

Example Shew that if a centre of force repels a particle with a force varying as the 
inverse sq^uare of the distance, the Orbit is a branch of a hyperbola, described a^out its 
outer focus 

(ii) TJie Telocity 

Consider now the case in which the orbit is an ellipse , the equation 

.... (?-!)• 

establishes a connexion between the mean distance a and the velocity % and 
radius vector c at the initial point of the path Since any point of the orbit 
can be taken as initial pomt, we can write this equation 

where v is the velocity of the particle at the pomt whose radius vector is r. 
Similarly if the orbit is a hyperbola, whose semi-major axis is a, we find 

and if the orbit is a parabola, the relation becomes 


It is clear from this that the orbit is an ellipse, parabola, or hyperbola, 
2/x- 

according as — , i e according as the initial velocity of the particle u 


less than, equal to, or greater than, the velocity which the particle would 
acquire m falling from a position of rest at an infinite distance from the 
centre of force to the initial position 
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It can further he shewn thut the viloc/nty of cumy potnt con he resolved into 
a component ^ pet peniicular to the radius vector and a component ^ perpen- 
dxoulxT to the Q/Ssns oj the conic , 6d»ch of thes6 components being coiist£bnt 

For if S be the centre of force, P the position of the moving particle, 
Q the intersection of the normal at P to the conic with the major axis, GL 
the perpendicular on SP from G,and 8Y the perpendicular on the tangent at 
P from Sj it IS known that the sides of the triangle SPO are respectively 
perpendicular to the velocity and to the components of the velocity m the 
two specified directions, and therefore we have 


Component perpendicular to the radius vector = 


V SP h 8P h 
PG SYPa^PL 

— — A* 


and Component perpendicular to the axis = -gp x Component perpendicular 

to the radius vector 


w'hich establishes the result stated. 


efi 


Paample 1 Shew that in elliptic motioii under ITewton’s law, the projections, on the 
external bisector of two radii, of the velocities corresponding to these radii, are equaL 
Shew also that the sum of the projections on the inner bisector is equal to the projection 
of a line constant in magnitude and direction (Cailler.) 

Pxample 2 Shew that in elliptic motion under Newton’s law, the quantity J Tdty 

where T denotes the kinetic energy, integrated over a complete period, depends only on 
the mean distance and not on the eccentricity (Gnnwis ) 

ExaiapU 3 At a certain point in an elliptic orbit descnbed under a force /x/r®, the 
constant p is suddenly changed by a small amount If the eccentncities of the former and 
new orbits are equal, shew that the point is an extremity of the minor axis. 

(iii) The anomalies %n, elliptic motion 

If a particle is describing an ellipse under a centre of force m the focus S, 
the vectorial angle ASP of the point P at which the particle is situated on 
the ellipse, measured from the apse A which is nearer to the focus, is called 
the true anomaly of the particle and will be denoted by 6, the eccentnc 
angle corresponding to the point P is called the eccentnc anomaly of the 
particle, and will be denoted by u • and the quantity nt, where n is the 
mean motion and t is the time of descnbing the are AP, is called the rnean 
anomaly of the particle* We shall now find the connexion between the three 
anomalies. 
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The relation between 6 and u is found thus 
We have 


i = 1 4. e cos 
r 

7* = ^ — QXj where x is the rectangular coordinate of JP referred 
to the centre of the ellipse as origin, 
r= a(l — ecos v) 

Hence (1 — e cos u)(l-¥e cos 0) = 1 — e\ 

an equation which can also be wntten m the forms 


and 


or 


tan 


and 


u /I — 6 

2-(rTi) ‘“y 


(1 — sin 6 
l + ecostf' 


The relation between u and nt can be obtained m the following way . 

We have 

2 2 b 

< ^ X Area ASP = ~ x Area ASQ, where Q as the point on the auxiliary 

circle corresponding to the point P on the ellipse 

2 

=s — - {Area ACQ- Area SCQ], where 0 is the centre of the 

TKZ 


ellipse 


a^ 


aH 




f 


so 


= A 

Tia^ 

nt—%~~eBmu 
This IS known as Kepler^e equation 

A uomogram for the solution of this equation is described by H Ohrdtien, AufOOt Ptoin/ii, 
Oon^rres^ Reims {190’7), p 83 The solution by analytical expansion has been discussed by 
many writers, an important recent memoir being that by Levi-Civita, AU% della R. Aoo, 
del Lxmei^ Rendwonti, (5) xiii (1904), p 260 

Lastly, the relation between 6 and nt can be found as follows • 

W e have nt=^u-^ e sin u 

Replacing u by its value in terms of this becomes 


nt = arcsm 


(1 -e°)*sing) e(l- e‘)i am $ 


in c (I 

1 + e cos ^ j 1 + e cos 0 

winch 18 the required relation , this equation gives the time in terms of the 
vectorial angle of the moving particle 

A solution of the problem of ealculatmg the True Anomaly from the Mean Anomaly, 
based on a geometrical deduction, was found among the unpublished papers of Newton 
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Example 1 8hew that 

oo 1 

+22 - (re) sm rnt, 

where the eymhole J deyiote Bessel coeffi/}ie 7 hts* 

For we have 
1 

n dt 1 — e cos u 


SttJo 1- 

1 f2n 

'STrjo ' 


cl(nt) « cos mi 

e<iosu'^r^i~ 


p>»'cosri 
Iq ~ 


mt d(nt) 


, by Fourier’s theorem t 


C^24+ 2 
r»l 


“ cbsmi /‘Stt 


/: 


cos {r (^4 - e sm i^)} < 3 ?m 


« 1 + 2 2 (re) cos mi J 

real 

Integrating, we have the required result 
Example 2, Shew that 

^s=wi+2e sm ni+le^gni 2n.<+ 

Example 3 In hyperbolic motion under the Newtonian law, shew that 

l(«+l)iocf8^(9+(e-l)4sinitfl 1+ecostf’ 

and in paraboho motion, shew that 

where p is the distance from the focus to the vertex 


Example 4. In elliptic motion under Newton’s law, shew that the sum of the four 
times (counted from perihelion) to the lutersections of a circle with the ellipse is the same 
for all conoentnc circles, and remains constant when the centre of the circle moves pamllel 
to the major axis (Oekmghaus ) 

(iv) Lambert's theorem 

Lambert m 1761 shewed that m elliptic motion under the Newtonian 
law, the time occupied m describing any arc depends only on the major axis, 
the sum of the distances from the centre of force to the initial and final 
poiilts, and the length of the chord joining these points so that if these 
three elements are given, the time is determinate, whatever be the form 
of the ellipse^. 


^ The name of Bessel ie commonly eonneotod with this expansion but it is really due to 
Lagrange, Oeavrei, xxx p, ISO. 

t 01 Whittaker and Watson, Modem Analysis^ Chapter ix 
t Ibid, Chapter xvn 

§ Lambert’s original demonstration was geometrical and synthetic the theorem was proved 
analytically and generalised by Lagrange in 1778 (Oeuvres de Lagrange, iv p 559) 
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Let u and u' be the eccentric anomalies of the points , then we have 

n X the required time = ti' — e sm w' — (w — e sin v) 

u'-u u' + u 
= (u - u) —i2e sm — ^ cos — ^ 

Now if c be the length of the chord, and r and r' be the radii vectores, 
we have 

r + r'- , f n a u + u' u' ^ u 

- = 1 — e cos w + 1 — 6 C 0 S w = 2 — 2ecos — ^ — cos ^ — , 


a 


and c® = a? (cos v! — cos uf + 6“ (sm - sm ' 

„ w 4* j 


= 4a^sm^ — 2 — f 1 — 


so -=2sm 

a 

Hence we have 

r 4- r' 4- c 
a 


e^cos® 

e®cos® 


2 


and 

and therefore* 


a 


f-i 

— 2 cosj 


= 2 — 2 cos 

2 


■ 4- arccos 


[ ti + u\ 

[eoos-^j 

(' 


- 4- arccos e cos 




2 arcsin 


l/r+r' + c'^^ u'- 

2\a)~ 

1 /r + r' — c\^ u' 

2V a ) - 


and 


2 arcsin 


• + arccos 


+ arccos 


f u + u'\ 

(«®os—J' 

/ w 4“ 

(®C08— j 


Thus if quantities a and ^ are defined by the equations 


/r 4- / 4- c\^ 

8in9 = 

1 /r 4- r' — c\4 

V a / ’ 

2 

2 \ a / ' 


sin- 


the last equations give 

MiO f J Ct4“iS Vi v! 

a- p-u --V, and cos - =ecos ~ 

2 2 

Thus finally we have 

n X the required time = a - /8 - 2 cos siA — ” ^ 

2 2 


This IS Lamheris theorem 


= (a~8ma)-(/9-sin)9) 


1. Examne the lumtmg case when the mmoraxis of the ellipse vanishes, so 
tnat tne orbit is rectilinear 

* It wU be noticed that owing to the presence of the radicals, Lambert’s theorem is not free 
tom ambigmty of sign The reader will be able to determme without difficulty the interpMtation 
of mgn corresponding to any given position of the initial and final points ^ 
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Example 2 To obtain the form of Lambert' i theorem applicable to parabolu motion 

If we suppose the naeau distance a to become laige, the-angles a and /3 become very 
small, so Lambert’s theorem can be written the approximate form 

Required time = -- ■ ^ 

DTI 

-(r+r'-c)^}, 

and this is the required form* 

Example 3 Establish Lambert’s theorem for parabolic motion directly from the formulae 
of i>arabolio motion 

50 The miauol tramformahon of fields of centred force and fields of 
parallel force 

If m the general problem of central forces we suppose the centre of force 
to be at a very great distance from the part of the held considered, the lines 
of action of the force m different positions of the particle will be almost 
parallel to each other; and on passing to the limiting case in which the 
centre of force is re^rded as being at an infinite distance, we amve at the 
problem of the motion of a particle under the influence of a force which is 
alwa 3 r 8 parallel to a given fixed direction 

For the discussion of this problem, take rectangular axes Ox, Oy m the 
plane of the motion. Ox being parallel to the direction of the force, and let 
X{x) he the magnitude of the force, which will be supposed to he independent 
of the coordmate y The equations of motion are 

i = Z (a), yea 0, 

and the motion is therefore represented by the equations 

t=‘ay + b*Bj l2fX (x)dx + c}~h dx + 1, 

where a, b, c, I axe the constants of mtegration ; the values of these are 
determined by the circumstances of projection, i e by the initial values of 
«!, y, ft, y. 

While the {uoblem of motion in a parallel field of force is a limitmg case 
of the problem of motion under central forces, it is not difficult to reduce the 
latter more general problem to the former more special one 

For if a particle is in motion under a force of magnitude P directed to 

* This result was given by Newton (Trineipia, Booh iii, lemma \), and later by Eulei in liis 
Letermnatio Orbitae Comtae Ami 1742 (1748), before Lambeit published the geneial theorem 
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a fixed centre (which we may take as origin of coordinates), the equations 
of motion are 


r 


f = -P^ 


The angular momentum of the particle round the origin (which is con- 
stant) IS asy - yi let this be denoted by h Introduce new coordinates X, Y, 
defined by the homographic transformation 


X = ?, 

y 


F=i, 

y 


and let T be a new variable defined by the equation 

\di 


i t 


Then we have 


so 


dX 

d la 

dt 

dT~ 

dt Vj 

t) dT~ 

dY 

d (1 

l\ dt 

dT’^ 

dt\l 

}) dT~ 

d?X 

0, 

d?Y 

dP~ 

dP~ 




— =s= — 1 


t 


These equations shew that a particle whose coordinates are (X, F) would, 
if T were interpreted as the time, move as if acted on by a force parallel to 

the axis ot Y and of magnitude As the solution of this transformed 

problem will yield the solution of the original problem, it follows that the 
general problem of motion vmder central forces %8 reducible to the problem of 
motion in a parallel field of force 

Example 1 Shew that the path of a free particle moving under the influence of gravity 
alone is a parabola v^ith its axis vertical and vertex upwards 

Example 2 Shew that the magnitude of the force parallel to the axis of x under which 
the curve (a?, y)«sO can be described is a constant multiple of 

Example 3 If a parallel field of force is such that the i»ath described by a free particle 
18 a conic whatever be the initial conditions, shew that the force vanes as the inverse cube 
of the distanoe from some line perpendicular to the direction of the force 

51. BonneSs theorem. 

We now proceed to discuss the motion of a particle which is simultaneously 
attracted by more than one centre of force An indefinite number of particular 
cases of motion of this kind can be obtained by means of a theorem due to 
Legendre*, but generally known as Bonnets theorem^ which may be stated 
thus 

* Legendre, Exere de Cale Int tu (1817), p 363. 


(S) 
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If a gtvm orht can he descnbed in each of n given fields of force, taken 
separately the velocities at any point P of the orbit being v„ v„ v 
respedively, ^en the sarnie orbit can be described in the jield of f wee whwh 
IS obtained by superposing all these fields, the velocity at the paint P beina 

For suppose that in the field of force which is obtained by superposing 
the original fields, an additional normal force B is required in ord^ to make 
the particle move on the curve in question, and let it be projected from 
a point A so that the square of its velocity at A is equal to the sum of the 
squares of its velocities at A in the original fields of force Then on adding 
the equations of energy correspondmg to the ongmal motions, and comparing 
with the equation of energy for the motion in question, we see that the 
kinetic energy of the motion in question is the sum of the kmetic energies 
of the original motions, le that the velocity at any point P is 

(V + V+ 

Hence, resolving along the normal to the orbit, we have 


m 


®l* + ®2“+ +V 


~-^l + -^2+ + Pn + B, 


where m is the mass of the particle, p the radius of curvature of the orbit, 
and Fj, Ft, are the normal components of the original fields of force 

at P. 


But 


mv, 


"-"n rr 
— =-^- 


p p 

and therefore R is zero , the given orbit is therefore a free path in the field 
of force which is obtained by superposing the original fields 

EmmpU that an elhpBe can he descnbed if forces 




and fM 


8aVa 


respectively act in the directions of the foci. 

This result follows at once from Bonnet’s theorem when it is observed that the given 
forces are equivalent to forces ^ and ^ acting m the directions of the foci, together with 

a force distance acting m the direction of the centre of the ellipse 


52 DetmnimHm of the most general field of force tmder which a given 
curve or family of curves can be descnbed 

Let (^> y) = c 

be the equation of a curve , on varying the constant c, this equation will 
represent a family of curves. We shall now find an expression for the 
most general field of force (fhe force being supposed to depend only on the 
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position of the particle on which it acts) for which this family of curves is 
a family of orbits of a particle 

Let V denote the velocity of the particle, and (JST, F) the components of 
force per unit mass parallel to the coordinate axes The tangential and 

normal components ol acceleration being ^ ^ and ~ respectively, we have 


2 ds 

y = --p<t>y + 1 S 

Substituting for - its value, namely 
P 


we have 


4 - <l>s? ^yy 


Writing pa = _ 

and replacing ^ by (^a’ + > tliis equation becomes 

X =:U(4)3l4>yy—^y <f)^) + ^ 4>» ^ 

Now u is arbitrary, since it depends on the velocity with which the given 
orbits are described , and as X and F are to be functions of the position of 
the particle, we can take u to be an arbitrary function of x and y , we have 
therefore 

X — U i<f>x4>yy — 4^y<l>gey) + ^<f>y (4>v'^y ^y'^x)> 

and similarly 

Y = U {<f>y(f>aix ” ^x^aey) “b J (^as (^y tlx “ 

where u is an arbitrary function of x and y. These expressions for the field 
of force under which the curves of the given family are orbits were first given 
by Dainelli* 

Ea^ample 1 Shew that a particle can describe a given curve under any arhiti ary forces 
jPi , P 2 > directed to given Jixed points^ provided th ese forces satisfy the relations 

kPi? \ rjf J ’ 

where r^ is the 1 adius and y* the perpendicular on the tangent^ from the k th of the given fixed 
points^ and where p is the radius of curvature of the given curve 

For the tangential and normal components of force on the particle are 

2’=-sPi^ and 

k d» k n' 

* Gtomale ds MaU xvni (1880), p 271 
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NO from till) equation 


wo liavo 


ar=^)=i!.(pA^) 

dm ds 


t -- i- 

TtP^ d»\ Tf, ) ® 

where <•* .h the chord of curvature of the curve m the direction of (Curtis ) 

fxmvtionu!^^ pomt moves m a field of force in two dimensions of which the work 
equation ’ ** eqmpotential curve is a possible path, provided V satisfy the 

o«/(K)|^Y®'‘^y_2 SH' . 3“i70r\sj (/dv\» /arvi* 

115^ V? 1 // ■'■( 3^) } (CollEvain) 

68 . The problem of two centres of gravitation 

Tho equations of motion of a particle moving m a plane under arbiti.uy 
o 08 cannot be integrated by quadratures in the general case The most 
lainouB of the known soluble problems of this class, other than problems of 
centml motion, is the problem of two centres of gtavitation, i e the problem 
^ detemining the motion of a free particle in a plane, attracted by two fixed 
N<‘wt<mian centres of force m the plane, its integrability was discovered by 


Lc-t 2 c denote the distance between the two centres of force, and take 
the iKimt midway between them as ongin, and the line joining them as axis 
ot T. m that their coordinates can be taken to be (c, 0 ) and (- c. 0 ) The 
potential energy of tho particle (whose mass is taken to be unity) is therefore 

V^-fi [{x - cy + y»} - 4 _ / ((a; + cy + y ‘} ' 4 , 

where p and p are constants dopendmg on tho strength of the centres of 
attniction 


Now any ellipse or hyperbola with the two centres of force as foci is a 
possible orbit when either centre of force acts alone, and therefore by Bonnet's 
theorem it is a possible orbit when both centres of force are acting It 
is therefore natuml, m defining the position of the particle, to replace the 
n*ctangular coordinates (c, y) by elliptic coordinates (f, 17), defined by the 
tiquations 

a c cosh f cos »7, y= csinh fsin»; 

* Ettl«r, Him. dt Btrlin, 1760, p. 238, Bev, Comm jPetrop x (1764), p. 207, xi (1766) 
p. 182 ! Ugmitge, Uini. de Turin, iv. (1766-9), pp 118, 216, or Oeuvret, ii p 67 
W. D. 
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The equations ^ = Constant and v = Constant then represent respectively 
ellipses and hyperbolas whose foci are at the centres of force , and these are 
a particular family of orbits 

The potential energy, when expressed in terms of f and •>?, becomes 

t 

^ " c (cosh f- cos 17) c (cosh f + cos 1?) ’ 

and the kinetic energy T is given by the equations 


= ^ (cosh“ ^ - cos* 1?) (^ + tf) 

This problem is evidently of Liouville’s type (§ 43 ), and can therefore 

be integrated by the method applicable to this class of questions The 

Lagrangian equation for the coordinate f is 

j 0F 

<? {(cosh* f - cos* ij) ?} - c* cosh f einh + r?“) = - g| > 

or 

c* ^ {(cosh* ? - cos* 17)* I*} - 2c* cosh f sinh ^ (cosh* | - cos* r)) ^ (f * + 17*) 

•= — 2 (cosh’* f — cos® ifj) I , 

or, using the equation of energy f + F = A, 


c*^ {(cosh* cos* 17)* H 

= — 2 (cosh® ^ — cos®7;)| + 2 (A — F) ^ ^ (cosh® ^ — cos® rj) 

= 2| ^ |(A “ F) (cosh® f — cos® ?^)} 

= 2| ^ (cosh® f - cos® 9;) + ~ (cosh f + cos 9;) + ^ (cosh f cos 77) • 
= 2 ^(h cosh® ^ 4 - cosh 


Integrating, we have 

^ (cosh® f - cos® 97)® I® = /i cosh® ^ -1- ^ - cosh f — 7, 

2 c 

where 7 is a constant of integration 

Subtracting this from the equation of energy, which can be written 

~ (cosh® I — cos® 97)® (f ® 4- 7 f) 

= h (cosh® I - cos® 97) 4- - (cosh f + cos 97) + ~ (cosh f — cos 97), 

C 0 
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we have 


(f f 

2 (cosh® ^ — cos^ = — A, eos^ cos -f 7 


Eliminating dt between these equations, we have 

- 


Acosh^^ + ^^^i^cosh^— 7 ~ Acos^i/ — ^cos-w-f-7 

C G ' 

Introducing an auxiliary variable u, we have therefore 
«=j'|/tcosh“|+^‘^^- ooshf-y| ' d^, 

w= f-j— Acos®?; cos 1; + y 


d7] 

These are elliptic integrals, and we can therefore express ^ and tj as elliptic 
fanctions of the parameter u, say 

f = X(w), v==<l>(u) 

These equations determine the orbit of the particle, the elliptic coordinates 
(fj v) expressed in terms of the parameter 


64 Motion on a surface j" 

We shall next proceed to consider the motion ot a particle which is free 
to move on a smooth surface, and is acted on by any forces 

Let (Z, r, Z) he the components, parallel to fixed rectangular axes, of 
the external force on the particle, not including the pressure of the surface 
let (a?, y, z) be the coordinates and v the velocity of the particle, ,9 the arc and 
p the radius of curvature ol its path, the angle between the principal 
normal to the path and the normal to the surface, and (X, jm, v) the direction- 
cosines of the line which lies m the tangent-plane to the surface and is 
perpendicular to the path at time t , the mass of the particle is taken as unity 

The acceleration of the particle consists of components vdvjds along the 
tangent to the path and v^jp along the principal normal , the latter component 
can be resolved into (uyp) sm ;>(; along the line whose dnection-cosmes are 
(X, /4, v) and {v^/ p) cos ^ along the normal to the surface We have therefore 
the equation^ of motion 


ds as ds ds 
^ (v^/p) sin x=X\-+7fL + Zv 


(A) , 

(B) , 


* Some fienerahsations oil the problem of two fixed centres will be found in a paper by 
Hiltebeitel, Amer Joum Math xxxiii (1911), p 887 

t The eaihest luveatigation ot motion on a surface was Galileo’s study of the motion of a 
heavy particle on an inclined plane (Discounes, Thxrd Dialogue, 1638). The motion of a heavy 
particle moving m a horizontal circle on a sphere was examined by Huygens (Harolog oscill , 


7—2 
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and these, together with the equation of the surface, are sufficient to dotei mine 
the motion , for the equation of the surface may be regaidwJ .is giving 
terms of x and y, and by usmg this value foi ^ wo can express all the 
quantities occurring in equations (A) and (B) in terms of a, y, r, y, x. y 
equations (A) and (B) thus become a system of differential equations of the 
fourth order for the determination of oo and y in terms of t 

If the forces are conservative, the expression 
-^Xdx-Tdy-^Zdz 

will be the differential of a potential-energy function V (r, ?/, z) , equation (A) 
can therefore be integrated, and gives on integration the equation of oiu^rgy 

^1)2 4- V (oD, y, z) = c, 

where c is a constant Substituting the value of given by this equation 
in(B), we have 

2 (c-V)^ = X\+Yy. + Zu 

This IS (on eliminating z by means of the equation to the surface) a 
differential equation of the second order between x and y, and is in fact the 
differential equation of the orbits on the surface 

The differential equations of motion on a surface are not integrable by 
quadratures in the general case there are however two cases m which the 
problem can be formulated in such a way as to utilise results obtained in 
other connexions 

(i) Motion under no forces 

When no external forces act on the particle, equation (B) gives * 0 , so 
the orbit is a geodesic on the surface’^ , the integral of energy shews that this 
geodesic is described with constant velocity 

Example A particle moves under no forces o)i the fixed smooth ruled surface vjkose line 
of strictu>n is the axis of the direction-cosines of the gmerutor at the point e being 

z z 

sin « cos — , sm o sin — , coso, 
respectively To determine the motion 

Let V denote the distance of the point on the surface whose coordinates are ( 4 ?, y, ») 
from the line of stnction, measured along the generator, and let (0, 0, f) be the coordinates 
of the point m which this generator meets the line of stnction Thou we have 

f C 

^=i-mnacos;;-, y=i;sinasm— , cos 

m m 

* This theorem is due to Eul^r, Mechamca (1786), n cap. 4, 
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Thfi kinnth' eimiv> of the {mriiole !« 

- J +f > mil* .1 + f » + tlv foK 

aTidZ* ^h^'’ n ir »*««'« «'« of the partiolo j it w 

ovidaiit Hint tf.« ixKirdmato ( m iKnoniblc, and tho oorrDMjxmding integral w 

nr . 

3 ^“*’ where ^ 18 a constant, 

***" 0+ ^+»>«NW« — 

The integral of energy in 

" here 4 M a constant. 

Klimiiiating ( Iwtwoeii those two mtegrala, wo have 

e>U» + m*) - !J4**+ (24 -4«) m* «onoi.»«. 

If r IS iiiiti^ly siiffli-iantly large oomtsinsl with t the quantity (24 -X») U positiro : we 
sholt suppuae thia to he the oasa, ami shall write ‘ 

(SA - i«) wi» tHJiKHj* a •«« 2^X*, where X is a now constant , 

the M)uatioii thus Ishhiiion 

r*(»'* + m*)«.24(r*+X») 

denlad hy^wi'uathm'" ’***''*^*“'' ‘ntroduoiiig a real auxiliary vanable m, 

“ " (**+ •’*)} ^ * rf" 

Writing r«i»X«i.r “ thia hrocmniM 


ami thm m miuivaiimt Ui tlio tHiuaticm 

whnn^ tho nsilii r,, of the futiotton p («) are real ami are deHnoci hy the e(][iiat!ons 

The rimnoiifm llio van ihhm e and u is therefore expresmsl by the equation 

*«4m||»(a)- r,;~i. 

Hulaitltuting lilts lahie of i> in the ei}uation which ommeuta a and t, wo have 


(*A)lr-.p' ;j;'f«j-tJd«+Uonatant 

*“ dtt<f Coimtaiit^ 


Cfs Wbituker end W*kK>fi, Afedrm AntUifsl*, | HO U, 
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This equation expresses the time t in terms of the auxiliary variable w, and thus m 
conjunction with the equation 

gives the connexion between v and t 


(ii) Motion on a developable surface 

If the surface on which the particle moves is developable, we can utilise 

the known theorernb that the arc s and the quantity are unaltered by 

developing the surface on a plane these results, applied to the equations of 
motion given above, shew that if in the motion of a particle on a developable 
surface under any forces the surface is developed on a plane, the paHicle vnll 
desenbe the plane curve thus der'ived from its orbit with the same velocity as 
before, provided the force acting in the plane-motion is the same in amount 
and direction relative to the curve as the component offeree in the tangent- 
plane to the surface in the surface-motion. 


Example 1 A smooth particle is projected along the surface of a right circular cone, 
arhose a ns is vertical and vertex upvjards^ loith the velocity due to the depth below the vertex 
Prove that the path traced out on the cone, when developed into a plane, vnll he of the form 

r*smffl=a* (Coll Exam) 

For on developing the cone, the problem becomes the same as that of motion in a plane 
under a constant repulsive force from the origin, and with the velocity compatible with 
rest at the origin We therefore have the integrals 

where (7 is a constant, 


These equations give 



f^r^h. 


+ 1* 




where A is a constant 


= “s8ay, 

so if M=\ we have 
r ’ 

\do) ahi * 

and therefore 

' ( 1 — 

which IS equivalent to the equation 

r^sin 


where a is a new constant, 


where v=u^a^, 


Example I If in the motion of a point P on a developable surface the tangent IP to 
the odge of regression describes areas proportional to the times, shew that the component 

of force peaqxindicular to IP and in the tangent-plane is proportional to where p is 

Hio ladius hi curvature of the edge of regression (Hazzidakis) 
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65 Motion on a surface of revolution , cases soluble in tei mi of citculai 
and elliptic functions* 

The most important case of surface-motion which is soluble by quadia- 
tures IS the motion of a particle on a smooth surface of revolution, under 
forces deiivable trom a potential-energy function which is symmetrical \\ith 
respect to the axis of revolution of the surface 


Let the position of a point in space be defined by cylmdiical cooidmates 
(z, ?, (jb), wheie ^ is a coordinate measuied parallel to the axis of the surface, 
1 IS the peipendicular distance of the point fioui this axis, and ^ is the 
azimuthal angle made by 7 with a fixed plane through the axis The 
equation of the surface will be a relation between z and sav 

and the potential energy will be a function Of z and ? (it cannot invohe 
since it IS symmetiical with respect to the axis), which foi points on the 
surface can, on leplacmg r by its value f(z\ be e\piessed as a function of z 
only, say V (z), the mass of the particle can be taken as unity 

The kinetic eneigy is, by § 18, 

^ (z^ -f r- 4- 7 


The cooidmate <j6 is evidently ignorable, the coi responding integial is 

where L is a constant, 




d<f> 

or = 

this equation can bo interpreted as the integial of angulai moniontum about 
the axis of the surface 


The equation of eneigy is 

y + F == A, wheie h is a constant, 

and substituting foi </> in this equation fioin the preceding, we have 
[{/ ' (^)Y + 1 J {/ (z)\-^ + 2V {z) = 2/^ , 
integrating this equation, we have 

< = f [{/'(^)}“+ + Constant 


The 1 elation between t and z is thus given by a quadratme , the values 
of r and (j> are then obtained fioni the equation of the surface and the 
equation 

respectively 


* The motion of a particle on a surface of revolution was investigated by Newton, Pnnctpta, 
Book 1 Section 10 < 
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We shall now discuss the motion on those surfaces foi which this qufid- 
rature can be effected by means of known functions, when the axis of the 
surface is vertical {z being measuied positively upwards) and gravity is tht‘ 
only external foice, so that 

V{z)^gz. 

(i) The circular cylinder 

When the surface is the circular cylinder r = a, the above integral 
becomes 

^de, 

and if the origin of cooi'dmates is so chosen that 2ha^ =« fcS we have 


01 -s = - where to is a constant 

The equation 

then gives 

k 

0 - <)!>o = 5^o)i whore (^o « constant 

Cb 


(ii) The sphere 

The case in which the surface is the sphere 

? = (P - 

IS called the problem of the spherical pendulum^, and can be realised by 
supposing a heavy particle attached to a fixed point by a light rigid wire 
callable of moving freely about the point 

In this case the quadrature for t becomes 


oi 


t = l^\(2h- 2gz) - z^) - 


ifc* r* 


'■z 


dz, 


The integral on the right-hand side of this equation is an elliptic 
integral, which we shall now reduce to Woierstrass’ canonical fom Denote 
Ijy 2u ■Sa. the loots of the cubic 


hiuce the expression 


2{h-gz){V‘-z*)-1^ 


Lagrange, iVecamque Analytxqve The complete solution in terma of (JaooWan) elliniie 
functions was obtained by A Tissot, LxouvMt'a Journal, (1) xvii (1«62), p 88 JwJObl’s own 
solution of the pioblem of a rotating iigid body in terms of elliptic functions had been pnblitbad 
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is negative for the values I and — i of and positive for very large positive 
values of z and also for the values of z which occur in the problem considered 
(which must necessarily he between — I and + since the particle is on the 
sphere) we see that one of the roots (say z^ is greater than I and the other 
two (say z^ and z^^ where <^2 ^^3) ^.re between I and — ^ The values of z in 
the actual motion will lie between z^ and ^3, since for them the cubic must 
be positive 


Write 


z — 5— H — r, 

% 9 
h 2Z* 


where f is a new vanable, 


(r=l, % 3) 


so that Zii are new constants, which satisfy the relation 

= ^2 ^-2^1 +^2 + ^3 ^ = 0, 

and also satisfy the inequalities Si >e2>e3 
The relation between t and z now becomes 

«=j{4(?-eO(?-e.)(?-es)r^C 

or + 

where e is a constant of integration and the function f is formed with the 
roots Si) Sjif ^3 

Now when Si, e^, 63 are real and in descending order of magnitude, 
p(u) and f'(u) are both real when u is real, m which case p(u) is greater 
than ei, and also when u is of the form ct>o + a real quantity, where co^ is 
the half-penod corresponding to the root 03, in this latter case, p(u) lies 
between 62 and Since m the actual motion z lies between z^ and ^3, it 
follows that f lies between and 03, and therefore the constant e must con- 
sist of an imaginary part Wj and a real part depending on the instant from 
which time is measured by a suitable choice of the ongin of time, we can 
take this real part of e to be zero and we then have 

This equation gives the connexion between z and t We have now to 
determine the azimuth <f> For this we have the equation 

j I ^ /7f — 


We have now to 


P-z^’ 




where is a constant of integration 
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To effect the integration, we take X and ^ to be the (imaginary) values of 

^ + 0)3 corresponding to the values I and — Z of respectively , so that X and 

are new constants defined by the equations 

, h 21^ , h 2P , ^ 

Z - s- = — (X) and - Z - ^ p (/^) , 

3^ ^ Sg 


these equations give 




The integral now becomes 

A _ A = - f — 

“ j {jp (i + (Bj) — g> (\)} (j!) {t + 0)3) — g) (^i)} 

_ kg fj dt ' 

4Z’ j|g>(< + a>s)-g)(X') g)(t + a)j)-g?(/tt) 

= i fl (m) dt ) 

2 i|g)0+(»,)-g)(X) g)(« + a)3)-g)(/i)j 


But* we have 


P'W 

P (^) - P W 
p' (X) dt 


= ^(s-X)-^(z + X) + 2^(X), 


so f — ^ (x)dt ^ . £ (* + .atfXM 

Jp(t+(0,)-p(,X) ‘ + + ’ 

and therefore 

<7 (t + Wg + /x) <7 (Z + 0)3 — X) ’ 

this equation expresses the angle ^ as a function of t, and so completes the 
solution of the problem 

We see that when t increases by 2a)i, increases by 

- 2ift)i |5’(/x) - f (X)} - 2^77l (X - /x) 

Example When the bob of the spherical pendulum is executing periodic oscillations 
between two parallels on the sphere, shew that one of the points reached on the higher 
parallel, and the point on the lower parallel at which the bob arrives after a half period, 
ha\p a difference of azimuth which always lies between one and two right angles 

(Puiseux and Halphen ) 

The problem of the spherical penduluna has been discussed from the standpoint of 
periodic solutions by F R Moulton, Palermo Rmd xxxiu (1911), p 338 

(ill) The paraboloid 

Consider next the problem of motion on the paraboloid, whose equation is 

r = 2a^ 

In this case the quadratuie for t becomes 

t = J(a i-z)^ ^2hz — 2gz^ — " dz 

* Of Whittaker and Watson, Modern Analysis^ § 20 53, Ex 2 
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To obtain the solution of the problem m terms of elliptic functions, we 
introduce an auxiliary quantity v, defined by the equation 

V =: j" (a + " dz 

If oc and j3 (where ol'^ denote the roots of the quadratic 

2hz — 2gz^ — ^ = 0, 
we can write this integral in the form 

^ {4i(z-ira){z- ^){z-a)]~^ dz 


Define a new vaiiable f by the equation 


r = -(« + a) ? + 


— a + a+ 
3 


and let ej, e^, be the values of f corresponding to the values of — a, y 9 , a 
respectively of z, then the integials become 

ff (a + «)|^ ^ -i df, 

and It IS easily proved that the quantities Cj, ei satisfy the relations 

4 " 4 " ^3 ~ 0 , 01 > ^2 ^ ^3 

The auxiliary quantity v can now be replaced by an auxiliary quantity ii, 
defined by the equation 



and then the inveision of the integial gives 

where e is a constant of integration and the function p is formed with the 
roots «!, Sj, fij, which are given by the equations 

2a + a + /8 _—a + a—2/S 2a + ^ 

3(a + «) ’ 3(a + a) ’ * 3(tt + «)" 

As in the actual motion z evidently lies between a and /3, it follows that 
g) (w + e) lies between and and thereloie (as we wish v to be real) the 
imagmaiy pait of the constant e must bo the hall-period 0 ) 3 , the real pait can 
be taken to be zero, since it depends merely on the lower limit of the integral 
for u 


Wc have therefore 

5 as - (a -f a) jp + 0)3) 4- 


/t — aq 

3// 


since a 4-/3 = - 
9 
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The equatioa to determine t is 
t = l(a + 2;)dv 




and this equation gives t in terms of the auxiliary vanable v 
Lastly, we have to determine the azimuth for this we have 


4a (a H- a) 


I (M + 6>.,)-ei 




- a + a + /9 


du. 


and therefore 
4a 

r 


3 (a + a) 

g(a + a)li^^ (_a + o + /8 J f du 

2" -} («^-<^.) = « + { -eij 




= „ _ + «)^(-2# f P'(l) du 

k if>(M+a>,)-V(0’ 

where is a constant of integration, and I is an auxiliary constant defined by 


the equation 




The equation can now be written 

^ j. kii 


(-2sr)i(a + a)? 

t r 6^' (l) du 

a {8^' (a + a)J i 2 J (tt + Wj) — jd (i) ’ 


the integral of which is found (as in the problem of the spherical pendulum) 
to be 


1.1 


2ik 




e2i(0-0o)^^Ua{85F(a+tt)}i ' ' J (T (a + o), Z) 

O' (w + 6)3 4* /) ’ 

this equation expresses ^ in terms of the auxiliary variable u, and so completes 
the solution ^ 


(iv) The com 

Consider next the cone, whose equation is 

z tan a, 

where a is the semi-vertical angle 
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Since this is a developable surface, we can apply the theorem of § 54, and 
we see that the orbit of a particle on the cone under gravity becomes, when 
the cone is developed on a plane, the same as the orbit of a particle of unit 
mass m the plane under a force of constant magnitude g cos a acting towaids 
a fixed centre of force (namely the point on the plane which corresponds to 
the vertex of the cone) This (§ 48) is one of the known cases in which the 
problem of central motion can be solved m terms of elliptic functions, and 
this solution furnishes at once the solution of the problem of motion on the 
cone 

Example 1 Shew that the motion of a particle under gravity on a surface of revolution 
whose axis is vertical can also be solved m terms of elliptic functions when the surface is 
given hy any one of the following equations 

9(2^2 « ^ (js- 3a)2, 

~ ( Kobb and Stackel ) 

Example 2 Shew that the same problem can be solved in terms of elliptic functions 
when the surface is 

-h + 2a® = (Salkowski ) 

Example 3 Shew that if an algebraic surface of revolution is such that the equations 
of its geodesics can be expressed in terms of elliptic functions of a parameter, the surface 
must be such that r* and z can be expressed as rational functions of a parameter, i e the 
equation of the surface regarded as an equation between and z is the equation of 
a uniciu'sal curve , where z, <l> are the cylindrical coordinates of a point on the 
surface (Kobb ) 

Example 4 Shew that in the following cases of the motion of a particle on a sui face 
of 1 evolution, the trajectories are all closed curves 

r When the surface is a sphere, and the force is directed along the tangent to the 
meridian and proportional to cosec-* where 6 is the angular distance from the iiarticle to 
* the pole (The trajectories are in this case sphero-comes having one focus in the pole ) 

2** When the surface is a sphere, and the force is directed along the ttmgent to the 
meridian and proportional to tan^ sec^^ (The trajectories in this case are sphero-conics 
having the pole as centre* ) 

66 Joukov8ky*s theorem 

We shall now shew how to determine the potential-energy function under 
which a given family of curves on a surface can be described as the orbits of 
a particle constrained to move on the surface 

The three rectangular coordinates of a point on the surface can be expressed 
in terms of two parameters, say u and % so that an element of arc ds on the 
surface is given in terms of the increments of u and v to which it corresponds 
by an equation of the form 

ds^ Edu^ 4- 2Fdudv + 
where E, F, 0 are known functions of u and v, 

♦ Darboux has examined the poseibility of other oases, in BulL de la Soe» Math, de Framce, v 
(1877) 
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Let the family of curves which are to be the orbits under the required system 
of forces be defined by an equation 


and let 


q (u, v) = Constant, 
p (ii, o) = Constant 


denote the family of curves which is orthogonal to these 

Then instead of u and v we can take p and q as the two parameters 
which define the position of a point on the surface, let the Ime-element 
in this system of parameters be expressed by the equation 

ds^ = E'dq^ + G'dp^, 


the term in dqdp being absent, because the curves p = Constant and 
q — Constant cut at right angles E' and being known functions of 
p and q 

The kinetic energy of a particle which moves on the surface is 
the Lagrangian equations of motion are therefore 



where V denotes the unknown potential-energy function, which it is required 
to determine 


These equations are to be satisfied by the value ? = 0 , they then become* 


1 dG^ , dV 


oq 


ll(Gy) = _9r 

dp' 


Eliminating we have 


_9 

0JP 



Integrating this equation, we have 


& 


,dV 


BG^ -/(?)» 
Iq 


where / is an arbitrary function, 
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or 

and therefore 




where g denotes an arbitrary function 

Now ~ IS Ai(jp), the differential parameter* of the first order of the 

function p, and thus we have a theorem enunciated by Joukovsky m 1890, 
that 7 / g - Constant is the equation of a family of curves on a surface, and 
p = Constant denotes the family of curves orthogonal to these, then the curves 
q = Constant can he freely described by a pai tide under the influence of forces 
derived from the potential-energy function 

r. i. ( rt j (y) + A. (p ) \m ^ {^} <%, 

where f and g are arbitrary functions, and denotes the first differential 
parameter 

The above equations give 

1 ^ SF,9(?'_ 1 y m 

and hence the equation of energy in the motion is 


Miscellaneous Examples 

1 A particle moves under gravity on the smooth cycloid whose equation is 

sin <^, 

where 9 denotes the arc and the angle made by the tangent to the curve with the 
horizontal shew that the motion is periodic, the period being 47r ^ ~ 

2 A particle moves in a smooth circular tube under the influence of a force diiected 
to a fixed point and propoi tional to the distance from the point Shew that the motion is 
of the same character as in the pendulum-problem 

* If the line element on a surface is given by the equation 
*ds2 - jR ^^2 ^ 2 Fdudv + O dv\ 

the first differential parameter of a function 0 (w, v) is given by the formula 

The differential parameter is a dejormat%on<ovanant of the surface, i e when a change of 
variables is made from (ii, v) to (w', v'), the differential parameter transfoims into the expression 
formed in the same way with the new variables (u', v') and the corresponding new coeflioienta 

(E', r, GO 
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■J A jjarticle moves m a straight line under the action of two centres of repulsive 
force of equal strength ^ each vaiying as the inverse square of the distance Shew that, 
if the centres of force are at a distance 2r apart and the particle starts from rest at 
a distance kc, where A< 1, from the middle point of the line joining them, it will perform 
oscillations of penod 

ir 

2 (1 -Fsm*d)id(9 

(Camb Math Tripos, Paii; I, 1899) 

4 A i>article under the action of gravity travels in a smooth curved tube, starting 
from rest at a given point 0 of the tube If the paiticle describes every arc OP in 
the same time that would be taken to slide down the corresponding chord OP^ shew that 
the tube has thje form of a lemniscate 

6 A particle is projected downwards along the concave side of the curve 

with a velocity f (2qp)i from the origin, the axis of x being horizontal , show that the 
vertical component of the velocity is constant. (Nicomedi ) 

6 A particle moves in a smooth tube in the foim of the curve r*=2a»oo8 2d, under 
the action of two attractive forces, varying inversely as the cube of the distance, towaids 
the two points on the initial line which are at a distance a from the pole Prove that if 

the absolute force is p, and the velocity at the node 2pi/a, the time of doscnbing one loop 
ofthecurveisw<x»/2pi (Gamb Math Tnpos, Part I, 1898) 

7 A particle desonbes a space-curve under the influence of a force whose direction 
always intersects a given straight line. Shew that its velocity is imersoly propoitional 
to the distance of the particle from the line and to the cosine of the angle which the 
plane through the particle and the line makes with the normal plane to the orbit 

(Dainelli } 

8 A heavy particle is constrained to move on a stiaight line, which is made to 
rotate with constant angular velocity w round a fixed vertical axis at given distance from 
it Shew that the motion is given by the equation 


r — ill ® -4- ^“8 ft, 

where r is the distance of the particle from a fixed point on the line, a is the angle made 
by the line with the honzontal, and ^ are constants (H am Ende ) 

9 A heavy particle is constrained to move on a straight line, which is made to 
rotate with given vai-iable angular velocity round a fixed honzontal axis Shew that the 
equation of motion is 

r = +gr sm a sin d - 11 ^* sin* aqp ad sin a, 

wheie a is the angle between the line and the axis of rotation, d the angle made with 
the vertical by the shortest distance a between the lines, and > the distance of tlie 
jwrticle from the intersection of this shortest distance with the moving line 

(Vollhenng ) 

10 A particle slides in a smooth straight tube which is made to rotate with mnforiu 
ati^lar velocity « about a vertical axis shew that, if the particle starts from relative 
rest from the point where the shortest distance between the axis and the tul« meets the 
tulie, the distance through which the particle moves along the tube in time t is 

2d . 

^ cot a cosec a sinh* (i <B» sin a), 
where a is the inclination qf the tube to the vertical 

(Camb Math Tripos, Part I, 1899 ) 



iv] The Soluble Problems of Particle Dynamics 


113 


11 A particle is consti'amed to move under no external forces in a plane circular tube 
which 18 constrained to rotate uniformly about any point in its plane Shew that the 
motion of the particle in the tube is similar to that in the pendulum-problem 


12 A small bead is strung upon a smooth circular wire of radius a, which is con- 
strained to rotate with uniform angulai velocity a> about a point on itself The bead is 
initially at the extremity of the diameter through the centre of rotation, and is projected 
with velocity 2a)6 relative to the wire shew that the position of the bead at time t 
IS given by the equation 

sin<^=sn6a)^/a (modulus alh) 

01 


sm <!> = (hja) sn 


(modulus hja) 


according as a< oi >6, being the angle which the radius \ector to the bead makes 
with the diameter of the circle through the centre of rotation 

(Camb Math Tripos, Part I, 1900 \ 


13 Shew that the force perpendicular to the asymptote under which the cur^e 
can be described is proportional to 


14 A particle is acted on by a force whose components (JT, Y) parallel to fixed axes 
aie conjugate functions of the coordinates {x^ y) Shew that the problem of its motion is 
always soluble by quadratures 


15 If {C) be a closed orbit described by a particle under the action of a cential force, 
the centre of force, 0 the centre of giavity of the curve {C\ G the centre of gravity of 

the curve (0) on the supposition that the density at each point varies inversely as 
the velocity, shew that the points /S', 0, G are collinear and that 

(Laisant ) 

16 Shew that the motion of a particle which is constrained to move in a plane, 
under a constant force directed to a point out of the plane, can be expressed by means 
of elliptic functions 


17 Shew that the curves 

a.B+ Jy+o=«/^'|j , 

where a, b, c are aibitrary constants and fis a given function, can be described under the 
same law of central foice to the origin 


18 Shew that when a circle is described under a cential attraction directed to 
a point in its circumference, the law of force is the inverse fifth power of the distance 

19 A particle describes the pedal of a circle, taken with lespect to any point in 
Its plane, under the influence of a centre of force at this point Shew that the law 
of force IS of the form 

where A and JB are constants 

Shew that the law of force is also of this form when the inverse of an ellipse with 
respect to a focus is described under a centre of force in the focus (Curtis ) 

8 


W D 
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20 Prove that, if when projected from ? ^=0 with a velocity V in a dnectioii 

making an angle a with the radius vector the path of a particle be/fr, F, sina) = 0, 
the path with tne same initial conditions but under the action of an additional central 

force IS 
r* 

T’’(9i2sin2a^-cos^a)^, « sin a sin^ a-l-cos^ a)”'^) = 0, 

where 


21 A particle of unit mass describes an orbit undei an attractive force P to the 
origin and a transverse force T perpendicular to the radius vector Prove that the 
differential equation of the orbit is given by 




<m 

de 


= 22^!t“3 


If the attractive force is always zero, and the particle moves in an equiangular spiral 
of angle a prove that 

jT** fi7 ^ ^ and sin a cos a)i ^ 

(Camb Math Tiipos, Part I, 1901 ) 


22 A particle, acted on by a central force towards a point 0 varying as the distance, 
IS projected from a point P so as to x>asB through a point Q such that OP is equal to OQ , 
shew that the least possible velocity of projection is OP(ftsinPOQ)^, where OP is the 
force per unit mass at P (Camb Math Tripos, Part I, 1901 ) 


23 Find a plane curve such that the curve and its pedal, with legard to some point 
in the plane, can be simultaneously described by particles under central forces to that 
point, in such a manner that the moving particles are always at corresponding points 
of the curve and the pedal , and find the law of force for the pedal curve 

(Camb Math Tnpos, Part I, 1897 ) 


24 If/(^, y) be a homogeneous function of one dimension, then the necessary 

and sufficient condition that the curve /'(^, y)»l be capable of description under accele- 
ration tending to the origin and varying with the distance alone, is that / be subject 
to a condition of the form 




Hence shew that the only curves of this class are necessarily included in the equation 
r (4 + P sin (7 cos ^) = 1 

Proceed to the discussion of the case wherein /(^, y) is homogeneous and of n 
dimensions (Coll Exam ) 


25, An ellipse of centre C is described under the influence of a centre of force 
at a point 0 on the major axis of the ellipse , shew that 

esint^, 

where ^irjn is the periodic time, e is the ratio of CO to the semi-major axis, and u is the 
eccentric angle of the point reached by the particle in time t from the vertex 

26 Two free particles and M move in a plane under the influence of a central force 
to a fixed point 0 Shew that the latio of the velocity of the particle /a at an arbitrary 
point m of its path, to the velocity which is possessed at m by the central projection of M 
on the orbit of /x, is equal to the constant ratio of the areas described in unit time by the 
radii Oft, OM, multiplied by the square of a ceitain function / of the coordinates of 
which expresses the ratio of Oif, Om (Dainella,) 
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27 A particle is moving freely m a parabola under an attraction to the focus Shew 
that, if at every instant a point be taken on the tangent through the particle, at distance 
4a cos 4- sin from the particle, this point will describe a central orbit about 
the focus, and the rate of description of areas will be the same as in the parabola , whcie 
4a IS the latus rectum, and 6 the vertical angle of the particle measured from the apse 

(Camb Math Tnpos, Part I, 1896 ) 

28 Wlien a periodic comet is at its greatest distance from the sun, its velocity 
receives a small increment Bv Shew that the comet’s least distance from the sun 
will be increased by the quantity 

48« {aJ(l-a)//x(H-e)}4 (Coll E'cam ) 

29 If POP' IS a focal choid of an elliptic path desenbed round the sun, shew that 

the time from P' to P through perihelion is equal to the time of falling towards the 
sun from a distance 2a to a distance a (1 + cos a), where a=27r — (w'- w), and ii'-u is the 
difference of the eccentric anomalies of the points P, P' (Cayley ) 

30 A particle moves in a plane under atti active forces /x/rV® along the 

radii r' drawn to two fixed points at distance 2d apart Shew that, if it is projected 
with the velocity due to a fall from lest at infinity, a possible path is a circle with regard 
to which the two fixed centres aie inverse points, and that, if the radius of this circle is a, 
the periodic time is 

(Coll Exam) 


31 A heavy particle is projected hoii^ontally with a velocity v inside a smooth 
sphere at an angular distance a from the vertical diameter drawn downwards shew that 
it will never fall below or never rise above its initial level according as 

or <a^smatana (Coll Exam) 


32 A particle is projected horizontally with velocity F along the intenor of a smooth 
sphere of radius a from a point whose angular distance from the lowest point is o Shew 
that the highest point of the spherical surface attained is at an angular distance p from 
the lowest point, where ^ is the smaller of the values of v given resnectivelv bv 
the equations 


(3 cos - 2 cos a) a^4* 
(coe;(+cosa) F® — 2a^sm®x=0j 


(Coll Exam ) 


33 If the motion of a spherical pendulum of length a be wholly between the levels 
fa, below the point of support, shew that at a time t after passing a point of greatest 
depth, the depth of the bob is 

•Ja {4 - sn® < M/(lZg/lia)} (mod V(7/66)) 

and that a horizontal coordinate referred to the point of support as origin is determined 
by the equation 

v^^gxja) { - +|sn®< ^(IZglUa)}, 

which IS a case of Lamd’s equation (Coll Exam*) 

34 Shew that if a conical pendulum is executing small oscillations, the horizontal 
projection of the bob desenbes an ellipse whose axes turn in the sense of the motion 
with the angular velocity 

where 6^ is the angle of greatest deviation from the vertical, Oi that of least deviation, 
I the length of the pendulum, and ^•gravity. (Rdsal ) 

8—2 
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35 A particle is constrained to move on the surface of a spheie, and is attracted to a 

fixed point M on the surface of the sphere with a force that varies as r " 2 (^^2 „ ^2)- 1 where 
d IS the diameter of the sphere and r is the rectilinear distance from the particle to M 
If the position of the particle on the sphere be defined by its colatitude 6 and longitude <#), 
with M as pole, shew that the eq^uations of motion furnish the difierential equation 



1 


= acot^ + J, 


where a and h are constants , and mtegrate this equation, shewing that the orbit is 


a sphero-conic 


36 A particle of mass m moves on the inner surface of a cone of revolution whose 
semi-vertical angle is «, under the action of a repulsive force from the axis , the 

angular momentum of the particle about the axis being m V/xtano, shew that the path 
IS an arc of a hyperbola whose eccentricity is sec a 

(Camb Math Tripos, Part I, 1897 ) 


37 Shew that the necessary central force to the vertex of a circular cone in order 
that the path on the cone may be a plane section is 


A_B 


(Coll Exam ) 


38 A particle of unit mass moves on the inner surface of a paraboloid of revolution, 
latus rectum 4a, under the action of a repulsive force ixr from the axis, where r is the 
distance from the axis , shew that, if the particle is projected along the surface in a 

direction perpendicular to the axis with velocity , it will describe a parabola 

(Coll Exam ) 

39 A smooth surface of revolution is formed by rotating the catenary «=ctan(j!> 
about its axis of symmetry, and a particle is projected along its surface from a point 

distant b from that axis with velocity k{a^ + ¥)^/h^ The direction of projection is such 
that the component velocity perpendicular to the axis is hlh and the particle moves in 
contact with the surface, under the influence of a force of attraction {r^+2a^)lr^ in the 
direction of the perpendicular r to the axis Shew that, if gravity be neglected, the 
projection of the path on a plane at right angles to the axis will have a polai equation 

T 

csinh-=a^ (Coll Exam) 


40 A particle moves on a smooth helicoid, under the action of a force /xr 

l>er unit mass directed at each point along the generator inwards, r being the distance 
from the axis of z The particle is projected along the surface perpendicularly to the 
generator at a point where the tangent plane makes an angle a with the plane of j?y, its 

velocity of projection being fi^a Shew that the equation of the projection of its path on 
the plane of is 

a2/r2= sec2 a cosh^ {<j> cos a) — 1 

(Camb Matn Tiipos, Part I, 1896 ) 

41 Shew that the problem of the motion of a particle under no forces on a ruled 

suiface, whose generators out the line of striction at a constant angle, and for which the 
latio of the length of the comjnon perpendicular to two adjacent generators to the angle 
between these generators is constant, can be solved by quadratures. (Astor ) 

42 A particle (or, y, z) whose potential energy is + is constrained to 

niove on the sphere Determine the motion 

(C 'Neu.m&xin, Journal fur Math nvi (1869), p 46) 
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67 Definitions 


Before proceeding to discuss those problems m the dynamics of rigid 
bodies which can be solved by quadratures, it is convement to introduce and 
calculate a number of constants which can be assigned to a rigid body, and 
which depend on its constitution it will be found that these constants 
determine the dynamical behaviour of the body 

Let any rigid body be considered , and let the particles of which (from 
the dynamical point of view) it is constituted be typified by a particle of 
mass m situated at a point whose coordinates referred to fixed rectangular 
axes are (x, y, z) 

The quantity 2m (y® + z% 

where the symbol 2 denotes a summation extended over all the pai tides of 
the system, is called the moment of inertia of the body about the axis 0^* 
Similarly the moment of inertia about any other Ime is defined to be the sum 
of the masses ot the particles of the body, each multiplied by the square of 
its perpendicular distance from the Ime These summations are evidently in 
the case of ordinary ngid bodies equivalent to mtegrations, thus 2m(y* + ^^) 


IS equivalent to 


jjj + z^) pdxdydz, where p is the density, or mass per 


unit volume, of the body at the point {x, y, z). 

The quantity ^mccy 

IS called the product of mertia of the body about the axes Ox, Oy , and 
similarly the quantities 'Zmyz and l,mzx are the products of inertia about 
the other pairs of axes 

For the moments and products of inertia with reference to the coordinate 
axes, the notation 


J=2m(y* + ^), JJ = 2m (7 = 2m (a?® + y^), 

F = 2my«r, G =* 'Sinzx, H = 2ma?y 

will be generally used. 

Two bodies whose moments of inertia about every Ime m space are equal 
to each other are said to be equimomental It will be seen later that this 
involves also the equality of the products of inertia of the bodies with respect 
to any pair of orthogonal lines. 

* Momenta of inertia were first introdnoed by Huygens m his researches on the pendulum 
(Horoloe. omll , 1678) The name is due to Euler 
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If M denotes the mass of a body and if A is a quantity such that is 
equal to the moment of inertia of the body about a given line, the quantity 
k IS called the radius of gyration of the body about the line 

In the case of a plane body, the moment of inertia about a line perpen- 
dicular to its plane is often spoken of as the moment of inertia about the 
point m which this line meets the plane 

68 The moments of inertia of some simple bodies* 

(i) The rectangle 

Let it be required to find the moment of inertia of a uniform rectangular 
plate, whose sides are of lengths 2a and 26 respectively, about a line through 
its centre 0 parallel to the sides of length 2a, Takmg this line as axis 0^, 
and a line through 0 parallel to the other sides as axis Oy, the required 
moment of inertia is 

2my», or I f tryHtcdy, 

where <r is the mass per unit area of the plate, oi the surface-density as it is 
frequently called , evaluating the mtegral, we have for the required moment 
of mertia 

J<ra6*, or Mass of rectangle x ^6*. 

The moment of inertia of a uniform rod, about a hue through its middle 
pomt perpendicular to the rod, can be deduced from this result by regarding 
the rod as the limiting form of a rectangle m which the length of one pam 
of sides IS mdefimtely small It follows that the moment of inertia in 
question is 

Mass of rod x 

where 26 is the length of the rod 

(ii) The rectangular block 

Consider next a uniform rectangular block whose edges are of lengths 2a, 
26, 2c , let it be required to find the moment of mertia about an axis Ox 
passing through the centre 0 and parallel to the edges of length 2a This 
moment of inertia is 

+ or f f f p{y^-\-z^)dzdydx, 

J '•aJ —6 ' -c 

where ^ is the density Evaluating the mtegral, we have for the moment of 
inertia 

opabc 

— g— (i»* + c*). or Mass of block x ^ (6* + c*) 

* For piaotaoal pntposas the moments of inertia of a body are determined experimentally , 
convenient apparatns is described by W H Dernman. Phtl Hag v. (1904), p 648, and by 

W B Cassie, Phys Soc Pioc xxi (1909), p 497 gee also Amslet, Zextt Instxununt xlvi. 
(1926), pp 16 and 19 
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(ui) The ellipse and the circle 

Let it now be required to find the moment of inertia of a uniform elliptic 
plate whose equation is 

^ ^ 6* 
about the axis of cc It is 

J-aJ li where o- IS the surface-density 

Evaluating the integral, we have for the required moment of inertia 
^TrafiV, or Mass of ellipse x 

The moment of inertia of a circle of radius b about a diameter is therefore 

Mass of circle x J6-. 

(iv) The ellipsoid and the sphere 

The moment of inertia of a uniform solid ellipsoid of density p, whose 
equation is 

about the axis of x is similarly 

j j j P dicdydzj integrate<l thioughout the ellipsoid 

To evaluate this integral, wiite 

if -hr), z==c^, 

where tj, f are new vanables the integral becomes 

pab^o jjlv^-d^dvd^+pabc’^ /Jf^d^dyd^ 

where the integration is now taken throughout a sphere whose equation is 

Q .K . 1 + + 

bmce the iiitegials 

Ifj^'d^dvd^, Ifjv-d^drid^, and Jfl^d^dtjd^ 

are evidently e<iual, the requued moment of ineitm can be wntten m the 
form 


or 

or 

or 


pabo (6= + c-*) Jj] ^’‘d^dvd^, 

rrpabc (6“ + c’) p (1 - fa) d^, 

■^Trpabo (b’‘ + c‘), 

Mass of ellipsoid x ^ (t* + c®) 
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The moment of inertia of a uniform sphere of radius a about a diameter 
IS therefore 

Mass of sphere x 

(v) The t'nangle 

Let it now be lequired to find the moment of inertia of a unifoim 
triangular plate of surface-density a*, with respect to any line in its plane , 
the position of the line can be specified by the lengths a, yS, y of the pei- 
pendiculars drawn to it from the vertices of the triangle 

Taking {x, y, z) to be the areal coordinates of a point of the plate, the 
perpendiculai distance from this point to the given line is {olx -1- /Sy -H yz), and 
the reijuired moment of inertia is therefore 


ff(txa. + ^i/ + yi!ydS, 


where dS denotes an element of area of the plate 

Now if F denotes the length of the perpendiculai from the point (x, y, z) 
on the side c of the tnangle, and if X denotes the length intercepted on the 
side c between the vertex A and the foot of this perpendicular, we have 

Y — zb sin A 

and X sm A — Y cos A = peipendicular fiom (x, y, z) on the side h 

— yc sm A 

We have therefore 

dydz = dXdY = . ---j dXdY = — dS, 

^ 0 (Z, ¥) be sin A -2 A 

where A denotes the area of the triangle Hence the integral jJy-dS, wheie 

the integration is extended over the area of the triangle, can be written in 

the form 2A jjy^dydz, where the integration is extended over all positive 

values of y and z whose sum is less than unity this is equal to 

2Af y^{\-y)dy, 

' 


or 


By symmetry, the integrals jj x^dS and J j* z^dS h«ive the same value, 
and a similar calculation shews that the integrals 


JjyzdjS, Jl^zxdS, j'jxydS 


each have the value 
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Substituting these values in the integral <r J|(aa; + y9y + 7 a^)*d(S, the 
moment of inertia of the triangle about the given line becomes 

(a’ + ^ + 7® + y97+7a + a/3), 
or J X M.00 of tr»„glo x + (T+^y + 

But this expression evidently represents the moment of inertia about the 
given line of three particles situated respectively at the middle points of the 
sides of the triangle, the mass of each particle being one-third the mass of 
the tnangle, the tnangle is therefore equimomental to this set of three 
particles 

Example Shew that a uniform solid tetrahedron of mass M is equimomental to a set 
of five particles, four of which are each of mass and are situated at the vertices 
of the tetrahedron, while the fifth particle is at the centre of gravity of the tetrahedron 
and 18 of mass J M 

69 Derivation of the moment of inertia about any axis when the moment 
of inertia about a parallel aans through the centre of gravity is known 

The moments of inertia found in the preceding article were for the most 
part taken with respect to lines specially related to the bodies concerned 
these results can however be applied to determine the moments of ineitia of 
the same bodies with respect to other lines, by means of a theorem which will 
now be given 

Let f (x, y, z, x, y, z, x, y, z) be any polynomial (with no constant term) 
of the second degree in the coordinates and the components of velocity 
and acceleration of a particle of mass m Let (x, y, z) denote the coordinates 
of the centre of gravity of a body which is formed of such particles, and 
wiite 

= y = y + yi, 

If now we substitute these values for a?, y, z, respectively, in the function f 
we obtain the following classes of terms 

(1) Terms which do not involve a-j, yi, Zi * these terms together evidently 
give 

/(jc, y, i, X, 7 y, z, S, y, z) 

(2) Terms which do not involve x,y,z , these terms give 

/(a?,, yi, 2^1, x^, yi, i,, x^, y^, 2,) 

(3) Terms which are linear in yi, Xu yi, ii, yi, * when the 
expression '%mf(Xy y, 2 , y, z, x, y, z) is formed, the summation being taken 
over all the particles of the body, these terms will vanish in consequence of 
the relations 


'Zmxi = 0, 2myi = 0, Swj =* 0 



122 The dynamical ^ecifieation of bodies [oh v 

We have therefore the equation 

y, z, as, y, z, x, y, z) = y^, z„ x,. y„ z-) 

+/(®, % z, % y, z, X, y, z) Im, 

and consequently the value of the expression taken with respect to 
system of coordinate axes, is equal to its value taken with respect to a 
parallel set of axes through the centre of gravity of the body, together with 
the mass of the body multiplied by the value of the function / at the celitre 
of gravity, taken with respect to the original system of axes 

From this it immediately follows that the moments and jyroducts of inei tia 
of a body with respect to any axes are equal to the con^esponding mome/tfs and 
products of inertia with respect to a set of parallel axes through the centre of 
gravity of the hody^ together with the corresponding moments and products 
of inertia^ with respect to the original axes^ of a particle of mass equal to that 
of the body and placed at the centre of gravity 

As an example of this result, let it be required to determine the moment of inertia 
of a straight uniform rod of mass M and length I about a hne through one extremity 
perjiendicular to the rod It follows from the last article that the moment of inertia 

about a parallel hne through the centre of the rod is > and hence, applying the 

above result, we see that the required moment of inertia is 



or IMP 

60 Connexion between moments of inertia with respect to different sets of 
axes through the same origin 

The result of the last article enables us to find the moments ot inertia of 
a given body with Respect to any set of axes, when the moments of inertia 
are already known with respect to a set of axes parallel to these We shall 
now shew how the moments of inertia of a body with respect to any set of 
rectangular axes can he found when the moments of inertia are known with 
respect bo another set of rectangular axes having the same origin 

Let Ay C\ F,Q-^ H be the moments and products of inertia with respect 
to a set of axes Oxyzy and let Ox'yz* he another set of rectangular axes 
having the same origin 0, the direction-cosines of either set of axes with 
respect to the other will be supposed to be given by the scheme 


^ y 2' 



# 
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If the moments and products of inertia with respect to the axes Oxfz' 
are denoted by A\ B\ C\ F\ 0 \ H\ we have 

A' -X7n{y^ + z'% where the summation is extended over all the particles of 
the body, 

— [{I 2 X + 4* (Zs^ + tfity 4* 

»= 2m {a^ (Zj* + Z,*) 4- 4. -f- n/) 4- 2 yz {ni^n^ 4- 

4“ Hzx (nj >2 + WsZg) 4- 2ayy (Zs^Wg 4- Z^wig)} 
= 2m [a? (rn^ 4- 4- (n^ 4. 4- 3^^ (l^ + rn^) — 2miniyz — 2nilizx — 21imixy} 

= 2m {Zj* (y* 4- -f mi* (2?* + -f Uj* (a^ 4- y*) — 2 miniyz — 2/iiZi2fa; — 2Zi?Uiiry} 

~ dZi* 4 - Smi* 4- G/ii* — 2Ffnyni — 2&niZi — \Hlimi , 
and similarly 

5' = ilZj* 4- 5m,* 4- Gn^ - - 20n^k - , 

O' - ^Zj* 4- 5m,» 4- 0/?,* - 2FnHn^ - 20u3Zt - 2ifZ3m3 
We have also 
jP' = %my'z^ 

= 2m (Zj^ 4- m,y 4 - %^) (l^x 4 - m^y 4- ri^) 

= ZjZ, 2m^ 4- m,^U 3 2my* 4 - u,nj 2 m 2 r* 4 - (Tiling 4 - m^n^) 'Zmyz 

4- (W3Z, 4- WjZ,) 4- (ZflWig 4- Zj??!,) 2?)wcy 
= i W3 (5 + 0 - ^ ) 4- i mam, (04-4-5)4-i {A + B-G) 

4“ (m 2 ?i 3 4- wigWa) JP 4- (w^Z, 4- nj,^ G 4- (Zam, 4- Z,??!,) jBT, 
or 

•“ = -^ZaZ, 4 - BniiVii 4“ 0«a?>3 - ^'(/iiana + mgWj,) - 0 (Z,?!, -i- ZjU,) - B[{kni^ 4 - Zgm,), 

and similarly 

— G' — Aluli 4- Bm^mi 4- Gn^ny — F {m^ny 4- miti,) — G (Z,7i, 4- ZgWi) — H (Uniy 4 - Zi7?i,), 

— H^A lyl^ 4- BmyTn^ 4- Criyn^ — F{myn 2 4- mgiii) — 0 (Z 2 /I 1 4 - ZiU,) — H (Zi'/u^ 4 - Za?iii) 

The quantities A\ B\ G\ F\ G\ H' are thus determined, these results, 
combined with those of the last article, are suflBcient to determine the 
moments and products of inertia of a given body with respect to any set of 
rectangular axes when the moments and products of inertia with respect to 
any other set of rectangular axes are known. 

Example If the ongin of coordinates is at the centre of gra\ity of the bod}, prove 
that the moments and products of inertia with respect to three mutually oithogonal 
and intersecting lines whose coordinates are 

(Zj, TW-i, Ml, Xi, /Ai, Vi), (Zj, M?2, M|, Xj, /A2, Mj), (Zij, Mij, M3, X5, flj, V3) 
are -<4'4*5 ’(Xi*-|-/lh'-* + i/i*) etc and P'~3/(X^Xi4-fi3Mi4‘*'3*'i)^ (^A24*fiifi24-J'ii'2)^ 

where A\ B\ C\ F\ O', IT' have the same values as alwve and Jbf is the mass of the 
body (Coll Exam) 
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61 The principal axes of inertia , Cauchy's momental ellipsoid 

If now we consider the quadric surface whose equation is 
+ By* + Gz^ — 2Fyz — 2Qzx — 2Hxy = 1, 

where JL, B, F, 6?, H are the moments and products of inertia of a given 
body with respect to the axes of reference Oxyz^ it follows from the equation 
Bmi* + <7ni*— 2Fmini — iOuili — 2Hliini, 
that the reciprocal of the square of any radius vector of the quadnc is equal 
to the moment of inertia of the body about this radius The quadric is 
therefore the same whatever be the axes of reference provided the origin 
IS unchanged, and consequently its equation refen ed to any other rectangular 
axes Oxfz having the same ongm is 

-h - 2F'yW ^ 2&z*a! - 2J?Vy' - 1 , 

where A\ S\ G\ F\ G', H' are the moments and products of inertia with 
respect to these axes 

This quadric is called the mome^vtal ellipsoid of the body at the point 0 # 
its principal axes are called the principal axes of inetiiia of the body at 0 , 
the equation of the quadric referred to these axes contains no product-terms, 
and therefore the products of inertia with respect to them are zero and 
the moments of inertia with respect to these axes are called the principal 
moments of inertia of the body at the point 0* 

The momental ellipsoid is also railed the ellipsoid of inertia , its polar reciprocal with 
regard to its centre is another elhpsoid, which is sometimes called the ellipsoid of gyration 

Example The height of a solid homogeneous right circular cone is half the radius 
of its base. Shew that its momental ellipsoid at the vertex is a sphere 

62 Calculation of the angular momjcntvfm of a moving rigid body 

We shall now shew how the angular momentum of a moving ngid body 
about any line, at any instant of its motion, can be determined 

Let M be the mass of the body, (fc, y, z) the coordinates of its centre of 
gravity G, and (w, v, w) the components of velocity of the point (?, at the 
instant t, resolved along any (fixed or moving) rectangular axes Oxyz whose 
ongin 0 IS fixed ^ and let (o),, a>j, o,) be the components ot the angular 
velocity of the body about G, resolved along axes Gxiy^Zx, parallel to the axes 
Oxyz and passing through G Let m denote a typical particle of the body, 
and let (a?, y, z) be its coordinates and (a, v, w) its components of velocity at 
the mstant t , and write 

x^x^Xx, + z = z + Zx, 

W = W = W-{-Wx, 

* The existeace of principal axes was discovered by Euler, de Berl , 1750, 1768, and by 
J A Segner, Specimen Tk. Turbtnum^ 1765 The momental elhpsoid was introduced by Cauchy 
in 1827, Exere de math i p 93 
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so m virtue of the properties of the centre of gravity we have 

2miri==0, 2myi==0, — 0, 

moreover since (§ 17) we have 

Ui = 2^1 6)2 — 2/i 6)3, -Wi = Xi 6)3 — 6>1 , = 2/^0)^ — it?! 6)2 , 

it follows that 

2mwi = 0, %mvi = 0, Xmwi = 0 

If A3 denotes the angular momentum of the body about the axis Oz, we 
have therefore 

A3 = Sm {asv — yw) 

= 2m {(^ + ill) (v + ^ 1 ) - (y + yO (w + i^i)} 

= 2m (xv — ya) + 2m — yiWi) 

= M(xv — yu) + 2m (iiJi®6)3 — — yi^ioo^ + y^^tos) 

= M (x?) — yu) — Goji — i^6)2 4* 0c»3, 

where A, B, C, F, G, H are the moments and pioducts of inerfcia of the body 
with respect to the axes Gx^y^Zi 

Similarly the angular momenta about the axes Ox and Oy respectively 

are 

Ai = jJf (^W — ;^v) + -i6)i — Hca^ — Cr6)3, 

A2 = if (iu — — Htoi + 5a)2 — Fod^^ 

The angular momentum about any other line through the origin can be 
found (§ 39) by resolving these angulai momenta along the line in question 

Corollary If the body is constrained to turn round one of its points, 
which IS fixed m space, it is unnecessary to introduce the centre of gravity 
For let (wi, 6)2, 6)3) be the components of the angular velocity of the body 
about the fixed point with respect to any rectangular axes (fixed or moving) 
which have the fixed point afe origin, and let A, B, 0, F, ff, H denote the 
moments and products of inertia with respect to these axes The com- 
ponents of velocity (u. v, w) with respect to these axes of a particle m whose 
coordinates are (x, y, z) are (§17) 

u = ^^6)2 — yco ^ , V = x<idi — z(Oi, w = y<Oi — xw2, 

and the angular momentum about the axis of z^ which is 2m (xv - yu), can 
therefore be written in the form 

2m — xzcox — yzco^ 4* y^a),) 
or "" G(Oi — F(02 4- G(o^ 

Similarly the angular momenta of the body about the axes of x and y 
respectively are 

A (01 — H(02 — G(0^ 

— Hcoi 4 - B<0ii ^ F(0j^ 


and 
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63 Calculation of ike kinetic energy of a moving rigid body 

The kinetic energy of a rigid body which is m motion can be calculated 
in the same way as the angular momenta If the general theorem obtained 
m § 59 IS applied to the case m which the polynomial f{x, y, z, w, y, z, ur, y, z) 
has the form -h 2/“* + we immediately obtain the result that the kinetic 
energy of a moving rigid body of mass M is equal to the kinetic energy of a 
particle of mass M which moves with ike centre of gravity of the body^ together 
with the kinetic energy of the motion of the body' relative to its centre of 
gravity 

To determine the kinetic energy of the motion of the body relative to its 
centre of gravity G, take any rectangular axes (whose directions may be fixed 
or moving) ha\ing their origin at 6r, let (oi, (o^) be the components of 
the angular velocity of the body about G, relative to these axes, and let 
(a?, y, z) denote the coordinates of a typical particle m of the body referred 
to these axes The components of velocity of the particle parallel to these 
axes, in the motion relative to (?, are (§ 17) 

Z ( d 2 — 2/6)3, ^6)3 — ZCOi , 2/6)1 — 076 ) 2 , 

and therefore the kinetic energy of the motion relative to the centre of 
gravity is 

^ tm + (rwa - 2 <»i)s + ( ywi - 

or J + (7<»/ — — 26^0), Wi — 

whei'e A, B, 0, F, 0, H are the moments and products of inertia relative to 
the axes 

This expression may (by use of § 60) be interpreted as half the square 
of the resultant angular velocity of the body in the motion relative to the 
centre of gravity, multiplied by the moment of inertia of the body about 
the instantaneous axis of rotation in this motion 

Corollary If one Of the points of the body is fixed m space, it is not 
necessary to introduce the centre of gravity. For let (w,, w,, w,) denote the 
components of angular velocity of the body about the fixed point 0 resolved 
along any rectangular axes (fixed or moving) Oosyz which have the point 0 
as ongm, and let (a;, y, z) he the coordinates of a typical particle m of the 
body referred to these axes The components of velocity of the particle 
are (| 17) 

0)6)3 — y6)i — a?6)2, 

and so as before we see that the kmetic energy of the motion is 

i (-d.6)i* + Bo)2^ -h (7a)g® — 2F<02Q)2 — 2Ge)a6)i — 

where A.j B, C, F, 0, H denote the momests and products of inertia of the 
body with respect to the axes Oxyz. 
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From this it follows that if one of the cxioidinate axes — say the axis of cr 
— IS the instantaneous axis of rotation of the body, the kinetic energy is 
and hence, since the directions of the axes can be arbitrarily chosen, 
the kinetic energy of any body moving about one of its points, which is fixed, 
is i/o)®, where I is the moment of inertia of the body about the instantaneous 
axis of rotation, and &> is the angular velocity of the body about this axis 

Example, A lamina can turn freely about a horizontal axis in its own plane, and the 
axis turns about a fixed vertical line, which it intersects If <{> he the azimuth of the 
horizontal axis, and yjr the inclination of the plane of the lamina to the vertical, shew that 
the kinetic energy is . , ... 

JA + cos 

where B, ff axe the moments and product of inertia of the lamina about the honzoutal 
axis and a iierpendicular to it at the point of intersection with tlie vertical (C’oll Exam ) 

64. Independence of the motion of the centre of gravity and the motion 
relative to it 

The result of the last article shews that the kinetic energy of a moving 
body can be regarded as consisting of two parts, of which one depends on thi* 
motion of the centre of gravity and the other is the kinetic energy of the motion 
relative to the centre of gravity We shall now shew that these two parts of 
the motion of the body can be treated quite independently of each other* 

Let a rigid body of mass M be in motion under the influence of any 
forces As coordinates defining its position we can take the three rectangular 
coordinates (^, y, z) of its centie of gravity 0, relative to axes fixed in space, 
and the three Eulerian angles (&, which specify the position, lelative 

to axes fixed in direction, of any three orthogonal lines, intersecting in G, 
which are fixed m the body and move with it The kinetic energy is therefore 
r = i Af (ir® + y® -h i*) 4-/(^. (f>, 0, i/r), 

where f(0, <^, i/r, 6, '^) denotes the kinetic energy of the motion relative 

to G 

I^t JT 4- YBy 4 ZSz 4 4 <t>B<f> 4 

denote the work done on the body by the external forces in an arbitrary dis- 
placement (8aj, By, Bz, B0, B<fy, Byfr) of the body. The Lagrangian equations of 
motion are 

dt \ 0 ^/ d$ ' 

dt \s^jt) 

* Euler, Setenita wvttlts, i. (1749), § 128 
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The first three of these equations shew that th^ motwn of the centre of 
gravity of the body %8 the same as that of a particle of mass equal to the whole 
mass of the body, under the influence of forces equivalent to the total external 
forces acting on the hody^ applied to the particle parallel to their actual 
directions , since the work done on such a particle in an arbitrary displace- 
ment would evidently be X 8a; + Tby -h Zbz 

The second three equations shew that the motion of the body about its 
centre of gravity is the same as if the centi e of gravity were fixed and the body 
subjected to the action of the same forces^ for in the motion relative to the 
centre of gravity, the kinetic energy of the body is f{d, ylr, 6 , and 

the work done by the forces in an arbitrary displacement is 

080 -f- <I>80 + 

These results are evidently true also for impulsive motion. 

Corollary If a plane rigid body (e g a disc of any shape) is in motion in 
its plane, and if (a;, y) are the coordinates of its centre of gravity, M its mass, 
6 the angle made by a line fixed m the body with a line fixed in the plane, 
JfA® the moment of mertia of the body about its centre of gfravity, and if 
(Z, Y) are the total components parallel to the axes of the external forces 
acting on the body, and L the moment of the exteinal forces about the centre 
of gravity, then the kmetio energy is 

and the work done by the external forces in a displacement (8a7, Sy, 80 ) is 

X. 8ir -f Yhy •+- L 80 , 

and therefore the equations of motion of the body are 

Mx^X My = T, Mld^e^L 

Mxam/ple Obtain one of the equations of motion of a rigid body in two dimensions in 
the form 

where M is the mass of the body, / is the acceleration of its centre of gravity, p is the 
perpendiculai from the ongin upon this vector, Mk^ is the moment of inertia about the 
centre of gravity, 6 is the angle made by a line fixed m the body with a lino fixed in its 
plane, and L is the moment about the origin of the external forces (Coll Exam ) 
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MlHrKLLANEtJUS EXAMPI.EH, 

I A hmttiigttiHMjiui n>(ht cmnilAr cont^ m of niaMi M\ ttis Heun-vortic^il anglo ih jS, and 
tlw It^iigih Ilf Mliitit Muit iH ( Shnw that itn motnnnt of tniirtia al«>ut ita axiM m 

Aiwl ibal lU iiiottimit of iiintlm uVmiuI n lin« through ita \Mrt«x jKJriKJtidicular to itn axiH ih 

iiihI tu nifimmii of inurtm abiiut a gauamtor w 

t Hb»w that IhH tDotiiant of of tha arm enoIoKod by the two loops of the 

Irtntttaoali 

atimit tha aik of tha mirvt m 

X tiiiiaM Ilf area. 

^ Any tnimW of iiartklaa are iti one plane; if the manHea are >»i, ?na» their 
ihatatic!«M afmit if||, , the relative fieeertptiotm of areiv . » and the relative velocitioH 

«it* «|iruv«that 

am nM|ieeUv«ly the motiient of inertia about the mntra of inertia, the angular momentum 
alwnii th# otntre of inertia, and the hinoiio energy relative to the centre of inertia. 

(VoW. Exam ) 

4, f^ve that the moment of timrtia of a hollow mihiwd box about an axis through 
the mntre of gravity of the le»x and ()er{)endieutar to one of the faocM m 

VMu\ 

where if it the maoN of the box and in the length of an edge. The aldea of the box are 
ftiippoeed to be thin. (Coll Exam.) 

5 Hhew that the moment of inertia of an anchor- ring aixiut ita axm \h 

iirp*a% («• 4 ja*), 

where n ia the mdiua dT the generating circle, c im the dietanue of ita oontre from the axis 
of the anchor ring, and p ia the density. 

6w Hhew bow to Hml at what faiitit, tf any, a given atmighi lino in a prtnci|>al axis of a 
btaly, and if there is such a immt tiitd the other two prinoi|»al axes through it 

A unilbm laiuare lamina is bounded by the axes of .r am) y and the linos 
and a eomer is mit olf it by the line jr/a-by/h«ii. Hhew that the two principal axes at 
the centre of the eqnare which are in its own pliuie are inclined to the axis of x at angles 
given by 

7. Hhew that the eneetope of linee in the plane of an area about which that area has a 
cmteUnl mement of inertia is a net of oonfooal ellitsiee and hyperbolas. Hence End the 
dimcikiti of the prinoilMd axes al any point. (Oolb Bxam ) 

9 


w ti. 
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8 Find the principal moments of inertia at the vertex of a paiabolio lamina, latus 
rectum 4a, bounded by a hne perpendicular to the axis at a distance h from the vertex 

Prove that, if 16A>28a, two principal axes at the point on the parabola whose abscissa 
IS (a2 ~ 4aA/5 -h 3A2/7)i are the tangent and normal (Coll Exam ) 

9 Find how the pnncipal axes of inertia are arranged in a plane body Write down 

the conditions that particles at (^t, where z=l, 2, , may be equimomental to a 

given plate Shew that the six quantities Wi, wi 2 , ^i, ,yi> can be eliminated from 
these conditions 

If three equal pai tides are eqmmomental to a given plate, the area of the triangle 
formed by them is 3^/3/2 times the product of the pnncipal radii of gyration at the 
centre of gravity Exam ) 

10 A uniform lamma bounded by the ellipse has an elliptic hole 

(semi-axes c, d) in it whose major axis lies in the line the centre being at a 

distance r from the origin , prove that if one of the principal axes at the point (or, y) 
makes an angle 3 wuth the axis of then 

'^ahxy - [4 (a? ^/2 - r) {v (c^ - 

“ ab [4 {x^ -y^) [2 {x Jt - r)2 - 2 (^ - r)^] 

(Coll Exam ) 

11 If a system of bodies or particles is moved or deformed in any way, shew that 

the sum of the products of the mass of each particle into the square of its displacement 
IS equal to the product of the mass of the system into the square of the projection in any 
given direction of the displacement of the centre of gravity, together with the sum of the 
products of the masses of the particles into the squaies of the distances through which 
they must be moved m order to bring them to their final positions after communicating 
to them a displacement equal to the projection in the given direction of the displacement 
of the centre of gravity (Fouret ) 

12 The principal moments of inertia of a body at its centre of gravity are (d, B, C) , 
if a small mass, whose moments of inertia refeired to these axes are B\ C"), be added 
to the body, shew that the moments of inertia of the compound body about its new 
pnncipal axes at its new centre of gravity are 

A^A\ B-\-B\ G+C\ 

accurately to the first order of small quantities ('Hoppe ) 

13 Shew that the principal axes of a given material system at any point are the 
normals to the three quadnos which pass through the point and belong to a certain 
confocal system 

If {I, niy n, \ ft, v) he the six coordinates of a pnncipal axis and the associated 
Cartesian system be the prmcipal axes at the centre of gravity, then shew that 

+ Bfrifi + Cnv = 0, 

and therefore all pnncipal axes of a given system belong to a quadratic complex 

(Coll Exam ) 

14 A smoothly jointed framework is in the form of a parallelogram formed by 

attaching the ends of a pair of rods of mass m and length 2a to those of a pair of rods ot 
mass and length 2b Masses M are attached to each of the four corners Express the 
angular momentum of the system about the ongin of coordinates, in terms of the 
coordinates {x, y) of the centre of gravity and the angles 3 and <!> between the two pairs of 
sides and the axis of la; Exam ) 
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THE SOLUBLE PROBLEMS OP RIGHD DYNAMICS 

66 The motion of systems with one degree of freedom motion round 
a fixed cumSy etc 

now proceed to apply the principles which have been developed in 
the foregoing chapters m order to determine the motion of holonomic systems 
of ngid bodies in those cases which admit oi solution by quadratures 

It IS natural to consider first those systems which have only one degree of 
freedom We have seen (§ 42) that such a system is immediately soluble by 
quadratures when it possesses an integral of energy and this principle is 
sufficient for the integration in most cases Sometimes, however (e g when 
we are dealing with systems in which one of the surfaces or curves of con- 
straint IS forced to move in a given manner), the problem as originally formu- 
lated does not possess an integral of energy, but can be reduced (e g by the 
theorem of § 29) to another problem for which the integral of energy holds , 
when this reduction has been performed, the problem can be integrated as 
before 

The following examples will illustrate the application of these principles 
(i) Motion of a ngid body round a fixed 0 X 18 

Consider the motion of a single rigid body 'which is free to turn about an axis, fixed m 
the body and in spaOe Let I be the moment of inertia of the body about the axis, so that 
its kinetic energy is where B is the angle made by a moveable plane, passmg through 
the axis and fixed in the body, 'with a plane passing through the axis and fixed in space 
Let 8 be the moment round the axis of all the external forces acting on the body, so that 
8dd IS the work done by these forces in the infinitesimal displacement which changes 3 to 
3 -h bB, The Lagrangian equation of motion 

then gives 7d=8, 

which IS a differential equation of the second order for the determination of 0 
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If the forces are conservative, and V {fi) denotes the potential energy, thie equation 
becomes 




zv 

"ad’ 


which on mtegration gives the equation of energy 


Int^;rating again, we have 


Ji^»+ F(tf)=e, 


where c is a constant. 


i=/4 J{ 2 (c— F)} 4 (^^ 4 . constant, 

and this relation between d and i deta*mines the motion, the two constants of integration 
being determined by the imtial conditions 

The most important case is that m which gravity is the only external force, and the 
axis IS horizontal In this case let G be the centre of gravity of the body, C the foot of 
the perpendicular drawn ^m G to the ms, and let CG=sh The potential eneigy is 
— Mgh cos 3, where M is the mass of the body and d is the angle made by CG with the 
downward vertical and the equation of motion is 

• d-h^^ sin d— 0 

This IS the same as the equation of motion of a simple pendulum of length // Jft, and 
the motKMi can therefore be expressed in terms of elliptic functions as in 44, the solution 
being of the form 

sml-Asn 

in the oscillatory case, and of the form 
8m|=sn 

in t*e circulating casa The quantity J/Mh is called the length of the equivalent eimple 
pefidulttm. 

If be a point on the hne CG such that OC^ljMh, the points 0 and C are called 
respectively the centre of oeedlatum and the centre of enepentum A cnnons result m this 
coimexwn w that tho centre of oeeMaium and the centre of euepeneion are oonoeHthU, 
le if 0 is the centre of oscillation when C is the centre of suspension, then C will be 

the c^tre of oscillation when 0 is the centre of suspension To prove this result, we 
have by ^50 jt , 

Moment of inertia of the body about 0= Moment 6f inertia about Jf . 00^ 
andthei^forewehave 


Momentof inertia of body alwut 0 I-Mh*+M tlMh-h^* 
Distance of centre ot gravity firom 0 IjMh-h 




^ijh 

If therefore the body were suspended from 0, the equation of motion would still be 

d+^^smd*.0. 
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(ii) Miction of a red on whtck an xrmct 19 crawling 

We shall next study the motion of a straight uniform rod, of mass m and length 2a, 
whose extremities can «lide on the circumference of a smooth hxed horizontal circle of 
radius c , an insect of mass equal to thslt of the rod is supposed to crawl along the rod at 
a constant rate v relative to the rod 

Let 6 be the angle made by the rod at time t with some fixed direction, and let x be 
the distance traversed by the insect from the middle point of the rod The hmetic 

energy of the rod is 4**^ kinetic energy of the insect is due to 

a component of velocity {i;-(c*-a2)4d} along the rod and a component of velocity 
perpendicular to the rod, so the total kinetic energy of the system is 

there is no potential energy 

Since vtf (t being measured from the epoch when x is zero), we have 
r-ii» (c*- 2a*/3) «»+ 

The coordinate which is now the only coordinate, is ignorable, and we have therefore 

— constant, 
d3 

or m ^ — w (c* — {v — (c* - a*)4 ■■ constant 

or 6 (2c* - fa* 4- constant. 

Integrating this equation, we have 

d - ifc arctan {vt (2c* -fa*) “ 4}, 

where d© k are constants This formula determines the position of the rod at any time 

Motion of a cone on a perfectly rough inclined plane 

Consider now the motion of a homogeneous solid right circular cone, of mass M and 
eemi-vertical angle which moves on a perfectly rough plane (i e a plane on which only 
rolhng without skding can take place) inclined at an angle a to the honzon Let I be the 
length of a slant side of the cone, and let d be the angle between the generator which is 
in contact with the plane at time t and the line of greatest slope downwards ui the plane 
Then if x he the angle made by the axis of the cone with the upward vertical, x one 
side of a sphencal triangle whose vertices repi^esent respectively the normal to the plane, 
the upward vertical, and the axis of the cone , the other two sides are a and (Jir— /S), the 
angle included by these sides being (tr — d) We have therefore 

cosx^oosasin/S— smaooBidcosd , 

but the vertical height of the centre of gravity of the cone above its vertex is cos ^ cos x* 
and the potential energy of the cone is Jfyxthis height ; if therefore we denote by V the 
potential energy of the cone, we have (disregarding a constant term) 

- Jify4sinfltcos*/3coa d 
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We have next to calculate the kinetic energy of the cone , for this the moments of 
inertia of the cone about its axis and about a bne through the vertex perpendicular to the 
axis are required these are easily found (by direct integration, regardmg the cone as 
composed of discs perpendicular to its axis) to be sin^/S and #Jlf/*(cos*i3-f-Jsm*/3) 
respectively, and so the moment of inertia about a generator is, by the theorem of § 60 
(since the direction-eosmes of the generator can be taken to be sin ft 0, cos with respect 
to rectangular axes at the vertex, of which the axis of z is the axis of the cone), 

(cos* ^ J sm* i8) sm2 sin^ p cos* ft 

or fJlf^*sin*i3(cos2j9+i) 

Now all points of that generator which is in contact with the plane are instantaneously 
at rest, since the motion is one of pure rolhng, and therefore this generator is the 
instantaneous axis of rotation of the cone If a> denotes the angular velocity of the 
cone about this generator, the kinetic energy of the cone is therefore (§ 63, Corollaiy) 

But (§ 15) we have 

cot ft 


and substituting this value for ®, we have finally for the kinetic energy T of the cone 
the value • 

J/Z* cos* (cos* 3 + J) 

The Lagrangian equation of motion 


becomes therefore in this case 


dt\z6) dB dB 


or 


ji/Z*cos*)9(cos*i3+J) d+Jif^?sin acos*/8 8ind=s0, 


d+ 


^smo 

Z(cos*^+i) 


sin B—0 


This IS the same as the equation of motion of a simple pendulum of length 

Zcoseca(co8*i3-fi) , 

the integiation can therefore be effected in terms of elhptic functions, as in § 44 


(iv) Motion of a rod on a rotating frame 

Consider next the motion of a heavy uniform rod, whose ends are constrained to move 
in honzontal and vertical grooves i-espectively, when the framework containing the gi*ooves 
IS made to rotate with constant angular velocity o> about the line of the vertical groove. 

Let 2a be the length of the rod, M its mass, and B its incliiiation to the vertical 
By § 29, the effect of the rotation may be allowed for by adding to the potential energy 
a term 

- Bin* Bdx^ 

where p is the density of the rod and x denotes distance measured from the end of the rod 
which IS in the vertical groove , integrating, this term can be written 

— §Jf«*a*sin*d 

The term in the potential energy due to gravity is 

— i/^acos^, 

and the total potential energy V is therefoi;;^ given by the equation 

- Mqa cos d — § Mta^ a* sin* B 
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The horizontal and vertical components of velocity of the centre of gravity of the lod 
are a cos B 6 and a sin B By so the part of the kinetic energy due to the motion of the 
centre of gravity is J , and since the moment of inertia of the rod about its centre 
IS the part of the kinetic energy due to the rotation of the rod about its centre 

IS we have therefore for the total kinetic energy T the equation 

The integral of energy is therefore 

J “ Mga cos ^ ^ sm® B — constant, 

or, writing cosd=^, 

where denotes a constant : this constant must evidently be positive, since ir* and (1 - a:®) 
are positive We shall suppose for definiteness that < is not very large and that 3^/4ac»® 
IS less than unity, so that x oscillates between the values ± «/a> 


To mtegrate this equation, we write* 


a?— 1+- 


8a 12 


JsL 

64a>< 


-4-^ 
8^12 


where { is a new dependent variable Substituting this value for x m the differential 
equation, we have 

where the values 


correspond respectively to the values 


I t 





it IS easily seen that ei+Sj+Ss is zero and that ei>«2>^s* 

We have therefore { “p (< +y), where the function is formed with the roots ej , Ss, 
and where y denotes a constant Since ei>«2>®3t 9 (^+y) between 62 awd es for 

real values of t (since a? lies between ZglAdjuu^-^lta and 3p/4a4>®4-€/fi>), the imaginary part of 
the constant y must be the half •'period 0)3 ; the real part of y can then be taken as zero, 
since it depends only on the choice of the origin of time We have therefore 


and hence 


f-jp(<+a>3), 


C08^*=H- 






P(« + ®3) + ^-^- 


.2s.. 

4aa) ® 

■3^ 


•:) 


’TO 


8a 12 84aV 12 


this equation determines B m terms of t 


(v) Motion of a diBCy one of whose points is forced to move in a given manner 

Consider next tlic motion of a disc of mass M resting on a perfectly smooth horizontal 
plane, when one of the points A of the disc is constrained to describe a circle of radius c 
in the horizontal plane, with uniform angular velocity a 

* Ct Whittaker and Watson, A Course of Modem Analysis, § 20 6 
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Let Q be the centre of gravity of the disc, and let ^16* be of length The acceleration 
of the point is of magnitude (?«*, and is directed along the inward normal to the oiix le 
if therefore we impress an acdcleration cw®, directed along the outward normal to the 
circle, on all the particles of the body and suppose that A is at rest, we shall obtain the 
motion relative to A The resultant force acting on the body in this motion relative to A 
IS therefore acting at <7 in a direction parallel to the outward normal to the circle 

Let d and be the angles made with a fixed direction in the plane by the line AG and 
the outward normal to the circle respectively , then the work done by this force in a small 
displacement bB is 

Mctit^a sin - B) M, 

and the kinetic energy of the body is J where is the moment of inertia of the 
body about the point A The Lagrangian equation of motion is therefore 

JW;*d-ifac«*sin {<tf-B) 

But since we ha\e <#>=0, so if be wntten for (^“^), we have 

Vr+-p--8inV^=0 

This is the same as the equation of motion of a simple pendulum of length , 

the int^;ration can therefore be performed by means of elliptic functions as in 44. 

(vi) Motvm of a dxtc rolling on a conttravned dm and linked to tt 

Consider the motion of two equal circular discs, of radius a and mass M, with edges 
perfectly rough, which are kept in contact in a vertical plane by means of a link (in the 
form of a uniform bar of mass m) which joins their centres the centre of one disc is fixed, 
and this disc A is constrained to rotate with uniform angular acceleration a , it is required 
to determine ^he motion of the other disc B and the link. 

Let ^ be the angle which the link makes with the downward vertical at time and 
let B be the angle turned through at time t by the disc A, The angular velocity oi disc A 
IS d, and the \elocities of the points of the discs which are instantaneously in ooutaot ate 
therefore each Since the velocity of the centre of the disc B is 2a<^ it follows that the 
angular velocity of the disc B about its centre is 2 ^ 1 - ^ Since the moment of inertia of 
each disc about its centre is the kinetic energy of the system is 

and ^=a^+€, where c is a constant 
The pi^tial energy of the system is 

- (2Jf ag cos 

and the Lagrangian equation of motion is 

d 

or ^ {(6Jf + ^to) aV> - MaH) * - (SiT+m) ag sin i> 

Since d«a, Uiis equation gives 

Integrating, we have 

(3ir+ 1 m) aV - - (SM+ m}ag&M4>^c, 
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where c is a constant depending on the initial conditions and as the variables t and are 
separable^ this equation can again be integrated by a quadrature this final integral 
determines the motion. 


EvamplB If the system is initially at rest with the bar vertically downwards, shew 
that the bar will reaoh the horizontal position if 



66. The motion of syetems with two degrees of freedom 

In the dynamics of rigid bodies, as in the dynamics of a particle, the 
possibility of solving by quadratures a problem with two degrees of freedom 
generally depends on the presence of an ignorable coordinate The integral 
corresponding to the ignorable coordinate can often be interpreted physically 
as an integral of momentum or angular momentum The formation and 
solution of the differential equations is effected by application of the 
principles developed in the preceding chapters this will be shewn by the 
following illustrative examples 


(i) Eod paeivng through ring 

Consider, as a first example, the motion of a uniform straight rod which passes through 
a small fixed ring on a horizontal plane, being able to slide through the nng or turn in any 
way about it m the plane. 

Let the distance ftrom the ring to the middle point of the rod at time t be r, and let the 
rod make an angle B with a fixed line in the plane , let be the length of the rod, and M 
its mass. 


The moment of inertia of the rod about its middle point is and the kinetio energy 
is therefore 

+ ?<>•)! 

there is no potential energy* 

The coordinate B is Ignorable and the corresponding integral is 

ZT 


d4 


•constant, 


or 


The integral of energy is 


^—constant 


^ 4* 4- J — constant 

Dividing the second of these int^rals by the square of the first, we have 


/dr\* 

Veto/ 1 


where c is a constant, 


^4- constant j {(f*4-j|i*) 
Writing this becomes 

d -4* constant*" j {4# (#+ (s4“ 
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If therefore p denotes the Weierstrassian elliptic function with the roots 

which satisfy the relation if ^ is sufficiently great initially, we have 

« = p (^ - , where 6q is a constant of integration , 

since 8 IS positive, we have P(d-^o)>ei for real values of d, and consequently the 
constant 6q is real 

The solution of the problem is therefore contained in the equation 


(it) Otis cyliTider rolling on another under gravity 

Let it now be required to determine the motion of a perfectly rough heavy solid 
homogeneous cylinder of mass m and radius r, which rolls inside a hollow cylinder of mass 
M and radius which in turn is free to turn about its axis (supposed horizontal) 

Let ^ denote the angle which the plane through the axes of the cylinders at time t 
makes with the downward vertical, and let B be the angle through which the cylinder of 
mass M has turned smce some fixed epoch The angular velocities of the cylinders about 
their axes are easily seen to be d and {(jR-r) respectively , and the moments of 

inertia of the cyhnders about their axes are MB^ and Jwir® respectively, so the kinetic 
energy Tot the system is given by the equation 

while the potential energy is given by the equation 

(22 - r) cos 

The coordinate 3 is clearly ignorable , the integral corresponding to it is 


dT 

^—constant. 


{(22-r) 0- 22^}=2r, where ^ is a constant 


The integral of energy is 

Fa=A, where A IS a constant, 

or {{R -r)^- {R-r^4?-mg{R- r) cos ^ = A 

Eliminating S between the two mtegrals, we obtam the equation 

(fl-r) cos 

This IS the same as the equation of energy of a simple pendulum of length 

3if+«» . - , 

the solution can be effected by means of elhptic functions as m § 44. 

(ui) Rod momng xn a free exrcular frame 

We shall next con«der the motion of a rod, whose ends can slide freely on a smooth 
vertical circular nng, the ring bemg free to turn about its vertical diameter, which is fixed 
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Let m be the mass of the rod and 2a its length , let J/ be the mass of the ring and r 
its radius , let ^ be the inclination of the rod to the horizontal, and the azimuth of the 
ring referred to some fixed vertical plane, at any time t 

The moment of inertia of tho rod about an axis through the centre of the ring 
perpendicular to its plane is — and the moment of inertia of the rod about the 
vertical diameter of the nng is w — sin® cos^^} The kinetic energy of the 

system is therefoie 


(r® --la®) d®4- (r®8in® ^ - a® sin® ^+^a® cos® d) 
The potential energy is 

V= — mg (r® — a®)i cos & 

The coordinate 0 is evidently ignorable , the corresponding integral is 


d</> 


—constant, 


or 1 + mtp (r® sin® d — a® sin® d + J a® cos® 6 ) = 

where ^ is a constant Substituting the value of <j> found from this equation in the 
integral of energy 

we have 


r=A, 


In this equation the variables S and t are separable, a further integration will 
therefore give B in terms of and so furnish the solution of the problem 


(iv) JECoop and nng 

We shall next discuss the motion of a system consisting of a uniform smooth circular 
hoop of radius a, which lies in a smooth horizontal plane, and is so constrained that it can 
only move by rolling on a fixed straight line in that plane, while a small ring whose mass 
IS 1/X that of the hoop slides on it The hoop is initially at rest, and the nng is projected 
fSrom the point furthest from the fixed line with velocity v 

Let 0 denote the angle turned through by the hoop after a time t from the commence- 
ment of the motion, and suppose that the diameter of the hoop which passes through the 
ring has then turned through an angle yjr Taking the nng to be of unit mass, so that the 
mass of the hoop is X, the moment of inertia of the hoop about its centre is Xa®, and this 
centre moves with velocity a<^), while the velocity of the nng is compounded of components 
aj> and whose directions are inclined to each other at an angle ^ The kinetic energy 
of the system is therefore 

5r»=iXa®</>®+iXa®(/)® + J (a®<#>®+a®^+2a2(^>^ cos f) 
ss= J (2X 1 ) a®<^2 -|- i a®^ 4“ a^<p^ cos 


and the potential energy is zero 

The coordinate <#> is evidently ignorable, and the con^sponding integral is 


d4> 


= constant, 


(2X-1-1) a®<^+a®\^r cos ^=the initial value of this expression 


or 
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IntegratiDg this equation, we have 

(2X + 1) <^+smi/r — =the initial value of this expression 

Cb 

= 0 , 

or 

This equation determines in terms of 
The equation of energy is 

ir=its initial value 

and substituting for ^ its value {vja— cos \^)/(2X4'l) in this equation, we have 

(2X + sin2 i/r) =» 2Xv2, 




Wilting smy}r='v^ this becomes 


t f”(2X+®*)i(l-ar»)-4dic 

v2X J 0 


In order to evaluate this int^ral, we introduce an auxihary variable u, defined by the 
equation 

Wnte ^=2X/f, where ^ is a new variable , the last integral becomes 

«=/J{4f«+l)(f-2X)}-4d^, 

which ifif equivalent to 

where the function (u) is formed with the roots 

«i=i|(l+4X), ej=^(l-2X), e,= -|(i+X), 

these roots are real and satisfy the inequality fl,>e,>«s, so fp(u) is real and greater than 
for real values of u 

Nowwehave (2X+®»)4(l-ira)-§(jip, 

r 2X 


Integrating, we have 

y/lkvt 


. 2X 1 , 


where C («) denotes the Weierstrassian Zeta-funotion 
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67 Inxtxal motions 

We have already explained m § 32 the general principles used m finding 
the initial character of the motion of a system which starts from rest at 
a given time The following examples will serve to illustrate the procedure 
for systems of ngid bodies ^ 

(i) A particle hangs by a string of length b from a point in the circumference of a due 
of twice %ts mass and of radius a The due can turn about its ewm, tohich is honzontaly and 
the diameter through the point of attachment of the string w initially horizontal To find the 
initial path of the partide 

Let B denote the angle through which the disc has turned, and (f> the inclination of the 
string to the vertical, at time t from the beginning of the motion let m be the mass of the 
particle. The horizontal and (downward) vertical coordinates of the iiarticle with respect 
to the centre of the disc are 

acosd+frsin^ and asind+t cosi^, 
so the square of the particle^s velocity is 

“ 2ab sin (d+ 

and the kinetic energy of the system is 

- mab sin (d + 0) 

while the potential energy is 

'-mg (a am B+bQO&4>) 

The Lagrangian equations of motion are 

'd /m 

dA0d/ ad* 

fit \0^/ 0<^ d<i> ’ 

ah cos (d+ <^) <t>^-gacm B^ah sin (d + ({>) ^«0, 

\ 6*0 - ab cos (d+ 0) +^6 sin 0 - ab sm (d + 0) d =*>0 

Imtially the quantities d, 0, 0 are all zero these equations therefore give initially 

B=gl2a and 0«O, so the expansion of d begins with a term gt'^iAa and that of 0 with a 
term higher than the square of t Assuming 

substituting m the above differential equations, and equating powers oft, we can evaluate 
the coefficients A, B, C, . we thus find 

fl-g+o 

Now if a; and y are the coordinates of the particle referred to horizontal and (downward) 
vertical axes through its initial position, we have 

, :r«a(l-co8d)-6sin0«Jad*-60a= > approximately, 

yt«asind4*6(cos0— l)«ad«B*^ , approximately. 


and 
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Eliminating t between these equations, we have 

yS— 30a6a:, 

and this is the required approximate equation of the path of the particle m the 
neighbourhood of its initial position 

(ii) A nng of mass m can slidf freely on a uniform rod of mass M and length 2a, which 
can turn about one end Initially the rod u horizontal, with the ring at a distance ro from 
the fixed end To find the inWial curvature of the path of the nng in space 

Let (r, 6) denote the polar coordinates of the nng at time t, referred to the fixed end of 
the rod and a horizontal initial line, B being measured downwards from the initial line 
For the kinetic and potential energies we have 

F« - mi y sin ^ — Mag sin 6 
The Lagrangian equations of motion are 

dr dr 
0F 

{dt\dB) de^'^dd^ 

f r -^rB^-^g Bin B^O, 

I J Ma^B + mr^B + 2mrr6 — Mga cos B - mgr cos ^ 0 
Since r, B, and B are initially zero, we can assume expansions of the form 

substituting these expansions in the differential equations, and equating ooefflioiente of 
powers of t, we find 

ag = 0i % = 0, <*4 = 02 ( 5 ^ + 402 ^ 0 )? 
h - 

The coordinates of the particle, referred to honzontal and vertical axes at its initial 
position, are 

a?=fcos^-ro and y=rsind, 

<0- approximately -ip — («4 - ^2^) ^ = ^0 02 ^ 

The curvature of the path is given by the equation 

1 T4. ^ _ 2^4 1 

p 

and on substituting the above values of 02 and a4, we have 

1_ Ma (4a - 3ro) 
p’~9rQ^(ifa + mro) 

This is the required mitial curvature of the path of the nng 

Example Two uniform rods AB, BG, of masses mi and mg, and lengths a and h 
respectively, are fi-eely hinged at B, and can turn round the point A, which is fixed* 
Imtially, ABi& horizontal and BC vertical Shew that, if (7 be released, the equation ef 
the initial path of the point of tnsection of BC nearer to 0 can be put in the form 

y® ■= 60 (1 + abx 

(Camb Math Tnpos, Part I, 1896 ) 
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88. Th^ “notion, of system nntk three degrees of freedom. 

The possibility of solving by quadratures the motion of a system of ngid 
bodies which has three degrees ot freedom depends generally (as in the case 
of systems with two degrees of freedom) either on the occurrence of ignorable 
coordinates, giving rise to mtegrals of momentum and angular momentum, or 
on a disjunction of the kmetic potential mto parts which depend on the 
coordinates separately The following examples illustrate the procedure 

(i) Motum of « rod m a gvoefi field offeree 

Consider the motion of a uniform rod, of mass m and length 2a, which is fi-ee to move 
on a smooth table, when each element of the rod is attracted to a fixed line of the table 
with a force proportional to its mass and its distance from the line 

Let (^, y) be the coordinates of the middle pomt of the rod, and $ its inchnation to the 
fixed line The kinetic energy is 

and the potential energy is 

^ ” Sa / ^ where /t is a constant, 

or r=:;t7?i(iya+Ja28in*d) 

The Lagrangian equations of motion are thei*efore 

I - m 

[(2d) -H/* sin 2ds=0‘ 

The first two equations give 

y=/sin(,ii<+t). 

where o, f c are constants of integration ; the centre of the rod therefore describes 
a sine curve in the plane. The equation for d is of the pendulum type, and can be 
integrated as in § 44. 

(u) Motion of a rod and oglinder on a filam 

We shall next discuss the motion of a system consisting of a smooth solid homogeneous 
circular oylinder, of mass M and radius o, which is moveable on a smooth horizontal plane, 
and a heavy straight rail of mass m and length 2a, placed with its length m contact with 
the oylmdei , in a vertical plane perpendicular to the axis of the oylinder and passing 
through the centre of gravity of the oyhnder, and with one extremity on the plana 

Let d be the inchnation of the rail to the vertical,, and a: the distance traversed on the 
plane by the line of contact of the oylinder and plane, at any time t The coordinates of 
the centre of the rod referred to horizontal and vertical axes, the ongin being the initial 
point of contact of the cylinder and plane, are easily seen to be 

0 ?— ccot^~ - 0+asind and acosd 

Let ^ angle through which the cylinder has turned at time t The kinetic 
energy of the system is 

!r-.jma*^-hj)a|i-iccoseo*^j-|^ ^-facosd +iiira*sin*d + 
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The potential energy is given by the equation 

V—mgaomB 

The coordinates x and are evidently ignorable . the corresponding integrals are 


ar 

01 ? 


as constant 


(which may be interpreted a» the integral of momentum of the system parallel to the axis 
of r) and 


— —constant 


(which may be interpreted as the integral of angulai* momentum of the cylinder about its 
vixis) These integrals can be written 

m 1^— Jccosec^^j - acos^ 4 - J/ira: constant, 

^ constant. 

Substituting for x and ^ the values obtained from these equations in the int^pral of 
energy 

7»+ Fw constant, 

we have the equation 

^ -H «in* ^ ^ ” i cosec* ■" ^ 

where is a constant This equation is again integrable, since the variables t and B are 
sei»arable , in its integrated form it gives the expression of ^ m terms of t the two 
integrals found above then give x and ^ in terms of t 


69 . Motvm of a, body about a faed point imdpr no forces 

One of the most important problems in the dynamics of systems with 
three degrees of freedom is that of detennining the motion Qf a rigid body, 
one of whose points 0 is fixed, when no external forces are supposed to act* 
This problem is reahsed (§ 64) in the motion of a rigid body lelative to its 
centre of gravity, under the action of any forces whose resultant passes 
through the centre of gravity. 

In this system the angular momentum of the body about every line which 
passes through the fixed point and is fixed in space is constant (§ 40), and 
consequently the Ime through the fixed point for which this angular momen- 
tum has its greatest value is fixed in space Let this line, which is called the 
imanaUe line, be taken as axis OZ, and let OX and OF be two other axes 
through the fixed point which are perpendicular to OZ and to each other 
The angular momenta about the axes OX and OF are zero, for if this were 
not the case the resultant of the angular momenta about OX, OF, OZ would 
give a hne about which the angular momentum would be greater than the 


Aim^e 1768 Elliptic function^ were applied to the problem. 

^ (Utrecht. 18341 and the solution was completed by Jacobi. 

JmtrnalJBr Hath xxxnt (1849), p 298 F* .j ..woi, 
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angular momentum about OZ, which is contraiy to hypothesis It follows 
(§ 39) that the angular momentum about any hue through 0 making an 
angle d with OZ is dcos 0, where d denotes the angular momentum about OZ 

The position of the body at any time t is sufficiently specified by the 
knowledge of the positions at that tune of its thiee principal axes of inertia 
at the fixed point let these lines be taken as moving axes Oxyz , let {6, <j>, yfr) 
denote the three Eulenan angles which specify the position of the axes Oxyz 
with reference to the axes OXYZ^ let (-4, fi, (7) be the principal moments of 
inertia of the body at 0, supposed arranged in descending order of magnitude, 
and let (a>i, o> 2 > Ws) be the three components of angulai velocity of the system 
about the axes Ox, Oy, Oz respectively, so that (§§ 10, 62) 

{ ^6)i = — d sin ^ cos *\|r, 

56)2= d Sind sin >/r, 

(76)9= dcosd, 

or {§ 10) 

/ d sin sin 6 cos ^ sin 6 cos •>/r, 

JO. 

i 6 cos 'sfr ^ <j^ Bin 0 ^ ^ Sin 0 sm yfr, 

d 

‘^ + <l> cos 0<= cos 6 

These are really three integrals of the differential equations of motion of 
the system (only one arbitrary constant however occuis, namely d, our special 
set of axes being such as to make the other two constants of integration 
*ero) ; we can therefore take these instead of the usual Lagrangian dififei- 
ential equations of motion in order to determine 0, <f>, ^jr 

Solving for we have 

2^ -- sin^cosifrsin-^, 

1 gsin*^, 

(5 "* Z cos*-^ - -g sm* cos 0. 

The integral of energy (which is a consequence of these three equations) 
may be written down at once by use of § 63 , it is 

ildtfi* + £o)^ + CtOf* = 0, 

where 0 is a ixmetant ■ replacing wi, o),, <0, by their values in terms of 0 and yjt, 
this equation can be written in either of the forms 


w. D. 


10 
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Bc-d^ B-C 


^sm»dcos>t + 


C 08 * dj 


^ sm® yjr = 


Ac — d^ A-G 


cos® 0* 


Since J. > 5 > 0, the quantity (cA — d®) or jB (-4 — B) 0 ) 2 “ 4 - (-4 — (?) 0 ) 3 ® is 

positive, and (c(? — d®) is negative the quantity (Be — d®) may be either 
positive or negative for definiteness we shall suppose it to be positive 

The first of the three differential equations may, by use of the last 
equations, be written 


'■{cose)=-d |-^.- + 


Bc-d\B-C 


i (Ac -d<‘ A 


This equation shews that cosd is a Jacobian elliptic function* of a linear 
function of t , and the two preceding equations shew that sm 6 cos ^ and 
8 in^smi/r are the other two Jacobian functions 
We therefore wnte 

sm 6 cos Pen u, sin B sm = Q sn w, cos 0 « B dn u, 

where P, Q, R are constants and u is a linear function of say \t + e, the 
quantities P, Q, B, and the modulus k of the elliptic functions, are then to 
be chosen so as to make the above equations coincide with the equations 

/ A;®cn®w = — A?'® 4-dn*t4, 

Jf^sn^u— 1 — dn*w. 


^dn w = 
, du 


• k^&nucnu 


The comparison gives 
j^ A{d^-cO) 

" d\A-G) ^ 


B{d^^cC) 

" d?{B^G) ’ 


- _ (?(o^^d®) 
d»(^«(7)* 


(^-B)(d®^c(?) 

(B-(7)(.lc-d®)^ 


,_{B^C){cA^d^) 

ABC 


The equation for shews that k is real, and the equation 

{A^G){Bo^ d^) 

(B-(7)(^c^) 

shews that (1 - k?) is positive, 1 e that k<\ The quantities P, Q, B, X are 
also evidently real 

Now a real quantity a may be defined by the mutually consistent 
equations 


A(d^-cG)] 


_(d’‘(A-C)\i 

[Aid^-cC)] 


dn la = 




* The theory of elliptic functions required in this and the succeeding problems will be found 
in Whittaker and Watson’s Modem Analysts, Chs xx — xxii 
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Smc 

where the theta-functions are defined by the expansions 

^00 (y) = 1 4- cos 2771/ + cos ^ttv + 2 (f cos Qttv 4* , 
^01 (*') = 1 ^ 22^ cos 2771/ + cos ^irv — 2 cos Qirv + , 

COS 771/ + 2q^ cos Stti/ -h 2^ cos Stti/ 4- 
(*') = 2gi sin 771/ — 23^ Sin 3771/ -H 2^'^ sin Stti/ 4- , 

and we have 


1 4- 2g cosh 2 y + 2g4 cosh 47 + 
1 — 2g^ cosh 2 y 4- 2g^ cosh 4^ - 


— (Ic'y^ — (7)) ^ 


where 7 stands for 7ra/2jBr from this equation 7 (and consequently a) may 
readily be determined by successive approximation 

The Eulenan angles d and ^fr at time t are now given by the equations 

^ , cn(X<4-e) 

sm^cos Alr = — 

^ Cma 

^ , dniasn(X^4-€) 

sm ^ sm ^ , 


cnta 


cos 


dn (X^4-€) 

^ cn ^a * 


or (omitting the e) 


sm cos -lir — ^01 (W^-^ ^10 (ytj^K) 
sm ^ cos ir ^01 (X«/2iO ' 

sm g sm i/r - (^a/2i0 Qdl 2 K) 

sm 6^ sm t (\i/2Z> ’ 

coa ^ (%al2K) (X</2^ 

The modulus A of the elliptic functions is known, we can therefore 
determme the parameter q of the theta-functions by the equation 

¥ 21 ¥ 

®"16'^32'''l024''' ■ ’ 


or by the more rapidly convergent senes 

j = -J tan»/9 4- tan^®^ 4- ^ tan'® /3 4- , 

where cos ^ K may then be calculated frpm the senes 

(2Jr/7r)i = ^«, = l+23 + 29*H-2g»+ , 

and thus the penod ^KjX of the inclmations of the axes Oscyz to the line 
OZ IS detemuned. 


10—2 
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If now we write (7ral2K)^y and (jr\j 2 IC) = /t, we have 

(1 — 2g cosh 2y + 2 < 7 ^cosh 4y — * ) (cos fit + cos ZjMt + * . ) 
sin 0 cos yfr = ^ ^ q^cosh 3y + ) (1 - 2g^ cos 2/it + 2g^cos 4/it 4- )' 

(1 + 2g cosh 2y + 2g^ cosh 47 + ) (sin fit - sm * ) 

sm 0 sin yjr 7 + 9^ cosh 87 + ) (1 - 29 cos 2/x^ + 29^ cos 4 /w« + . ) * 

(sinh 7-9^ smh 87 + , ) (1 + 29 cos 2 /it + 29 ^ cos + ) 

” (cosh 7 -h 9* cosh 87 + ) (1 - 29 cos 2 jLLt-i’ 2 q* cos 4 /ut + . ) 

The quantities 9, fjb, 7 may be regarded as the constants which specify the 
motion 


Exavfi'ple Suppose that the body is a homogeneous ellipsoid of unit density, whose 
three semi-axes are 

a=l, 5=2, c=3 

The three principal moments of inertia are 


=-^»ra5c (5^-l-c^)=a20 Stt, 5=167r, C7=87r 

Suppose that the initial velocities of rotation round the principal axes are 

® 3=1 

The constant of energy is 

C = -d coi® + Bca^ -f Casiz^ =13 3»r, 

and the constant of angular momentum is given by the equation 

(72^32^=155 04 ^ 2 , 


so (f=12452ir, A€-d^- = l2ie07r\ Bc-d^ 

The modulus of the elliptic functions is given by the equation 


whence we have 


(fl-C)(4c-d*) ^ 
i'2=l_ *2=0 760, 




(^^=1+27+23*+2j«+ =10342, 


Z=1 68013, 


We have also 


K'= — — log, g'=2 176 

3664, 


^ ABC ■ 


SO 

and 


A=0 6045 


The penod of the angles B and ^|r is ^ or — , 

A fi 


which has the value 11 118. 



so 
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In order to express d and as trigonometric senes in terms of t, we must determine y. 
For this we have 

B{A-~C) 

and therefore if be neglected we have 

\+^q cosh 2y _ 1 1094 
1 - ag' cosh 2y “ 09337 * 

givi'lg cosh2y=2 603, 

and hence 2y=1568 

and y =0 784 

The quantity a is then given by the equation 

y«:0 8386 

A limiting case of the general problem is that in which so that h reduces to 

zero and the elliptic ^notions become circular functions In this case the solution may 
be wntten 


sin B cos ^|r- 


oosXg \ 
cosh a 


_ M-(7)(4c-d*)l4 

A*0 


A*0 7 

/i , sinXil , I , 

where < s,nh «= 


cos ^=tanha 




so the motion is a steady precession about the invariable line OZ, the body rotating also 
about its own axis of symmetry Oz 

Another limiting case is that in which d^=cB, so that ^=1 and the elliptic functions 
degenerate into hyperbolic functions , this is illustrated by the following examples 

Examiple 1 A rigid body is m(mng about a fixed point wider no forces shew that ij 
{{n the notation used above) d^^Bc^ and i /<»2 is zeio when t u zero^ <oi and ©3 being initially 
positive, thm the direction-cosines of the B-axis at time t, referred to the initial directions of 
the principal cuhes, are 

a tanh X “ 7 sm ft sech Xj cos/nsechx, ytanhx+asinftsechxj 

where , , 

dt dt KA-B){B-C)\i UHB-0) \^ f g(l-.g) )4 

>^“B' ^“b\~~AC J ’ ^ 

(Camb Math Tripos, Part 1, 1899 ) 

To obtain this result, we observe that when Bc=d^, the differential equation for the 
coordinate B becomes 

the integral of which is 

C08id=y sech x> 


A-qi 
" AC J ’ 
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where y and x quantities above defined The equation 


then gives 


A-B 

AB 


sin2^sm2i//‘= 


Ac-d^ 

Ad^ 


AC 


cos^ 6 


sin d sin = tanh x, 


and the equation “ 2 ^ 

gives sin (<^ - ft) = - y sin i//* 

These equations shew that the direction-cosines of the J?-axis referred to the axes 
OXTZ^ which (§ 10) are 

— cos <i> cos 6 sin yp^ — sm ^ cos yp^ — sin <j> cos 0 sin i/r -l-cos (p cos ypj sin ^ sin yp, 
can be written 

— sin ft sech x, cos ft sech x> tanh x 

But if 0)10, 6)20, fi>30 denote the initial directions of the piiricipal axes, since 

+ (^o>i2+(7o),2), 

so that Ao>i—ad and we see that the direction-cosines of o)io, 0)20, o)soj referred to 

OXYZ^ are given by the scheme 



X 

Y 

z 

<^10 

y 

0 

a 

®20 

0 

1 

0 

©30 

— a 

i 

' 0 

y 


and hence the direction-cosines of the jB-axis, referred to oiio, 0)20) <»8o» are 

-7 sin ft sech x+a tanh X, cos ft sech x, a sm ft sech x +7 tanh x 


Example 2 When d^=cB^ shew that the axis Oy describes, on a sphere with the fixed 
l>oint as centre, a rhumb line with respect to the meridians passing through the invariable 
line (Coll Exam) 


Returning now to the general case, we have to express the third Eulenan 
angle ^ in terms of the time We have 



Now 


cot^p^ 


cnXt 

dn m sn ’ 


whence 


„ , dn® la sn® Xt 

sm® r 

^ 1 — A-*sn®^asn®X^ 


This function of t vanishes with t, and has poles when the denominator 
vanishes, 1 e when 


so in one penod-parallelogram (2K, 2iK') it has poles at the points 
= and \t— —%ct, + iK\ 
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Near the former of these points, writing — %K' + e, and retaining 

only the lowest powers of e, we have 

2 — dn^ % (i \k- sn^ %a 

sm Y — j — Isn^ ^a/sn 2 (^a H- e)} ’ 

dn-^ la 

sn*^ la -h ek^ 2 sn la cn ^a dn %a — k"^ sn® la ’ 


so the residue at this pole of sin-* considered as a function of Xt^ is 


dn la 


or 


sn %a cn ta ' 2id (A — £) 


\(B-_G)(Ac-d^)AB\^ 
C " 1 


Therefore the residue of d 



at this point (considered as a 


function of Xt) is 


1 ^ 

2^| ABC J 2% 




and the residue when Xtj^K is regarded as the variable is consequently --^Xj^K 
As we novT know the zeros, poles and residues of this function, we can write 
down its expression as a sum of logarithmic derivates of theta-functions in 
fact, since i^) has a simple zero v=^\a> = %K'j2K^ we ha've 



Now 



IS purely periodic with lespect to the real 


period ^KjX of t, so the exponential on the right-hand side gi\ es the mean 
motion of le the processional motion of the system round the invariable 
line We have 

^()i = 1 — Sg' cos ^TTv + 2g^ cos 47rz^ — . , 

^o/ iy) == ^TTZ/ — %irq^ sin ^irv -f , 

SO the coefhcient ot ^ in </>, le the constant part of cj), or the piecession, 
which IS 

^ X 5-oi'( ^«/2jK') 

A^2%K %f%al%Ky 

may be written 

d . q binh 2 y — 2 ^-* sinh 4 ^ -h 
A'^ ^ 1 — 2 ^ cosh 27 -f- cosh 47 — , ’ 
in which form it mav be calculated readily 
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Example 1 In the ease previously discussed, of an ellipsoid whose semi-axes are a== 1, 
6=2, cs=3, we have 

2y = 1 568, smh 2y = 2 294, cosh 2y = 2 503, 
c^=12 4527r, ^=20 87r, /i=0 5651, g^=0*0171, 
so the mean motion of <j>, which when is neglected may be written 

d q smh 2y 

^ 1 22 ^ cosh 2y ’ 

IS 0 5986-^0 0970, 

or 0 6956 


Example 2 A uniform circular disc has its centre 0 fixed, and moves under the 
action of no external forces The disc is given mitial angular velocities Q about a diameter 
coincidmg with 0^ in space, and n about its axis coinciding with Of in space Shew that 
at any subsequent time 


;^=2arcsin 


4 )= arccot 



{(Q* + 4»i*)i 


where x is angle between Of and the axis of the disc Oz and oo is the angle between the 
planes fO^ and (Oz (Coll Exam ) 

Foi let OZ denote as usual the invariable hne, and consider the sphencal triangle iTfs, 
whose vertices are the intersections of the lines OZ^ Of, Oz respectively with a sphere of 
centre 0 In this spherical triangle we have Zz—B^ (^z^<l> Moieover we have foi the 
disc C—2B=2A, so 


and 


4=(0*+4m*)i 

A 


The equations of motion for B and <!> therefore become 

tf=0, <l>=djA=(^a^+4n*)i, 

so d=irf=areco8 — ~ d>=(Q^+4n^)it 

(Q2+4ftS)i 

In the sphencal triangle Z(z, we have therefore 

Z(=Zz=arccoh — — r, CZz = {Q^-v\n^)^t, Z(z = a>, fe^y, 

(0-^-1-4712)2 

and hence sin ^ = sin Z( sin 4 CZz = — — sin {(q 2 + 47 ^ 2 ) 4 , 4 ^ [ 

2 ^ (02+47^2)4 " - ' 

and cot 0 ) = cos Z( tan ^ tZz = ^ — - tan {( 02 + 47^2)4 ^ 

(02+4^2)4 

which are the requiied equations 


70 Poinsot's kinemahcal representation of the motion, the polhode and 
herpolhode 

An elegant method of representing kinematically the motion of a body 
about a fixed point under no forces is the following, which is due to Pomsot^ 

^ Pomeot, Theorie nouoeUe de la rotation des corps, Pans, 1834 
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The equation of the momental ellipsoid of the body at the fixed point, 
referred to the moving axes Oocyz, is 

Aoci^ 4 - By^ + Cz^ = 1 

Consider the tangent-plane to the ellipsoid which is perpendicular to the 
invariable line If p denotes the perpendicular on this tangent-plane from 
the ongm, we have (since the direction-cosines of p are Awifd, Cta^ld) 

^ AW + BW + CW 


= 4, j which is constant 
a® 

Smce the perpendicular on the plane is constant in magnitude and 
direction, the plane is fixed in space so the momental ellipsoid always 
touches a fixed plane 

Moreover, if y\ z ) are the coordinates of the point of contact of the 
ellipsoid and the plane, we have on identifying the equations 

Axx' + Byy' 4- Gzz' = 1 and AcoiX 4- BtoQ y + CtozZ ^pd 


the values 


, a>i ^ tOi , ^ 6)2 _ <»2 / __ _ <^8 


and hence the radius veclior to the point (jx/, f , z') is the instantaneous axis 
of rotation of the body It follows that the body moves as if it were rigidly 
connected to its momental ellipsoid, and the latter body were to roll about the 
fixed point on a fixoed plane perpendicular to the invariable line, without 
sliding , the angular velocity being proportional to the radius to the point of 
contact, so that the component of angular velocity about the invariable line is 
constant 


Example 1 If a body which is moveable about a fixed point is initially at rest and 
then 18 acted on continually by a couple of constant magnitude and orientation, shew that 
Poinsot’s construction still holds good, but that the component angular velocity about the 
invariable line is no longer constant but varies directly as the time (Coll Exam ) 

For 111 any interval of time dt the addition of angular momentum to the body is Ndt 
about the fixed axis OZ of the couple , so that the resultant angular momentum of the 
system at time t is Nt about OZ Now the components of angular momentum about the 
principal axes of inertia Oxyz are Aoni, where A, B, G are the pimcipal moments 

of inertia and (a)i, «,) are the components of angular velocity hence we have 

Ao>x^’-Mt sin 6 cos « Nt sin 6 sin yjr, Ccjs » Nt cos 0 , 

where <l>, ^ are the Eulenan angles which fix the position of the axes Oxyz with 
reference to fixed axes OXrZ But these equations difier from those which occur in the 
motion of a body under no forces only in the substitution of tdt for dt , so the motion 
will be the same as in the problem of motion under no forces, except that the velocities are 
multiplied by t , whence the result follows 

Example 2 In the motion of a body, one of whose points is fixed, under no forces, 
let a hyperboloid be rigidly connecte<i with the body, so as to have the pnnoipal axes of 
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inertia of tlie body at the point as axes, and to have the squares of its axes respecti\ oly 
proportional to (P-Ac, dl^--€c^ where A, B, (7 are the moments of inertia of the 

body at the fixed point, c is twice its kinetic energy, and d is the resultant angular 
momentum Shew that the motion of this hyperboloid can be represented b} causing it 
to roll without sliding on a circular cylinder, whose axis passes through the fixed point and 
18 parallel to the axis of resultant angular momentum (Siact i 'i 

The carve which in Poinsot's construction is traced on the momental 
ellipsoid by the point of contact with the fixed plane is called the j)ol]hode 
Its equations, referred to the principal moments of inertia, are clearly the 
equation of the ellipsoid together with the equation jp = constant, i e they 
are 

Exanvple I Shew that when A ^ By the polhode is a circle 

Example 2 Taking A'^B'^C, shew that there are two kinds of polhodes, one kind 
consisting of curves which surround the axis Oz of the momental elhpsoid, and con espond 
io cB>d^>cCy while the other kind consists of curves which surround the axis and 
correspond to cA>d^>cB y and that the limiting case between these two kinds ot polhodes 
IS a singular polhode which corresponds io cB-c^—Oy and consists of two ellipso 4 > which 
pass through the extremities of the mean axis 

The curve which is traced on the fixed plane by the point of contact with 
the moving >ellipsoid is called the herpolhode 

To find the equation of the herpolhode, let p, x the polar coordinates 
of the point of contact, when the foot of the perpendicular from the fixed 
point on the fixed plane is taken as pole If (x, y\ z') denote the coordinates 
of the same point referred to the moving axes Oxyz, we have 

+ y'^ b = square of radius from point of suspension to point of contact 



Substituting for x\ y\ z' then values as given by the equations 
I x' = mi/Vo = — d sin ^ cos -^lAsJOy 
I y' = 6)2/ Vc = d sin ^ sm '\|r/ 5 -v/c, 

{ z' — (o^/^/c = d cos 0jGfs/c, 

we have 

~ ^ cos® + ^ sin*-»|r + A oos®6> 


Replacing d and by their values in terms of t, this becomes 

(cA-d^)id^-cC) ( (B- G)(A - B) d^l 

^ cd^A’^B^G^ 




_ {cA - d®) (d® - oG) p (<) — g> (^ + tt>) 
cd^AO ' 
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■where a denotes the half-period corresponding to the root e,, this equation 
expi esses the radius vector of the herpolhode in terms of the time 

We have next to find the vectorial angle x m terms of f For this we 
observe that ^/cp'x!^ is six times the volume of the tetrahedron whose 
vertices are the fixed point, the foot of the perpendicular from the fixed 
point on the fixed plane, and two consecutive positions of the pomt of contact, 
divided by the interval of time elapsed between these positions, and that this 
quantity can also be expressed in the form 


oo', ‘if, 

z 

or 

1, 

1, 

1 

Aox'/d?, Bcy'j<P, 

Gcz'jd? 

cP ^ 

A, 

B, 

G 

y', 

i' 



y!y'> 

z'\z! 


A.11 the quantities involved, except x> known functions of t on 
substituting their values m terms of t, and reducing, we have 

which can be written in the form 

V — — -i-i 

This equation can be integrated in the same way as the equation for the 
Eulerian angle <l>, and gives 

O' — 6 — Ci>) 

where xo ^ constant of integration The current coordinates %) of the 
herpolhode are thus expressed as functions of t 

JSxampk i A pai‘tiole moves in such a way that its angiilai momentum round the 
origin IS a linear function of the square of the radius vector, while the square of its velocity 
is a quadratic function of the squaie of the radius vector, the coefficient of the highest 
power being negative » shew that the path is the herpolhode of a Poinsot motion, in which 
howe\er A, C are not restricted to be positue 

E^mvpU % Discuss the cases in which the polhode consists of (a) two ellipses intei- 
secting on the mean axis of the m omental ellipsoid, (/S) two parallel circles, (y) two points , 
shewing that in these oases the herpolhode becomes respectively a spiral curve (whose 
equation can be expressed in terms of elementary functions), a circle, or a pomt 

71 Motion of a top on a perfectly rough plane, determination of the 
Eulerian angle 6 

A top IS defined to be a material body which is symmetrical about an axis 
and terminates in a sharp point (called the apex or vertex^ at one end of 
the axis. 

We shall now study the motion of a top when spinning with its apex 0 
placed on a perfectly rough plane, so that 0 is practically a fixed point The 
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problem is essentially that of determining the motion of a solid of revolution 
under the influence of gravity, when a point on its axis is fixed in space * 

Let {A, A, G) denote the moments of mertia of the top about rectangular 
axes Oxyz, fixed relative to the top and moving with it, the origin being the 
apex and the axis Oz being the axis of symmetry of the top , let {6, <f>, yfr) be 
the Eulenan angles defining the position of these axes with reference to fixed 
rectangular axes OXYZ, of which OZ is directed vertically upwards 
The kinetic energy is (§ 63) 




where &)i, denote the components relative to the moving axes of the 
angular velocity of the top, so that (§ 16) we have 

' ©1 = d sin ^ sin cos 

• ©2 = ^ cos -I- ^ sin ^ sm yjt, 

* * 

ai==ylr-t<l>CO8 0, 


the kinetic energy is therefore 

and the potential energy is F == Mgh cos 8, where M is the mass of the top 
and A is the distance of its centre of gravity from the apex 

The kinetic potential is therefore 


— F = \A 6^ ^4^® sm* 0 + (yjr -f (f> cos 8y — Mgh cos 8 

The coordinates <f> and yfr are evidently ignorable , the corresponding 
integrals are 


dT 


dT 

' constant, and ^ = constant, 


or 


A<f> sin* 8 + G{yjt + <f^ cos 8) cos 8 = a, 


wheie a and 6 aie constants the former of these m»iy be intei preted as the 
integral of angular monientum about the axis OZ^ and so is obvious d priori 
from general dynamical piinciples 

^ The modified kinetic potential (§ 38) is 


R = L — a(f> — byjr 


2^sm*0 


'20 


— Mgh cos 6 


The term 6V20 can be neglected, as it is merely a constant, the 
equation ot motion is 

d /9^\ _ 3-R _ „ 


* Lagrange, Hie Anal {Oeuvrti, xn p 251) 
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so the variation of 6 is the same as m a dynamical system with one degree 
of freedom for which the kinetic energy is and the potential energy is 


(g — 6 cos 0y 
2 A sm®5 


Mgh cos 0 


The connexion between 6 and t is therefore given by the integral of 
energy of this reduced system, namely 




where c is a constant 


(g — 6 cos 0y 
2 A sm^0^ 


Mgh cos 0 + c, 


Writing cos 0^ai, this equation becomes 

AW « — (a — booy — 2AMgh (g? — + 2Ac (1 — 

The right-hand side of this equation is a cubic polynomial m x , now 
when 1 , the cubic is negative, for some real values of le for some 
values of x between — 1 and 1 , the cubic must be positive, since the left-hand 
side of the equation is positive, when the cubic is again negative, and 
when g; =a 4 - 00 , the cubic is positive The cubic has therefore two real roots 
which he between —1 and 1 , and the remaining root is also real and is 
greater than unity. Let these roots be denoted by 

cos a, cos / 8 , cosh 7 , 
where cos 0 > cos a, so that a > /9. 

The differential equation now becomes 

{Mghl2A dt » (g? — cos a) (x — cos ^ 8 ) {x — cosh 7 )) dj? 

If we write 


2A 

Mffh 

we have therefore 


2 A. 2^^o 4 “ 

^ + i (cos « + cos /3 + cosh 7 ) = slip: ’ 

t + constant Sj) {z — «*) (z — e,)} ~^dz, 


where the constants Si, are given by the equations 



ie,= 


Mgh , 
^coshy- 


Mgh 

2A 


cos yS — 


2Ac+1/‘ 
UA^ ’ 

iAc + b^ 
12A’‘ ’ 


\e,= 



cos « — 


2Ac + b‘ 
12A’‘ ’ 


so that Si, c,, e, are all real and satisfy the relations 

<1 + Si + Cj = 0, 61 > Sj > Ss 
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The connexion between z and t is therefore 

where e is a constant of integration, and the function ^ is formed with the 
roots €i, ^ 2 , e^, and hence we have 

^ Mgh ^ ^ QAMgh 

Now in order that x may be real for real values of t, it is evident that x must 
he between cos a and cos /S, i e (< + e) must he between and for real 
values of t and therefore the imagmary part of the constant € must be the 
half-period og corresponding to the root Cg The real part of € depends on 
the epoch from which the time is measured, and so can be taken to be zero 
by suitably choosing this epoch We have therefore finally 

and this is the equation which expresses the Eulerian angle 8 in terms of 
the time* 

Example 1 If the circwmtawiee ofprojectwn of the top are such that initiaUp 
d=60^ ^=0, </>=2(%A/34)4, l--iZA-^0){MghlZAC^)i, 

shew that the value of 6 at any time t le given hy the equation 

sec d= 1 + seoh , 

«o that the (um of the top contmuciMy approaehee the vertioal. 

For in this case we readily find for the constants a,b,o the values 

a=>b={ZMghA% om.Mgh, 
so the differential e<^uation to determine x is 

whence the result follows 

ExampU 2 4 soM of revolution ocm turn freely about a fixed point xn vtt emt of 

e^metry, and u acted on by forces derived from a potentxal-enargy function p cot* 6, where 
9 u the angle between this axis and a fixed line, shew that the egmtione of motion can be 
integrated in terms of dememtary functions 

For proee^ng as in the problem of the top on the perfectly rough plane, we find for 
the int^ral of energy of the reduced problem the equation 

(«— icosd)* oos*d. 

Writing cos O—x, this becomes 

A^x^= - (a - 6a)2 - ZA^wfi + 24c (1 -a:*) 

for I!'* nght-handside is negative when *-1 and ai- -1, but u positive 

for some values of a; between - 1 and + 1, since the left-hand side is positive for so^real 

(S 561 wW ti! o' ^ sphenoal ipendnlnm 
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values of B the quadratic has therefore two real roots between — 1 and + 1 Calling 
those cos a and cos ft the equation is of the form 

=. (cos a - j:) (^ — cos ^), 

the solution of which is 

^a=cos a 8in2(//2X)+co8 3 cos* (</2X) 


72 Ueterrmnation of the remaining Eulerian angles^ and of the Cayley ~ 
Klein parameters , the spherical top 

When the Eulerian angle 0 has been obtained in terms of the time, as in 
the last article, it remains to determine the other Eulerian angles <j} and yfr 
For this purpose we use the two integrals corresponding to the ignorable 
coordinates these, when solved for ^ and give 

^ a — 6 cos 0 
Asm^e ’ 

•< 

, b (a — b coad) cos 6 
J-G~ Asin^e 

If we regard the motion as specified by the constants of the body 
{M, A, 0, h) and the constants of integration (o, 6, c), it is evident from 
these eijuations and the equation for 6 that C does not occur except in 
the constant term of the expression for and therefore an auxiliary top 
whose moments of inertia are {A, A, A) can be projected in such a way that 
Its axis of symmetry always occupies the same position as the axis of symmetry 
of the top considered, the only difference m the motion of the two tops being 
that the auxiliary top has throughout the motion a constant extra spin 
h{C- A)IAG about its axis of symmetry A top such as this auxiliary top, 
whose moments of inertia are all equal, is called a spherical top. It follows 
therefore that the motion of any top can be simply expressed in terms of the 
motion of a sphencal top, and that there is no real loss of generality m 
supposing any top under consideration to be spherical 

If then we take A, the equations to determme <f) and become 

a — bcos0_ a + b a — b 

“ "A sin’ e ~ 2Z(cos '» + 1) 2A(cosf»-'l)’ 

I . 6 — ocosd a-\rb a — b 

“ 'a sin*T " 2A (cos^+l) 2A(cos^-l) 

Substituting for cos 0 its value from the equation 

1A X 2Ac + 6® 

cos ^ ~Q'AMgh ’ 



Mgh 2Ac + 6» 

'tA~ ’ 

Mgh 2Ac + b^ 
PW-- 2J. " 12A^ ’ 


and writing 
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so that I and k are knovm imaginary constants (being in fact the values of 
i + ©8 corresponding to the values 0 and tt of 6), the differential equations 
become 

Mgh (g + h) 1 Mgh {a — h) 1 

_ Mgh (a + 6) 1 Mgh (a — 6) 1 

/ 'ip(t + at)-^(k)^ i3® g)(« + <»,)-'^'p) 

Now the connexion between the function jp and its derivate p' can be at 
once wntten down by substituting for os from the equation 

in the equation 

/doD\^ 

-4’ j = - (a — baif - 2AMgh (x — a^)+ 2Ae(l — so^) , 

if the argument of the g)-function is k, it follows firom the definition of k that 
the corresponding value of a: is - 1 , and so the last equation gives 

A^ {2Afi>' {k)IMgh}» (a-^by, 

01 {k)=iMgh{a + b)j2A^ 

Similarly we have 

ip>' (1) = iMgh (a - b)j2A’‘, 

and therefore the equations for ij> and can be wntten in the fonn 

'2^i elW V'jl) 

1 p(t+^,,)-ip(k) ff(t + a>,)-fp{iy 

+—jm- 

Now the function 

P'(k) 

f?{t+o)i)-ip(k) 

IS an elhptic function, whose poles in any period-parallelogram are congruent 
with t + ®i = h and <-)-«,= —&, the corresponding residues being 1 and — 1 ; 
and the function is zero when t + «, = 0 Hence we have 

r(< 4- ®, + A) 2r(*). 

and therefore 

I -fit t (k) “ + 2r (*) < + constant 
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The integrals of the equations for ^ and can therefore be written in 
the form 

I <r(<+ ®8 + A)«r(t + tt), — i)’ 

g2»(,f--fo)_g2{f(*;)+f(I)}t <T (t + - k) tr {t + oat-V) 

<r (t + ®3 + A;) O' (t + 6)3 + i) ’ 

where ^3 and constants of integration 

These equations lead to simple expressions for the Cayley-Klein parameters 
®> A 7 > ^ (§ 12), which define the position of the moving axes Oayyz with 
reference to the fixed axes OXYZ for by definition we have 

arscosj^ j9 = isinJ^ 

7 = i 8 in ^0 S = cos^fl 

But we have 

2 cos“^d = l + COS 6 


1 . 2 d ^ , 2 dc + 6 “ 

9>4 

^.A, 0” Hh ^*^3 H" H“ 6)3 

<r“ (A) O'* {t +• G)s) 




— -4 {<r (^ •+• 6)3 4* A) <r (f H" 0 )} — h)}^ 


c (k) <r{t + ojg) 


Similarly we find 




^ (^ + + 1 ) cr(t + Q)jf— Z)}^ 


a(l)cr(t -h © 3 ) 


and on combining these with the expressions for and already found, 
we have 


\Mgh) a(,k)' o-(t + ® 3 ) 

c^«+®,+ l) tf(j) 

" \Mgh) ‘ <r{l) O' (< + ©s) 

0 - (< + ro, - 0 

\Mgh) a (1) <r{t + wj) 

„ /'-dN* e-^(^o+^o) ff(i+a»3 + fc) 

^"‘\Mgh) <r{k) <r(t + «8) 


These equations express the parameters a, y, S ss functions of the 
time. 


W D 


11 
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Example 1 A gyi ostat of mass M moves about a fixed yoint %n its axis of symmetry 
the moments of inertia about the axis of figure and a perpendicular to it through the fixed 
point are C and A respectively^ and the centre of gravity is at a distance h from the fixed 
point The gyrostat u held so that its axis makes an angle arccos 1/^3 with the downward 
vertical^ and is given an angular velocity slAMgh tJZjC about its axis If the axis he now 
left free to move about the fixed point, shew that it will describe the cone 

sin^ ^ sm 2<^ = ( - cos ^ - 1 j^Z ) ^ ( - cos d + v^3) 

03 sin^ B cos 2(^ = 

where <l> is the azimuthal angle and 6 the inclination of the axis to the upward vertical 

(Camb Math Tripos, Part I, 1894 ) 

For in this problem we have initially 

cos^=— 1/\/3, ^=0, ^=0, <^==0, y^=^ijAMgh sJZjC, 
and these initial values give 

- jMlfhlilZ, h=tlZjMA^, c=-%W3 
Substituting in the general differential equation for 6, namely 


iA& 


12 _ («~&COS BY 


cos^+c, 


we have 


sin® B 

sin® ^ - Mgh (cos ^4*1 /\^3) ( ^3 + 2 cos 5) ( - cos ^ + k/3), 

while the equation 


a— 6 cos & 
A sm® 6 


gives 






Mgh C08^+l /^3 


A sin® B 

Dividing this equation by the square root of the preceding equation, we have 
<p=3iJ(-LOse- l/^3)i (V3 + 2 008 fl) " 4 ( - cos « + V3) " i coseo S dS, 


<#>=34 l/>/3)4(V3-ai)“ 4 (a:+ v'3)-4 (1 <&, 


where -- cos B 


Now if we write 


we have by differentiation 
du 


.(» - 1/n/ 3)? (a7+^/3) 4 (V3/2 -*) " 4, 


^“■5 ( 1 - - VV3)i + ^/3) - 4 (^3/2 - *) - 4 


and 


We have therefore 


^8 8(V3/2-*) 


38 ( dv, 

4V2A+34«a/8’ 

2 <|) = arctan (3^ 2 “ 4 


or 

or tan 2<^=342 “ 4 ( _ cos 6 - \\*]3'p ( - cos fl+ V3)4 (V3/2+ 00 s 6) ~ 4, 

which IS equivalent to the result given above 
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ISspample 2 Shew that the loganthnis of the Cayley-Kleia parameters, considered as 
functions of cos are elliptic integrals of the third kind 

Exc/fnple 3 Obtain the expressions found above for the Cayley-Klem parameters as 
functions of the tune t by shewing that they satisfy differential equations typified by 


where T denotes a doubly-penodic function of ty these equations being of the Hemiite-Lam^ 
type which is soluble by doubly-penodic functions of the second land 


A simple type of motion of the top is that m which the ams of symmetry 
maintains a constant inclination to the vertical, in this case, which is 
generally known as the steady motion of the top, d and 6 are permanently 
zero, since we have 


it follows that 


(a — J cos Oy 

2 A sin® 6 


— Mgh cos 6 + Cy 


0 = 


A — h cos dy 
d6 2 A sin® ^ ^ 



Performing the differentiation, and substituting for (a — 6 cos 0) its value 
A^sin®^, we have 

0= — + A<^®cos^-f Mgh 

This equation gives the relation between the constants <^, 6, and b (which 
depends on the rate of spinning of the top on its axis) m steady motion 


73 Motion of a top on a perfectly smooth plane 

We shall now consider the motion of a top which is spinning with its apex 
m contact with a smooth horizontal plane The reaction of the plane is now 
vertical, so the horizontal component of the velocity of the centre of gravity, 
6f, of the top is constant , we can therefore without loss of generality suppose 
that this component is zero, so that the point G moves vertically m a fixed 
line, which we shall take as axis of Z , two horizontal lines fixed in space and 
perpendicular to each other will be taken as axes of X and T. 

Let Occyz be the principal axes of inertia of the top at ff, and (A, A, C7) 
the moments of inertia about them, Qz being the axis of symmetry • and let 
{6, (f), yfr) be the Eulenan angles defining their position with reference to the 
axes of Z, F, Z 

The height of Q above the plane is hoosd, where h denotes the distance 
of G from the apex of the top , the part of the kinetic energy due to the 
motion of ff is therefore where M is the mass of the top, and 

80 , as in § 71, the total kinetic energy is 

r = > -I- ^ sin’ ^ i cos 

and the potential energy is 

V =3 Mgh cos 6 

* PoiBBou, Traiti de Micoini^tie (1811), n p 108* 


11—2 
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Proceeding now exactly as in § 71, we have two integrals corresponding 
to the ignorahle coordinates ^ and ^|r, namely 

(A<f) sin® ff+ C(yfr + <f>cos0) cos 0==: a, 

1 C(^+(f>CO80)=:b, 

where a and h are constants, and on performing the process of ignoration of 
coordinates we obtam for the modified kmetic potential the expression 


i {A + 81I1» g) ^ - Mgh COB e, 


so the variation of 6 is the same as m the system with one degree of freedom 
for which the kmetic energy is 

and the potential energy is 


(g — 6 cos 
2 A sm®d 


H- Jlf^Acos^ 


The connexion between 0 and t is given by the mfcegral of energy of this 
latter system, namely 

i (4 + m* sm» 5) ^ cos 0 + c, 

where c is a constant Writing cos = a?, this becomes 

A (A MhJ^ - Mh^a?) i® * - (a — bwf - 2 A Mgh (a? - a^) + 2-d.c (1 — rc®) 

The variables w and t are separated m this equation, so the solution can 
be expressed as a quadrature , but the evaluation of the integral involved 
will require m general hyperelliptic functions, or automorphic functions of 
genus two 


74 Kowalevskis top 

The problem of the motaon under gravity of a body one of whose points is 
fixed IS not in general soluble by <juadratures : and the cases considered in 
§ 69 (m which the fixed pomt, is the centre of gravity of the body, so that 
gravity does not influence the motion), and m § 71 (m which the fixed point 
and the centre of gravity he on an axis of symmetry of the body), were for 
long the only ones known to be integrable In 1888 however Mme S 
Kowalevski* shewed that the problem is also soluble when two of the 
principal moments of mertia at the fixed point are equal and double the 
third, so that .4 = 5 = 2C, and when further the centre of gravity is situated 
m the plane of the equal moments of mertia 

Let the line through the fixed pomt 0 and the centre of gravity be taken 
as the axis Oas, and let the centre of gravity be at a distance o from the fixed 


♦ Acta, Math xn. (1888), p 177 
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point , let (0, yfr) be the Eulerian angles which define the position of the 
principal axes of inertia Occyz with reference to fixed rectangular axes OXYZy 
of which the axis OZ is vertical, let coa, ©a) be the components along the 
axes Otcyz of the angular velocity of the body, and let M be its mass The 
kinetic and potential energies are given by the equations 

= C {^ + d ^ cosd)»}, 

F = — Mga sm 0 cos 

The coordinate <f} is evidently ignorable, givmg an integral 

dT 

^ = constant, 

or 2<j> sin* 0 + (-^+^ cos 0) cos 0=Bk, 

where kw a, constant and the mtegral of energy is 

T+ V= constant, 

or ^ ^ sm® ^ J ('^ + ^ cos 0y — gm 0 cos = A. 

Mme Kowalevski shewed that another algebraic integral exists, which can 
be found m the followmg way 

The kinetic potential is 

L = C^+ 0^ sin* ^ + ^(7 (-(Ir + ^ cos 0)* + Mga sm 0 cos 
and the equations of motion are 

i. 0 

dt\d§) d0^ ’ 

^ (^\ ^ — =0 

the first of these is 

2d = (<^ cos 0 sm 0 cos 0 cos , 

and on p.brmnat.mg ^ between the second and third, we obtain 
2 sm 0) = -((j,coa0-ir)^+^^coa03mf. 

Adding the first of these equations multiplied by i to the second, we have 
2 ^(^smd + i^)=i(^cosd — '^)(^sind + i^)+i.^^ cos^e^*, 
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an equation which can be wntten in the form 
^ |(<^ sm 5 sin 

— % {if) coad—'f) |(^ sin ^ sm 0e~*'<^ , 

I dU . a i\ 

or __ a^(^COsd-l/r), 

where U'—{<f)said+ %fff + sin 6e~^ 

Similarly, if 

F= («^ sin^-t^)* + ^ sin d^, 

1 dV 

we have 'vUi “ “ ^ ^ ~ 

It follows that 

\ dU IdV 
UH^V dt ~ ’ 

or UV = constant 


We have therefore the equation 

|(^ sin 6 — lOy + sm 06**^ =* constant, 


(<f> sin 0 + tdy + ^^^sin 0e~** 


or 


(6^ + <f? sin® 6y + sm® 6 + sin0 {e*(^ siaO +i^y+er**{<f>ain0—i^y} 

• = constant, 

and this IS the required third cUgebraic integral of the system 

The first integrals which have been found constitute a system of three 
diflferential equations, each of the first order, for the determination of 0, ijr, 
and they can be regarded as replacing the original differential equations of 
motion The variable (f) does not occur expUcitly in them and we can there- 
fore use one of the three equations m order to eliminate from the other two: 
we shall then have a system of two differential equations, each of the first 
order, to determine 6 and i|r It has been shewn by Mme Kowalevski that 
these equations can be solved by means of hyperelliptic functions . for this 
solution reference may be made to the memoir already referred to* 


* Ct also Kotter, Acta Hath xvn (1893), p 209, Steklofl, Goriateoheff, and Xohapligme, 

Trav Soc Imp Nat. Moicou, i (1899) and in (1904), G Dnmas, Nmcv Ann (4) iv (1904), 
p 355, Husson, Toulaute Ann (2) yja (1906), p 73, KnsBon, Acta Math xxxi (1907), p 71, 
N Kowalevski, Math. Ann lxv (1908), p 528, P Stackel, Math. Ann. wv (1908), p, 688; 
O Olsson, Arkiv for Mat w Nr 7 (1908), E Maroolongo, Eom Ace Bend (6) xvn (1908), 
p 698; F de Brun, ArMv j6t Mat vi Nr 9 (1910), P Buxgatti, Palermo Bend.xztx (1910), 
p 396, 0 Lazzarmo, Hend d Soc reale di Napoli^ (3‘) zvii. (1911), p 68 
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ExmvpU Let yi, 'y 2 » ys denote the direction-cosines of 0 ^ 7 , Oz referred to OZ^ and 
let variables y, r be defined by the equations 

+ 2o>3ft)2 ^20)10)2 + —^“^ + , 

0)2^3^ a ^ 2 <I) 1 6 ) 2 + ^ 1^0)30)1 + — ^— ^ -a>3w| 

- 2G)3ft>2 ^®3 0)1 + ( 0)i2 - J 

ea^dr — ®1 "I" — <«)3^6>2^|' 

Shew by use of Kowalevski’s integral (without using the integrals of energy oi angular 
momentum) that the equations of motion can be written in the form 

^V 

8 y’ 

where F is a function of x and i/ only, so that the problem is transformed into that of the 
motion of a particle in a plane conservative field of force (Kolosoff ) 

E LiouviUe* has stated that the only other general case in which the motion under 
gravity of a ngid body with one point fixed has a third algebraic integral is that in which 
1 ® The momental ellipsoid of the point of suspension is an ellipsoid of revolution 
2 ®, The centre of gravity of the body is in the equatoiial plane of the momental 
ellipsoid 

3 ® If ( J., - 4 , C) are the principal moments of inertia at the point of suspension, the 
ratio %CIA is an integer this integer can be arbitrarily chosen 

On this, cf the memoirs cited in the footnote on the preceding page 
Example A heavy body rotates about a fixed point 0, the pnncipal moments of 
inertia at which satisfy the relation A and the centi e of gravity of the body lies in 

the equatorial plane of the momental ellipsoid, at a distance h from 0 Shew that if the 
constant of angular momentum about the vertical through 0 vanishes, there exists an integral 
©3 (wi^ 4 " cos B — constant, 

where ©i, 6 ) 2 , ®)3 are the components of angular \elocity about the principal axes Oxt/z^ 
Ox being the line from 0 to the centre of gravity , and hence that the problem can be 
solved by quadratures, leading to hyperelliptic integrals (Tchapligine ) 

76 Impulsive motion. 

As has been observed in § 36, the solution of problems in impulsive 
motion does not depend on the integration of differential equations, and can 
generally be effected by simple algebraic methods The following examples 
illustrate various types of impulsive systems. 

Example 1 Two uniform rods AB^ BC, each of length 2«, are smoothly jointed at B 
and rest on a horizontal table 'With their dvrectwnsat light angles An impulse is applied to 
the middle point of AB, and the rods start moving as a rigid body determine the direction 
of the impulse that this may be the case, and prove that the velocities of A, C will he in the 
ratio .jn 1 (Coll Exam) 

We can without loss of generality suppose the mass of each rod to be unity Let ix, y) 
be the component velocities of B referred to fixed axes Ox, Oy paiallel to the undisturbed 

* Acta Math xx (1897), p 239 
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position BA^ BG of the rods, and let be the angular velocities of BA and BG The 
components of velocity of the middle point oi AB are (a?, and the components of 

velocity of the middle point of BG are (jc - so the kinetic energy of the system is 

given by the equation 

Let the components parallel to the axes of the impulse be /, J The components of 
the displacement of the point of apphcation of the impulse in a small displacement of the 
system are {bXy by-\-abd ) , and hence the equations of § 36 become 



dT , dT r 



\ 0= 

while the condition that the system moves as if ngid is These equations give 


i®=y=4a^=ia0-i/=iJ' 

Hence I=J, wluch^hews that the direction of the impulse makes an anglA of 46° with £A , 
and as the components of vdooity of A are (x, y+2a9), and the components of velocity of 
C are (x-2a^, 31), we have for the velocities of J, and of C the values and l/iy 

respectively, so the velocity of .4 is ^JTz x the velocity of 0 which is the required result 


Example 2 A frameworle m the form of a parallelogram is made hy smoothly jointing 
the ends of two pours of uniform, bars of lengths 2a, 26, masses m, m', and radii of gyratum 
h. If The paralldogram is momng without any lotation of its sides, and with velocity V, in 
the dll ection of one of its diagonals, it impinges on a smooth fixed watt with which the sides 
make angles 6, <j> and the direction of the velocity V a right angle, the ves tex which impinges 
being brought to rest hy the impact Shew that the impulse on the wall u 

2 V {(m+TO')"‘+{m£*+m'a*)-»aa eo8*fl+(»i5*+»n'i^-i 6*oos*^} -> 

(Coll Exam) 

Let and y be the coordinates of the centre of the parallelogram, x being measured at 
nght angles to the wall and towards it The kmetic energy is 

T= (m+ w') (x^+y®) + (mi* + «»'««) fl* + (mh* + m'lf^) 

The ir-ooordinate of the point of contact is ir+asinfl+6sin(;6, so the displacement of the 
point of contact parallel to the axis of x corresponding to an arbitrary displacement 
(fix, hy, h6, hifi) IS hx+aooa6h6+b<sos<j>&(f) The equations of motion, denoting the 
impulse by /, are therefore 


dT 

d0 

^90 



- la cos 


ca 


= - cos <^, 


( 2 {m+m') (07- F)=-i, 

2 +m' a^) 6 =; — Ja cos 

2 ^ ^ —Ih cos 
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Moreover since the final velocity of the point of contact is zero, we have 


^+acos^ 3 + bcoa<l> </>=0 
Eliminating ar, S, from these equations, we have 

Tr__ r f 1 I ^ _L ^ cos^ <j> \ 

” 12 (w+m') 2 + mV) 2 (mb ^ + J ’ 

which IS the result stated 


The next example relates to a case of mdden fiocture , if one point (or line) 
of a freely-moving ngid body is suddenly seized and compelled to move in a 
given manner, there will be an impulsive change in the motion of the body, 
which can be determmed from the condition that the angular momentum of 
the body about any line through the point seized (or about the line seized) 
IS unchanged by the seizure , this follows from the fact that the impulse of 
seizure has no moment about the point (or Ime) 

Example 3 A uniform circular due u spvnntrig with an angular velocity Q about a 
diameter when a point P on %U rim u eudderdy fixed Prove that the subsequent velocUy of 
the centre u equal to J of the velocity of the point P immediately before the impact 

(CoU Exam) 

Let m be the mass of the disc, and let a be the angle between the radius to P and the 
diameter about which the disc was originally spmmng The original velocity of P is 
nesma, where c is the radius of the disc The original angular momentum about P is 
about an axis through P parallel to the onginal axis of rotation, and of magmtude , 
and this IS unchanged by the fixing of P, so when P has been fixed, the angular momentum 
about the tangent at P is sin a But the moment of inertia of the disc about its 

tangent at P is f «kj^, and so the angular velocity about the tangent at P is JO sin a The 
velocity of the centre of the disc is therefore ^Qcsina, which is J of the original velocity 
ofP 

Example 4 A lamina in the form of a parallelogram whose mass is m has a smooth 
pivot at each of the middle points of two parallel sides It is struck at an angular point 
by a particle of mass m which adheres to it after the blow Shew that the impulsive 
reaction at one of the pivots is zero (Coll Exam ) 


Miscellaneous Examples 

1 Prove that for a disc free to turn about a horizontal axis perpendicular to its plane 
the locus on the disc of the centres of suspension for which the simple equivalent 
pendulum has a given length X consists of two circles , and that, if A and B are two 
points, one on each circle, and E is the length of the simple equivalent pendulum when 
the centre of suspension is the middle point of AB, the radius of gyration k of the disc 
about its centre of inertia is given by the equation 

I?aZ'2-.(iZ2-c2) (pa-iZ^+ca), 

where 2c is the length of AZ (Coll Exam ) 

2 A heavy rigid body can turn about a fixed horizontal axis If one point in the 

body IS given through which the horizontal axis has to pass, discu^ the problem of 
choosing the direction of the axis in the body m such a way that the simple equivalent 
pendulum shall have a given length , shewing that the axes which satisfy this condition are 
the generators of a quartio cone (Coll Exam*) 
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3 A Sphere of radius h rolls without slipping down the cycloid 

it:s=a (^+sm d), y=a(l-cosd) 

It starts from rest with its centre on the horizontal hne y = 2a Prove that the velocity V 
of its centre when at the lowest point is given by 

(2a - h) (Coll Exam ) 

4 A uniform smooth cube of edge 2a and mass M rests symmetrically on two shelves 
each of breadth h and mass m and attached to walls at a distance 2c apart Shew that, if 
one of the shelves gives way and begins to turn about the edge where it is attached to the 
wall, the initial angular acceleration of the cube will be 

Mg (c - a)2 (c - 6) (c - a) (c - 6 + a) 

where and I are respectively the moments of inertia of the cube about its centre and 
of the shelf about its edge. (Camb Math Tripos, Part I, 1899 ) 


6 A homogeneous rod of mass M and length 2a moves on a horizontal plane, one end 
being constrained to slide without friction in a fixed straight line The rod is initially 
perpendicular to the line, and is struck at the free end by a blow I parallel to the line 
Shew that after time t the perpendicular distance y of the middle point of the rod from 
the line is given by the equation 

r (Coll Exam) 

J Via 


6 Four equal uniform rods, of length 2a, are spioothly jointed so as to form a 
rhombus A BCD The joint A is fixed, whilst (7 is free to move on a smooth vertical rod 
through A Initially C coincides with A and the whole system is rotating about the 
vertical with angular velocity oi Prove that, if in the subsequent motion 2a is the least 
angle between the upper rods, 

aa)2 cos a » 3y sin^ a. 

(Camb Math Tripos, Part I, 1900 ) 

7 A disc of mass M rests on a smooth horizontal table, and a smooth circular gi*oove 
of radius a is cut m it, passing thiough the centre of gravity of the disc A particle of 
mass \M is started in the groove fiom the centre of gravity of the disc Investigate the 
motion Prove that if a<p is the arc traversed by the particle and 9 the angle turned 
round by the disc, then 

being the moment of inertia of the disc about a vertical line through its centre 
of gravity (Coll Exam ) 

8 A rigid body is moving freely under the action of gravity and rotating with angular 

velocity CO about an axis through its centre of grayity perpendicular to the plane of its 
motion Shew that the axis of instantaneous rotation describes a parabolic cylinder of 
latus rectum fj2g/<oy, whose vertex is at a distance ^/^/eo above that of the path 

of the centre of gravity of the body, where 4a is the latus rectum of the parabola 
desciibed by the centre of gravity (Coll Exam ) 

9 A particle of mass m is placed in a smooth uniform tube which can rotate in a 
vertical plane about its middle point The system starts from rest when the tube is 
horizontal If 9 is the angle the tube makes with the vertical when its angular velocity is 
a maximum and equal to 6), prove that 

4 co^ - cos 9 4- mg^ sin^ 0, 
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where Mk^ is the moment of inertia of the tube about its centre and r the distance of the 
particle from the centre of the tube (CoU Exam ) 


10 Four uniform rods, smoothly jointed at their ends, form a parallelogram which 
can move smoothly on a horizontal surface, one of the angular points being fixed 
Initially the configuration is lectangular and the framework is set m motion in such a 
manner that the angular velocity of one pair of opposite sides is that of the other pair 
being zero Shew that when the angle between the rods is a maximum oi minimum, the 
angular velocity of the system is Q (OoU Exam ) 


11 Two homogeneous rough spheres of equal radii a and of masses wi, rest on a 
smooth horizontal plane with mf at the highest point of m If the system is disturbed, 
shew that the inclination of their common normal $ to the vertical is given by the 


equation 


0 ^ 2 (7m+5m' sina (m-j-m') (1 -cos 0) (Coll Exam ) 


12 A umform rod AB is of length 2a and is attached at one end to a light inexten- 
sible stnng of length c The other end of this stnng is fixed at 0 to a point in a smooth 
horizontal plane on which the rod moves. Initially OAB is a straight Ime and the rod is 
projected without rotation with velocity V in the direction perpendicular to its length 
Proye that the cosine of the greatest subsequent angle between the rod and string is 


13 To a fixed point are smoothly jointed two uniform rods of length 2a, and upon 
them slides, by means of a smooth nng at each end, a thud rod similar in all respects 
InitilJly the three rods are in a horizontal line with the ends of the third rod at the 
middle points of the other two and, on the apphcation of an impulse, the rods begin to 
rotate with angular velocity a in a horizontal plane. Shew that the third rod will slide 

right oflf the other two unless (ColLEram) 


14 A hollow thin cyhnder of radius a and mass M is maintained at rest in a 
horizontal position on a rough plane whose molmation is o, and contains an inse^ of mass 
m at rest on the Ime of contact with the plane The cylinder is released m the i^ct 
starts off with velocity V if this relative velocity be maintained and the cylinder roU up 
hill, shew that it will come to instantaneous rest when the radius through the msec 
an angle 6 with the vertical given by 

F* <1 — cos {8 — o)}+<5ffl' (oos a— cos d)=(l +Mlm) ag(6~a) sm a. 

(ColL Exam.) 


16 A uniform smooth plane tube can turn smoothly about a fixed axis of rotation 
lying in its plane and intersecting it the moment of inertia of the tube about the axis 
i InitiaUy the tube is rotating with angular velocity O about the axis, and a ]^icle 
of mass « IS projected with velocity V within the tube from the point of 
the tube with the axis The system then moves under no external forces Prove that, 
when the particle is at a distance r from the axis, the square of its velocity relative to the 

tube IS ^ 

(Coll Exam) 

16 A uniform straight rod of mass M is laid across two smooth horizontal p^ so 
that each of its ends projects beyond the corresponding peg A second u^orm r^ of 
mi m anrSigth 2? is fastened to the first at some point between the pegs by a 
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universal joint This rod is initially held horizontal and in contact with the first rod , and 
then let go, so as to oscillate in the vertical plane through the first rod Prove that if 6 
be the angle which the second rod makes with the vertical at any instant, and x the 
distance through which the first rod has moved from rest, 

( Jf-h m)x+ml sin B = 

^ cos B (Coll Exam ) 

17 A plane body is free to rotate m its plane about a fixed pomt, and a second plane 
body IS free to slide along a smooth straight groove m the first body, its motion being in 
the same plane , shew that the relation between the relative advance x along the groove 
and the angle of rotation B (no external forces being supposed to act on the system) 
is of the form 

where P and § are respectively linear and quadratic functions of (Coll TT-xa-m ) 

18 A pendulum is formed of a straight rod and a hollow circular hob, and fitting 
inside the boh is a smooth vertical lamina in the shape of a segment of a circle, the 
distances of the centre (0) of the bob from the point of suspension (0) and from the 
centre of gravity ((?) of the lamina being I and c respectively Prove that if m are the 
masses of the pendulum and lamina, k and V their lespective radii of gyration about 
0 and O, 0 and ^ the angles which OC and 00 make with the vertical, then twice the 
work done by gravity on the system dimng its motion from rest is equal to 

(i{/*+C») 0*+2»lcf cos (d- (ColL T?.xA.m ) 

19 A particle of mass m is attached to the end of a fine string which passes round 
the cttoumferenco of a wheel of mass Jf, the other end of the string being attached to a 
point in that circumference, a length I of the string bemg stiaight imtiaUy, and the wheel 
(radius a and radius of gyration k) being free to move about a fixed vertical axis through 
its centre, the particle, which hes on a smooth horizontal plane, is projected at nght 
angles to the stnng, so that the stnng begins to wrap round the wheel , prove that, if the 
string eventuaUy unwmds fiwm the wheel, the shortest length of the straight portion is 

(Coll Exam.) 

20 A carnage is placed on an mclined plane makmg an angle a with the horizon and 
rolls straight down without any slipping between the wheels and the plane The floor of 
the carnage is parallel to the plane and a perfectly rough ball is placed fioely on it Shea 
that the acceleration of the carnage down the plane is 

14j|f+4if'+21»»^“““’ 

where Jf is the mass of the carriage excludmg the wheels, m the sum of the masses of the 
wheels, which are uniform discs, and Jf' that of the ball The friction between the wheels 
and the axes IS neglected (Coll Exam) 

21 A uniform rod of mass m, and length 2a is capable of rotating freely about its 

fixed upper extremity and is imtially mcbned at an angle of ir/6 to the vertical A second 
rod, of mass and length 2«, is smoothly attached to the lower end of the fii-st and rests 
mitiaUy at an angle of 2jr/3 with it and m a horizontal position Shew that if the centre 
of the lower tod commence to move in a direction makmg an angle w/e with the vertical, 
then3m,= 14wii! Ej^m) 
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22 A uniform circular disc is symmetrically suspended by two elastic strings of 
natural length c mclmed at an angle a to the vertical, and attached to the highest pomt of 
the disc. If one of the strmgs is cut, piove that the mitial curvature of the path of the 
centre of the disc is 

(c sm 4a - 6 sin 2a)/5 Q> - c), 

where h is the equilibrium length of each string (CoU Exam.) 

23 Two rods AC^ CB of equal length 2a are freely jointed at (7, the rod AC being 
freely moveable about a fixed point A, and the end B of the rod GB is attached to A by 
an inextensible stnng of length AajjZ The system being m equihbnum, the strmg is cut , 
shew that the radius of curvature of the imtial path of 5 at jB is 



(Camb Math Tripos, Part 1, 1897 ) 

24 A rod of length 2a is supported in a honzontal position by two heht strings which 
pass over two smooth pegs in a honzontal Ime at a distance 2a apai*t and have at their 
other extremities weights each equal to one half that of the rod One of the stnngs is cut, 
prove that the initial curvature of the path of that end of the rod to which the cut strmg 
was attached is 27/25a (ColL Exam.) 

26 A heavy plank, straight and very rough, is free to turn m a vertical plane about 
a honzontal axis from which the distance of its centre of gravity is c. A rough heavy 
sphere is placed on this plank at a distance h from the axis, on the side remote from the 
centre of gravity , the plank being held horizontal The system is now left free to move. 
Prove that the imtial radius of curvature of the path of the centre of the sphere is 
21i^d/(6 — lid), where J/b)/(m6+ J/a), m and M are the masses of the sphere and 

the plank, and 2fab is the moment of inertia of the plank about the axis. 

(ColL Exam ) 

26 A light stiff rod of length 2o carries two equal pai*ticles of mass m at distances h 
from the centre on each side of it , to each end of the rod is tied an end of an inextensible 
string of length 2a on which is a nng of mass m' Imtially the string and rod are m one 
straight Ime on a smooth honzontal table with the stnng taut and the nng at the loop , 
the nng is then projected at nght angles to the rod, shew that the relative motion will be 
oscillatory if 

> 1 + 2m/?»' (ColL Exam.) 

27 Three equid \miform rods, each of length c, are firmly joined to form an equilateral 
triangle ABC of weight IT, a unifonn bai of length 26 and weight W’ is freely jointed to 
the triangle at C This system rests in equilibnum in contact with the surface of a fixed 
smooth sphere of radius a, AB being honzontal and in contact with the sphere, and the 
bar being m the vertical plane through the centre of the triangle , the bar, and the centre of 
the triangle, are on opposite sides of the vertical line through € Prove that the mchnation 
of the plane of the triangle to the honzon is the angle whose tangent is 

[a6/i+2cX*]— [w-/!. (a2+ic*)+XV-2a6c], 
where X^^a^ ric*-i6c, /i*=12a2-c2, and n^WjW^ 

(Camb Math Tnpos, Part I, 1896 ) 

28 A body, under the action of no forces, moves so that the resolved part of its angular 
velocity about one of the principal axes at the centre of gravity is constant , shew that the 
angular velocity of the body must be constant, and find its resolved parts about the other 
two principal axes when the moments of inertia about these axes are equal 

(Coll Exam) 
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29 Shew that a herpolhode cannot have a point of inflexion (Hess ) 

(A simple proof of this result is given by Lecomu, Bull de la Soc McitK de 

XXXIV (1906), p 40) 

30 In the motion under no forces of a body one of whose points is fixed, shew that the 

motion of every quadric homocyclic with the momental ellipsoid relative to the fixed point, 
and rigidly connected with the body, is the same as if it were made to roll without shding 
on a fixed quadric of revolution, which has its centre at the fixed point, and whoso axis is 
the mvanable line (Gebbia ) 

31 In the motion of a body under no forces round a fixed point, shew that the three 

diameters of the momental elhpsoid at the fixed point and the diameter of the ellipsoid 
reciprocal to the momental ellipsoid, determined respectively by the intersection of the 
mvanable plane with the three principal planes and with the plane perpendicular to the 
mstantaneous axis, descnbe areas proportional to the times, so that the accelerations of 
their extremities are directed to the centre (Siacoi ) 

32 When a body moveable about a fixed point is acted on by forces whose moment 
round the instantaneous axis is always zero, shew that the velocity of rotation is 
proportional to that radius vector of the momental ellipsoid which is in the direction 
of this axis 

Shew that this theorem is still true if the body is moveable about a fixed point and 
also constrained to slide on a fixed surface (Flye St Mane ) 

33 A plane lamina is initially moving with equal angular velocities Q about the 
pnncipal axes of greatest and least moment of inertia at its centre of mass, and has 
no angular velocity about the third pnncipal axis , express the angular velocities about 
these axes as elliptic functions of the time, supposing no forces to act on the lamina 

If ^ be the angle between the plane of the lamina and any fixed plane, shew that 

Jf+2a {o‘-(D]^dn(W)- cotd 

(Camb MatL Tnpos, Part I, 1896 ) 

34 A rigid body is kinetically symmetncal about an axis which passes through a fixed 

point above its centre of gravity and is set in motion in any manner , shew that in the 
subsequent motion, except in one case, the centre of gravity can never bo vertically over 
the fixed point , and find the greatest height it attains (Coll Exam ) 

35 In the motion of the top on the rough plane, shew that there exists an auxiliary 
set of axes \vhose motion with respect to the fixed axes OXYZmdi, also with respect 
to the moving axes Oxyz is a Poinsot motion , the mvanable planes being the honzontal 
plane in the former case, and the plane perpendicular to the axis of the body in the second 

(Jacobi ) 

36 A uniform solid of revolution moves about a point, so that its motion may be 
represented by the uniform rolling of a cone of semi-vertical angle a fixed in the body upon 
an equal cone fixed in space, the axis of the former being the axis of revolution. Shew that 
the couple necessary to maintain the motion is of magnitude 

tan o {(7+(C7- A) cos 2a}, ' 

where H is the resultant angular velocity and A and C the pnncipal moments of inertia at 
the point, and that the couple lies in the plane of the axes of the cones (Coll Exam ) 
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37 A vertical plajie is made to rotate with unitorm angular velocity about a vertical 
axis in itself, and a perfectly rough cone of revolution has its vertex fixed at a point of 
that axis Shew that, if the line of contact make an angle B with the vertical, and ^ and y 
be the extreme values of and a be the semi-vertical angle of the cone, 

W h (cos B - cos (cos y - cos 

\dt) ” ^^OOSa C0S^-hC08y ’ 

where A is the distance of the centre of gravity of the cone from its vertex, and h its radius 
of gyration about a generator (Camb Math Tnpos, Part I, 1896 ) 


38 A body can rotate freely about a fixed vertical axis for which its moment of 
inertia is 1 the body carries a second body in the form of a disc which can rotate about 
a horizontal axis, fixed in the first body and intersecting the vertical axis In the position 
of equihbrium the moments and product of inertia of the disc with regard to the vertical 
and horizontal axes respectively are A^B^F Prove that if the system start from rest 
with the plane of the disc inclined at an angle a to the vertical, the first body will oscillate 
through an angle 


2F 




arctan-j- 


8in a 




(Coll Exam ) 


39 A gyrostat consists of a heavy symmetncal flywheel freely mounted in a heavy 
sphencal case and is suspended from a fixed point by a stnng of length I fixed to a point 
in the case The centres of gravity of the flywheel and case are coincident Shew that, 
if the whole revolve in steady motion lound the vertical with angular velocity li, the stnng 
and the axis of the gyrostat inclined at angles a, ^ to the vertical, then 

(I sm a+a sin ^-f-5 cos 0 ) tan a, 

and smfi- A sin ^ cos 3 « Mg sec a {a sin O - a) + 6 cos O - a)}, 

where M is the mass of the gyrostat, a and b the coordinates of the point of attachment 
of the string with reference to axes coinciding with, and at right angles to, the axis of the 
flywheel, I the angular momentum of the flywheel about its axis and A the moment of 
inertia about a line perpendicular to its axis (Camb Math Tripos, Part I, 1900 ) 


40 A system consisting of any number of equal uniform rods loosely jointed and 
initially in the same straight line is struck at any point by a blow perpendiculai to the rods 
Shew that if u,v,whe the initial velocities of f he middle points of any three consecutive 
rods, w+ 4 u+ 2«>=0 (Coll Exam) 


41 Any number of uniform rods of masses A, C, y Z are smoothly jointed to 
each other in succession and laid in a straight line on a smooth table If the end Z be 
free and the end A moved with velocity F in a direction perpendicular to the line of the 
rods, then the initial velocities of the joints {AB)y (BO), and the end Z are a, A, * , z, 
where 

0«A(F+2a)+jB(2a+6), 0=5(a+26) + C^(2AH-c}, , F (dr+2y)+-^(2y*f «), 

and (Coll Exam) 

42 Six equal uniform rods form a regular hexagon loosely jointed at the angular 
points a blow is given at right angles to one of them at its middle point, shew that the 
opposite rod begins to move with ^ of the velocity of the rod struck. 

(Camb, Math Tnpos, 1882) 
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43 A body at rest, with one point 0 fixed, is struck shew that the initial axis of 
rotation of the body is the diametral line, with respect to the momenta! elhpsoid at 0, of 
the plane of the impulsne couple acting on the body 

44 The positive octant of the ellipsoid the origin fixed 

Shew that if an impulsive couple in the plane 

a 2 \b^ aj c 

act upon the octant, it will begin to revolve about the axis of z (Coll Exam ) 

45 An ellipsoid is rotating about its centre with angular velocity (©i, a>2, 0)3) referred 

to its principal axes , the centre is free and a point (^, y, z) on the surface is suddenly 
brought to rest Find the impulsive reaction at that point (Coll Exam.) 

46 Two equal rods AB, BC inclined at an angle a are smoothly jointed a.t B ^ A is 
made to move parallel to the external bisector of the angle ABC prove that the initial 
angular velocities of AB^ BC are in the ratio 

3 ^1+2 sin* ij l-18sm*| (Coll Exam) 


47 A uniform cone is rotating with angular velocity about a generator when suddenly 
this generator is loosed and the diameter of the base which intersects the generator is fixed 
Piove that the new angular velocity is 

(o sin 0, 

where h is the altitude, o the semi-verticai angle, and k the radius of gyration about a 
diametei of the base. (CoU Exam ) 

48 A rough disc can turn about an axis perpendicular to its plane, and a rough 
circular cone rests on the disc with its vertex just at the axis If the disc be meide 
to turn with angular velocity i2, shew that the cone takes an amount of kinetic energy 
equal to 

io2/{cos2a/A+sin2o/C7} (Coll Exam) 


49 One end of an inelastic string is attached to a fixed point and the other to a point 
in the surface of a body of mass M The body is allowed to fall freely under gravity 
without rotation. Shew that just after the string becomes tight the loss of kinetic energy 
due to the impact is 




where V is the resolved velocity of the body in the direction of the string just before 
impact, the string only touching the body at the point of attachment, (Z, n, X, /i, v) are 
the coordinates of the stnng at the instant it becomes tight, and A, By C are the principal 
mommits of inertia of the body with respect to its principal axes at its centie of inertia 

(Coll Exam ) 
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THEORY or VIBRATIONS 


76 Vihrations about equihbnum 

In Dynanucs we frequently have to deal with systems for which there 
exists an equiltbnum-conjigurat%on, i e a configuration in which the system 
can remain permanently at rest thus m the case of the sphencal pendulum, 
the configurations in which the bob is vertically over or vertically under the 
pomt of support are of this character If (qu q^, , q„) are the coordinates 

of a system and Z its kinetic potential, and if (oj, Oj, , a,,) are the values of 
the coordinates in an equihbnum-configuration, the equations of motion 


dt \dqj ^ dqr 


(r=l, 2, ,«) 


must be satisfied by the set of values 


?i = 0,32 = 0, , Jn = 0, 51 = 0, g* = 0, qn = % — qi = cti, = 

The values of the coordinates in the vanous possible equilibrium-con- 
figurations of a system are therefore obtained by solving for j,, q^, , </„ the 

equations 

^^ = 0 (? = 1,2, ,n), 

in which 5 ,, q^, , q„ are to be replaced by zero 

In many cases, if the system is initially placed near an equilibrium-con- 
figuration, Its particles havmg very small initial velocities, the divergence 
from the equihbriuta-configuration will never become very marked, the 
particles always remaining m the vicinity of their original positions and 
never acquinng large velocities We shall now study motions of this type*, 
they are called mbrations about an equtlibnum-configui cvbion-\ 


* More strictly speaking, we study m this chapter the limiting form to which this type of 
motion approximates when the initial divergence from a state of rest m the eguilibiium-configu- 
lation tends to zero , the study of the motions which differ by a finite, though not large, amount 
fiom a state of rest in the eqmlibrium-configuration is given later in Chapter XVI the discussion 
of the present chapter may be regarded as a first approximation to that of Chapter XVI 

+ The theory of vibrations has developed from Galileo’s study of the small oscillations of a 
pendulum In the first half of the eighteenth century the vibrations of a stretched cord weie 
investigated by Brook Taylor, D’Alembert, Euler, and Daniel Bernoulli, the last-named of whom 
in 17dd enunciated the principle of the resolution of all compound types of vibration into inde- 
pendent simple modes The general theory of the vibrations of a dynamical system with a finite 
number of degrees of freedom was given by Lagrange m 1762-5 {Oeuvres, x p 620) 
w D 
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In the present work we are of course concerned only with the vibrations of systems 
which have a finite number of degrees of freedom , the study of the vibrations of systems 
which have an infinite number of degrees of freedom, which is here excluded, will be found 
in treatises on the Analytical Theory of Sound 


We shall suppose that the system is defined by its kinetic energy T and 
its potential energy F, and that the position of the system is specified by the 
coordinates q^, , 5^n) independently of the time, so that T does not 

involve t explicitly we shall also suppose that no coordinates have been 
Ignored , the kinetic energy 3 ' is therefore a homogeneous quadratic function 
of 9i, g2» •• > 9n, with coeiSicients mvolvmg 3i, 921 , ?n ibl any way. There 

IS evidently no loss of generality in assummg that the equilibnum-con- 
figuration corresponds to zero values of the coordmates qi, qi, 

j 9n, 92* > 9n ar© very small throughout the motion considered 

The coefficients of the squares and products of $1, ^2, , qn in T are 

functions of 51, qz, , qn as however all the coordinates and velocities are 
small, we can m approximating ijo the motion retain only the terms of lowest 
order in T, and so can replace all these coefficients by the constant values 
which they assume when qu 921 • > 9n are replaced by zero. The kinetic 
energy is therefore for our purposes a homogeneous quadratic function of 
9i> 92> > 9ti with constant coefficients 


Moreover, if we expand the function F by Taylor’s theorem m ascending 
powers of ji, {2, gn the term independent of gi, ga, . , q^, can be omitted, 
since it exercises no influence on the equations of motion , and there are no 


0F 

terms linear m gi, g,, , g^, smce if such terms existed the quantities ^ 

would not be zero in the equilibrium position, as they must be The terms 
of lowest order m F are th^fore the terms quadratic in gi, ga, .. > g« 
Neglecting the higher terms of the expansion in comparison with these, 
we have therefore F expressed as a homogeneous quadratic form in the 
variables gi, ga, , gn with constant coefficients 


Thus the problem of mhratory motions about a conjigui ation of eqmlibrvum 
depends on the solution of Lagrangian equations of motion in which the kinetic 
and potential energies are homogeneous quadratic forms in the velocities and 
coordinates respectively, with constant coefficients 


77. Normal coOi dinates 

In order to solve the equaticms of motion of a vibrating system, we write 
the expressions for the kmetic and potential energies in the form 

(^i 9 i* ■*" + .. + Clnnqn + SOi^giga + 2 ®«gig» + -f 20^-1, ngn-ignX 
F = i ( 6 u 9 i* "h ^2292* + . + &«n 9 »* “b 26 i 29 i 92 +* 26 i 39 i 9 » + • + ^^nr~i,nqn-~iqn) I 
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of these T is (§ 26 ) a positive definite form , and the determinant formed 
of the quantities a„ is not zero (since if this condition is not satisfied, 
T will depend on less than w independent velocities) The equations of 
motion are 


dt \ 3 gr/ Sffr 


(^ = 1.2, ,n). 


if a change of variables is made, such that the new variables (g/, g,', . , g„') 
are hnear functions of (g,, g,, , g„), the new equations of motion will be 


dt \ 9 g// 9 g/ 


(r = 1, 2, . , n), 


and these equations are clearly linear combinations of the original equations 

Suppose then* that the original equations of motion are multiplied 
respectively by undetermined constants m,, mj, , and added together 
The resulting equation will be of the form 


d^Q 

dt^ 


+ \Q = 0 , 


where Q = Aigi + ^agj+ +Ang„, 

provided the constants OTj, Tn^, . , hi, h,, , hn,h, satisfy the equations 

biiftii + = X (ouWh + 0,3 + + OmTOn) = AAi, 

bami + 6sj«Ja + + &!!«»»„= X (Onmi + OsiWlj + + OanWn) = XA*, 


bnimi + bm'»h+ •• + hnn»Jw — >'(ani»rax + <J^«»a+ . + a»»»ln) = 

These equations can coexist only if X is a root of the determinantal equation 

ttiiX 611, ®uX — hia, , OinX — bln 
OaX “621, fltaaX — 6221 • > ®2n^ — ^2» 

a,aX — hm, • • a,in^ bnn 

Moreover, if Xi is any root of this equation, we can determine from the 
preceding equations a possible set of ratios lor mi, twj, m», hi,h),, ,hn, 
these ratios may, in certain cases, be partly mdeterminate, but in all cases at 
least one function Q can be obtained in this way, satisfying the equation 



g+x,«-o 


Now let a hnear change of variables be efifected so that the quantity Q 
so determined is one of the new variables there will be no ambiguity m 


* This method of proof is due to Jordan , Comptei Bendit$f ixxsy ( 1872 ) p * 1396 

12—2 
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denoting the new variahles by qa, 2«) we shall take qi to be identical 
with Q, so that the above equations are satisfied by the values Aj = 1, As = 0, 

, An = 0 Since the form T id a positive definite form, the coeflScients 
^28. <*33. . <*«» squares of 52, q», g» will not be zero so instead 

of 32, 38, . , 3n we can again take new variables 3/, qi, . , qn, where 

31 = 3/. 32 = 32^ + ^31^ 33 = 33^ + 2^3/' > 
and A„ is the co-fector of a™ m the discriminant of T It is found without 
difficulty that by this change of variables the terms in 313,, 3,33, . , 3 i 3 n 
removed from T 8o we can assume that ct^i (hi* > zero 

Now introducmg the conditions Ai==l, Ag— 0 , ^8 = 0 , i = (I21 — O, 

^ ani = 0 in the equations which determine rrii, m^y , Jh, h^, * t hn>\ 

we obtain the values 

mi = l/aii, m3 = 0, ^8 = 0, ,mn = 0 y 

hii — 621 “ ^81 — Oj * y hfii — 0i 

It follows that the equation 

dt XdqJ Sji 

d(dT\^_dV 
dt \dqr) 

, , d /dT'\ 07 ' 

have the form ^ 

where T* = T- JanjiS V* = F— 

so that T' and F' do not involve 51 and 

This last system of equations may be regarded as the system of equations 
corresponding to a vibrational problem with (ri-1) degrees of freedom 
Treating them in the same manner, we can isolate another coordinate 
such that if 

(where and 022 certain constants), then T" and F" do not involve q^ or 
ga, and the coordinates q^y 94, , qn are determined by the equations of 

a vibrational problem with {n - 2) degrees of freedom, in which the kinetic 
and potential energies are respectively T" and F" 

Proceedmg in this way, we shall finally have the variables chosen so that 
the kinetic and potential energies of the original system can be written in 
terms of the new variables in the form 

T = ^ ®22?2* "b • + ®nn9n^)i 

(^u3i* + ^aa32® + + ^nnqn)f 

where an, Oaa, , Onn* ^aa, j finn are constants 


has the form 


while the equations 


(r = 2 , 3 , .. , n) 
(r = 2, 3 , n), 
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If finally wo take as vanables the quantities Vauq-,, . , •Joinn<ln< 

instead of y,, 9** •••• the kinetic and potential energies take the form 

where /x* stands for ^kk/^a 

In this reduction it is immaterial whether the dotermmantal equation has 
its roots all distinct or has groups of repeated roots The final result can be 
expressed by the statement that if the kitietie atid potential energies of a 
vibrating si/atem are given in the form 

T'-4(a„Vi* + rt«9t*+'...+a»„</„'' + 2oi,g,^»+. . 

(6„9,* + b^qt* + ...+• + Si,,?,?, + ... + 26a_,,„qr^,g'»), 

tY M always possible to find a linear transformation of the coordinates such 
that the kinetic and partial energies, when expressed in terms of the new 
coordincdes, have the form 

^ + 9»' + ••■ + 9n’). 

+ + Mn), 

where the quantities f*t, pt, pn constants. These new coordinates are 
called the normal coot'dinates or principal coordinates of the vibrating system. 

Now it is a well-known algebraical theorem that the roots of the dotormi 
nantal equation 

OiiX. ..., — ■■0 

ei||X— 6 b, •••• 


I 

are the values of \ for which the expression 

(OjjX ■— + — 6b)5j* + <.. + (On»^ ~ 2 (OjfX — 6|*)5i9»+ .. 

+ 2 (0(1-1,11^ — 6n_i,n) 9(1-1 9« 

can be made to depend on leas than n independent variables (which will be 

linear fii notions of qt,qt 9n). Since this is a property which persists 

through any linear change of vsiriabiea, we see that the determinantal equation 
18 invariarUive, i.e. if qf, q^, are any n independent linear functions of 

9i. 9i. 9». und if Tand V when oxprwwed in terms of qf, qt, 9« take 

the form 


T'" i + « . ■ + Salt'll' 

V’"iibiiqf*+bd!q»*+ ... + Zbitqt'qt + .••)* 
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then the roots of the new determinantal equation — 6r/|i = 0 are the 

same as the roots of the onginal determinantal equation — 6r«li =0 

But when the kinetic and potential energies have been brought by the 
introduction of normal coordmates to the form 

V ^ \ 4 - + • - 4 " 

the determinantal equation is 

X. — /xj 0 0 0 0 =0, 

0 0 0 0 

0 0 X — /Ltg 0 0 

0 0 0 0 X — fJLn, 

so Its roots are ,/in* It follows that the constants yfin, which 

OCCU 7 as the coefficients of the squaies of the normal coordinates in the potential 
eneigy, are the n roots {distinct or repeated) of the determinantal equation 
It ar»X — II = 0, where On, ai2, , 6n, 602, are the coefficients in the original 
expressions for the kinetic and potential energies 

It will be seen that the problem of reducing the kinetic and potential energies to their 
e\pressioiis in terms of normal coordmates is essentially the problem of simultaneously 
reducing each of two given homogeneous quadratic expressions in n vanables to a sum of 
square? of n new vanables the fact that ^ is a function of the velocities while K is a 
function of the coordinates does not affect the question, since the formulae of transforma- 
tion for the veloeities ji, ^21 <» the same as the formulae of transformation for the 

coordmates ^1, 3^2, ^ 

It might be supposed from the foregoing that it is always possible to transform 
simultaneou^^lv each of two gi\en homogeneous quadratic expressions in n variables to a 
sum of squares of new variables, but this is not the case, for example, it is not possible 
to transform the two quadratic expressions 

t.. the forms and afi+day+c^ 

52 + 1^24.^ and af* + /3i;2+yf2, 
where 1;, f are linear functmns of x, y, z 

The conditions which must be satisfied m order that tw<i given quadratic expressions 
- 2 ^ 1 “ 4 - 022^:22 4 - . + 2 ai 2 ^ia 72 -h , 

611 + 6224^2* 4 - . 4 - 26 i 247 i 472 + . , 

may be sirnulUneouslv leducible to the form 

011^1^4-0221224-. 

ftl«l"+/ 322 f 2 ' 4 - 
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are, in fact, that the elementary dmsors {Elementa/rtheiler) of the determinant {| t- || 
shall be linear* If however one of the two given fonoR is a dejiyiite form (as we siaw was 
the case with the kinetic energy m the dynamical problem), the elementary divisors are 
always linear, and the simultaneous reduction to sums of squares is therefore possible , 
this explains the circumstance that the reduction can always be effected in the dynamical 
problem of vibrations 

The universal possibihty of the reduction to normal coordinates for dynamical systems 
was established by Weierstrass m 1858 1 , previous writei*s (following Lagrange) had 
supposed that in cases where the determinantal equation had repeated roots a set of 
normal coordinates would hot exist, and that terms involving the time otherwise than in 
trigonometric and exponential functions would occur in the final solution of the equations 
of motion 

78 Sylvester's theorem on the reality of the roots of the determinantal 
equation. 

We have seen in the preceding article that by introducing new variables 
which are linear functions of the original variables, it is always possible to 
reduce the kinetic and potential energies of a vibrating system to the form 

7 « J -f + Kqn) 

The question anses as to whether this transformation is real, i e whether 
the coeflScients mj, w,, mn, hi, h^ which occur in the trans- 

formation are real or complex Since these coefficients are given by linear 
equations whose coefficients, with the possible exception of the roots Xx, ,\n 
of the determinantal equation, are certainly real, the question reduces to an 
investigation of the reality or otherwise of the roots of the equation 

tXiiX. — Jj! — bin ® 0 t 

OnX-bn ilnh—bga OawX — 


Ofiih bni ttfiiX bn2 • • • • bnn | 

it being known that the quantities Ort and are all real, and that 

au3x* + aai5a*+ ••4*a,»»9«*+’2aaqig,-f 

IS a positive definite form. 

Let A denote j: the determmant ||ar«\ — &rr||* wd let Ai denote the 
determinant obtained from it by stnking out the first row and first column , 
let A 2 denote the determmant obtained from A by stnking out the first two 

* Of Mutb’v treatise on Etimentartheiler (Leipzig, 1899); or B6cheT*s Introductxm to Higher 
Algebra (New York, 1907) 

t Of Weierstrass* Colleeied Worhi, Yol i p 233 

X The following proof is due to Nanson^ Ifett of Math xxvz. (1896),. p 59. 
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rows and first two columns, and so on 
minant, say 


D = 


®12 


Then in any symmetrical deter- 
I , where ot^s = 


Otoi ^22 


^2n 


it IS known that 


®n2 | 

Sail 3aj52 VaotiaJ ^ da^idcCi^' 


and hence if ^ vamshes the quantities D and must have opposite 

signs , thus we have the result that in the series of quantities 

A, Ai, Aa, . A^ (where'An = l), 


if any one member of the senes vanishes for a given value of X, the two 
adjacent members must have opposite signs for that value of \ 

Let Ar denote the determinant formed from _Ay by replacing X by unity 
and each of the quantities by zero, so that A^ is the coefficient of the 
highest power of X in A^ Smce 

CLii 2i "t* (ha ^2 + + CLnn^n + wffn-i jfw 

IS a positive definite form, A,, is positive for all values of r from 0 to w 
Thus the coefficients of the highest powers of X m the functions A, Ai, . , An 
are all of the same sign, and therefore as X increases from — oo to -f- oo , 
these functions lose n changes of sign 

Now smce An is not zero and Ay_i, Ar+i have opposite signs when A^ 
vamshes, it follows that the functions A, Ai, Ag, ,, An cannot lose or gam a 
change of sign except when X passes through a root of A But as X passes 
from — 00 to -1- 00 , the functions lose n changes of sign , and hence the 
n roots of the determtnard A are all real The transformation to normal 
coordinates is therefore always a real transformation* 

Moreover, since a change of sign is lost in the pair A, Aj, every time that X 
passes through a root of A, it is evident that Aj must change sign when X 
increases from one root of A to the consecutive root, and hence that the 
n roots of A are separated by the (n- 1) roots of Aj similarly the roots of 
each of the functions A^ are separated by the roots of the function A^+i 
Now A^ has no roots and if A,i_i has the same sign atX=:0 as at X=-c!)0, 
the root of the function A„_i will not be negative If moreover An -2 has 
the same sign at X = 0 as at X = — oo, neither of the roots of An -2 will be 
negative for if this condition is satisfied, An -2 must have either two 
negative roots or no negative roots, and there cannot be two negative 
roots smce there is no negative root of An_i to separate them Similarly in 

♦ Sylvester, Phil Mag (4) iv (1852), p 138 Voll Papers, i p 378 
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general the condition that none ol the functions in the senes A, Aj, Aa, , An 
shall have a negative root is that each of the functions must have the 

same sign at X = 0 as at \ oo . Hence the condition to be satisfied 

in order that all the roots of A may be positive is that each quantity A> 
shall have at X = 0 the same sign as (— i e that each of the 

determinants 

^11 ^12 ^171 j 9 ^>33 ^23 j ^33 ^84 ^871 J 

621 ^^22 I •» ^sn 643 644 

^n2 * ^7171 ^712 • ^7171 ^713 ^nn 

shall be positive But these are the well-known conditions that the quadratic 
form 

^11 + 622 ?2® + + 67171 + 2612 fa 4* -f- 26n_i^ n?n-i ?n 

shall be a positive definite form Hence finally the condition that the deter- 
ifnvnantal equation || a,*^X 6r3 1| = 0 shall have all its roots positive is that 

the quadratic form 

+ b^q^ -h 4- bnnqr? 4" 25i2 J 2 + • 4- 26n— 1, nqn—1 qn 

shall be a positive definite form^ i e, that the potential energy in the vibratory 
motion shall he essentially positive 

79 Solution of the differential equations; the periods, stability 
In order to express the configuration of any vibratmg system m terms of 
the time, we first determine the normal coordinates of the system, and 
express the kinetic and potential energies in terms of them, so that these 
take the form 

r “ i (2i* + ?2® 4- . . + 5n®)» 

J (Xi^i® 4- h^q^ 4- 4“ \iqn)f 

where {qi, ja* are the normal coordinates, and (Xi,X„ . ,Xn) are the 

roots of the determinantal equation || arjiX — 6r«|| =9, these quantities 
(Xi, Xa, - \n) have been shewn in the last article to be all real 

The Lagrangian equation of motion for any coordinate qr, namely 

dt [dqrJ dqr dqr * 

IS therefore 

qr 4- \rqr =* 0. 

The solution of this equation is 

( qr^ ArOOS{^\t'{' Br) , if Xr IS pOSltlVG, 

qr — Aft‘\-Br , if X,. IS zero, 

gy=s-dr6'^”^*'^4- if X^ IS negative, 
where in each case Ar and Br denote constants of integration. 
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It appears from these equations that if all the normal coordinates and 
velocities except one, say g,., are initially zero, and if the constant corre- 
sponding to the non-zero coordinate is positive, then the coordinates 
(?i > > ?r-.i , ?r+i > , 3n) be permanently zero, and the system will perform 

vibrations in which the coordinate g^ is alone affected Moreover the configuration 
of the system will repeat itself after an interval of time 27r/VAy This is usually 
expressed by saying that each of the normal coordinates corresponds to an 
independent mode of vibration of the system, provided the corresponding 
constant V ^ positive, and the period of this vibration is 27r/\^Xr 

Moreover, if the system be referred to any other set of coordinates which 
are not normal coordmates, these coordmates are linear functions of the 
normal coordinates, and the normal coordinates perform their vibrations 
quite independently of each other , thus every conceivable vibration of the 
system may be regarded as the superposition of n independent normal 
vibrations This is generally known as Daniel Bemoullis principle of the 
superposition of vibrations* 

If the quantities (Xi, . .,Xn) are not all positive, it appears from the 
above solution that those normal coordmates g,. which correspond to the 
non-positive roots X^ will not oscillate about a zero value when the system is 
shghtly disturbed from a state of rest in its equihbnum position, but will 
increase so as to invalidate the assumption made at the outset of the work, 
namely that the higher powers of the coordinates can be neglected In 
this case therefore, there will not be a vibration at all, and the eqtiikbnum 
configuration is said to be unstable If however the initial disturbance is 
such that these normal coordinates which correspond to non-positive roots 
\r are not affected, the i^stem will perform vibrations in whicb the rest 
of the normal coordmates oscillate about zero values 

The normal modes of vibration, which correspond to those normal 
coordinates for which the corresponding root Xr is positive, are said to 
be stable If the constants X^ are all positive, the eqmlibnum-configaration 
as a whole is said to be stable The condition for stability of the equi- 
libnum-configuration is therefore, by the theorem of the last article, that 
the potential energy of the vibrating system shall be a positive definite farm. 

This result might have been expected from a consideration of the integral of energy ; 
for this mtcgral is 

where T and V are the quadratic forms which represent the kinetic and potential energies, 
and where A is a constant This constant A will be small if the initial divergence from the 
equihbnum state is onall. But 7 is a positive definite form , and if K is also a positive 
definite form, we must have T and 7 each less than A, so T and V will remain small 
throughout the motion the motion vnll therefore never differ greatly from the equilibnum- 
configuration, i.e. it will be stable 

* KUtoxre de rjeadSmte de Berhn, ann4e 1768, p* 147 
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80 Examples of vibrations about equilibrium 

We shall now discuss a number of illustrative cases of vibration about 
equilibnum 

(i) To find the vibration^penod of a cylinder of any cross-aectwn which can roll on the 
outnde of a perfectly rough fixed cylinder 

Let e be the arc described on the fixed cylinder by the point of contact, s being 
nmisured from the equilibrium position, let p and p' the radii of curvature ot the 
croHs-sections of the fixed and moving cylinders respectively at the points which are m 
contact in the equilibrium position , p and p' being &upiK)sed positive when the cylinders 
are convex to each othei let M be the mass of the moving cylinder, its moment ot 
inertia about its centre of gravity, and c the distance of the centre of gravity from the 
initial position of the point of contatet in the moving cyhndei 

If a denotes the initial angle between the common normal to the cylinders and the 
vertical, then a+«/p is the angle between the common normal at time t and the vertical, 
cf+a/p+a/p' IS the angle made with the vertical by^ the line joining the centre of cm vature 
of the moving cylinder with the original point of contact in the moving cylinder, and 
«/p+«/p' IS the angle made with the vertical by the line joining the last-named point t<j 
the centre of gravity of the moving cylmdei The angular volooit} of the moving cylinder 
IS therefore 



so its kinetic energy is 
The potential energy is 

height of the centre of gravity of the moving cylinder above some fixed position 
= ■|(p + p') 008 + -p' COB (a+^-+j^+c cos (^ + ^)} ■ 

Neglecting and constant terms, this gives 

|e^C08a-C 8* 

The Lagrangian equation of motion, 

d rdT\ dT dV 



gives if c*) Q + ^-rMg cos o— c 

and the vibrations are therefore given by the equation 

«»ilcos(X^-h«), 

where A and « are constants of integration to be determined by the initial conditions, and 
X 18 given by the equation 

The vibration-period is 2»r/X 

(ii) To find the periods of the normal modes of vibration about an eguilibriim-configura- 
tion of a particle moving on a fixed smooth eiirface under gravity 

The tangent-plane to the surface at the jKunt occupied by the particle in the 
equilibnuxn-configuration is evidently horizontal take as axes of x and y the tangents to 
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the lines of ciir\ature of the surface at this point, and as axis of ^ a line drawn vertically 
upwards so that the equation to the surface is appioximately 

2pi 2p3 ’ 

where pi and p 2 denote the principal radii of curvature, measured positively upwards 
The kinetic enei^y and potential energy are approximately 

(where m is the mass), 

and V=mgz 



It IS evident from these expressions that ^ and y are the normal coordinates the 
equations of motion are 

^^-^a7s=0 and y+— y=0, 

Pi pi 

and the periods of the normal modes of vibration are therefore 

2ir and 27r 

(ill) To find the normal modes of vihratum of a rigid body^ one of whose •points is flawed, 
and which is vibrating about a position of stable eguilibnwm under the action of any system 
of conservative forces 

Take as fixed axes of reference OXYZ the equilibrium positions of the principal axes of 
inertia of the body at the fixed point , the moving axes will he taken as usual to be these 
principal axes of inertia We shall suppose the position of the body at any instant 
defined by the symmetrical parameters (J, f, x) ^ regard f, f as the 

independent coordinates of the system, x being defined in terms of them by the equation 

The components of angular velocity of the body about the moving axes ate (§16) 

r"i=2(xf+fi?-7f“fx)» 
jo)2=2 (- ff-f x^ +ff-»7x)» 

^ * 2 (»^f - f + Xf - f x) 

On account of the smallness of the vibration, we regard f , ??, f as small quantities of 
the first order , x therefore differs from unity by a small quantity of the second order, and 
so we have, correctly to the first order of small quantities, 

®l = 2f, a>2 = 2)7, a>3~2^, 

and the kinetic energy of the body, which is given by the equation 

23^«= + ^^2^ "b 

where -4, i5, 0 are the principal moments of inertia at the point of suspension, can be 
written 

r=:2(4lf2+5»,*+(7f2) 

The potential energy is some function of the position of the body, and therefore of the 
parameters (f, rj, () , let it be denoted by F(f, rj, f) 


I 



80] 


189 


Theory of Vihratiom 

Sinoe zero values of (^, rj, f) correspond to the equilibrium position, there will be 
no terms linear in (g, rj, {) when V is expanded in ascending powers of (f , rj, f) the lowest 
terms are therefore of the second order., neglecting terms of higher order, we can therefore 
wiite 

4- cf2+ 

where a, 6, c, /, g, h are constants 

The problem of determining the normal coordinates is therefore the same as that 
of reducing the two quadratic expressions 

to the form 

where (jv, z) are hnear functions of (J, Vi C) 

Now the equation, referred to the fixed axes, of the momenta! elhpsoid in its eqm- 
libnum position is 

consider in connexion with this the quadric whose equation is 
aZ2 4- 6 ja + + 2/ ra'H- + 2 AX r* 1 , 

which we shall call the “ elhpsoid of equal potential energy ” , and determine the common 
set of conjugate diameters of these quadncs Let (Jf", Y', Z') be the coordinates, referred 
to these coi\|Ugate diameters, of a point whose coordinates referred to the fixed axes 
ai*e (Jf, Yy Z)y and let the equations connecting (X', Y\ Z') and (X, Y, Z) be 

iX^lxX^^m^r^niZ\ 

\Y^hX'-¥m^T^n^Z\ 

\Z^hX'^nHT+n^Z' 

By this transformation the equations of the quadncs are reduced to the form 

taiX'2+ 6iF2+c,X'2 =;=!, 

and therefore the transformation which gives the normal coordinates in the dynamical 
problem is 

It follows that in a normal mode of vibration, say that in which x alone vanes, the 
quantities (f , f) will be permanently in the ratio 

^ 1 ) ^2 ^3 

But from the definitions of § 9 it is evident that f , i;, C are> to the first order of small 
quantities, proportional to the direction-cosines of the line about which the rotation 
of the rigid body takes place, and consequently the normal mode of vibration of the 
ngid body consists of a small oscillation about a line whose equation is 

X Y Z^h h hi 

1 e about the line 

r-0, 

which is one of the common conjugate diameters of the two quadncs 
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Hence finally we have the result that the normal mirations of the body are smaU 
oscdlations about the common eonj agate diameters of the viomen,t<d Mipsoid and the ellipsoid 
of eqttal potmtial emrgy 

(iv) To find the normal coordinates and the periods of normal vibration in the system 
of three degrees of freedom for which 

Fs= ^ + 2a5 {x 4-y) + 

where a is small in comparison with p and q, and to shew that if such a system he let 
go from rest mth y and z initially zerOy the vibration %n x will hive temporarily ceased 
after a time wp (q^ - and that there will then be a vibration of the same amplitude in 
y as the original one wa^ in x (Coll Exam ) 

The form of the kinetic and potential energies suggests the transformation 

The variable tj is therefore a normal coordinate to reduce the remaining terms in the 
kinetic and potential energies to sums of squares, we write 


which gives 


2 a 


and then we have 




The variables f are thereff»Te the normal coordinates 
Suppose that imtially we have 

x^ky y=0, ««0, 

r=0, y»0, «=0, 

and suppose that Ir is so small that its product with other small quantities can be 
u^lect^ Then to this degree of approximation we have imtiaUy 

The vibrations of the normal coordinates y and are therefore given by the equations 


^s^lrcos 




1 + 




or 


The last equation can be written 

^scjircosp^cos -7-5 5: +iifcsiiin<8in — 7-^ 5^ 


191 


81 J Theory of VihrationB 

The mention can therefore be approximately represented initially by 
or 

i?= kco^pt^ y=0 

After an interval of time the motion is approximately represented by 

cos <^ = - \k cos pt^ 
or 

^*=0, y— — Xrcosp^, 

which establishes the ^result stated 

81 Effect of a new constraint on the periods of a vibrating system 

We shall now consider the effect produced on the periods of normal 
vibration of a dynamical system about a configuration of stable equilibrium 
when the number of degrees of freedom of the system is diminished by the 
introduction of an additional constramt 

Suppose that the original system is specified in terms of its normal 
coordinates (ji, jj, g„), so that the kinetic and potential energies have 
the form 

^ i (i* + 5 a* "t* + ?n*)» 

+ V'Ja* + » • + J 

and let the additional constramt be expressed by the equation 

/(?!, qu , 9n) = 0 

Since gi, gti • > 2n are small, we can expand the function / in ascending 
powers of ji, qt, . , qn> and retain only the first terms of the expansion we 
can thus express the constramt by the equation 

Aiqi -|- A^2 4- + Anqn — 0, 

where A^ , -4^ ^re constants As the equilibrium-configuration is supposed 
to be compatible with the constraint, there will be no constant term By 
means of this equation we can eliminate qn* we thus have 

r ^ i + 9a® + - 4- 9®n-i + + + -4n-i 9n-i)*| > 

V" =» i ^*n-i 9*n-i + (-^ i9i "h + An-i 

The Lagrangian equations of motion of the constrained system aie there- 
fore the (»- 1) equations 

9f -f Vjr + a (-4 i9i + + An-i 9»-i) + ^ (A^qi + * + ^n-i 9n-i)| ** 0 

(r = l, 2, .,^-1), 

or 9 ^ + Vyr + A^Ar — 0 (r = l, 2, ,n — 1) 
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where 

1 X. ® 

fl — (-^1?] ijn-i) + “h 1 3«— 1 / 

^71 

Jn Xn^ga 

•^n -^w- 

so the equations of motion of the constrained system can be written in the 
form of the n equations 

qr + V?r + = 0 (r = 1, 2, , n), 

where jb is undetermined 

Now consider a normal mode of vibration of the modified system, defined 
by equations 

gi = «! cos \t, 52—02 cos X^, , gn = “n cos X^, fA^v cos X^, 


Substituting in the equations of motion, we have 

+ (r=l, 2, ,n) 

Substituting the values of ai, flfgj > given by these equations m the 
equation 

Aj(l^ + JLaOfg + + = 0, 

we have 




+ 


+ 




=:0 


This equation in X^ has (n — 1) roots, which from the form of the equa- 
tion are evidently mterspaced between the quantities Xi“, Xg®, , Xn* the 
quantities 27r/X corresponding to these roots are the periods of the normal 
modes of vibration of the constrained system, and it therefore follows that 
the (n — 1) periods of normal mbration of the constrained system are spaced 
between the n periods of the original system 


82 The stationary character of normal vibrations 

We shall next consider the effect of addmg constraints to a dynamical 
system to such an extent that only one degree of freedom is left to the 
system Let (gi, gg, , gn) be the normal coordinates of the original 
system , the constraints may, as m the last article, be represented by linear 
equations between these coordinates, and can therf^fore be expressed in the 
tom 

gi = /^igi g3 — /^g? g» = /^ng> 

where /ig, . /x-n are constants and g is a new variable which may be 
taken as defining the configuration of the constrained system at time t 

Let the kinetic and potential energies of the original system be 
2^=1 (gi* + g 2 ^ + + gn*)> 

i (Vgi^ + Xg^gg® 4- . + X,i®gn®), 
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so 27 r/\i, 27 r/X 2 , , 27 r/\rt are its periods of normal vibration the kinetic 

and potential energies of the constrained system are then 

The period of a vibration of the constrained system is therefore 2'7r/\, 
where X is given by the equation 

^2 “b H- + 

If the constraints are varied, this expression has a stationary value when 
(n — 1) of the quantities /^i, /ijs, , fin ar© zero this stationary value is one 
of the quantities Xi^, Xa*, , X»® and thus we h^tve the theorem that when 
constravnts are pat on the system so as to reduce its number of degrees of 
freedom to unity y the period of the constrained system has a stationary value 
for those constraints which make the mbration to be a normal vibration of the 
unconstrained system 

83 Vibrations about steady motion 

A type of motion which presents many analogies with the equilibrium- 
configuration IS that known as the steady motion of systems which possess 
ignorable coordinates this is defined to be a motion m which the non- 
ignorable coordinates of the system have constant values, while the velocities 
corresponding to the ignorable coordinates have also constant values 

One example of a steady motion is that of the top, discussed in § 72, as another 
example we may take the case of a paiticle which is free to move in a plane and is 
attracted by a fixed centre of force, the potential energy depending only on the distance 
from the centre of force, for such a particle, a circular orbit described with constant 
velocity IS always a possible orbit, and this is a form of steady motion, since the radius 
vector IS constant and the angular velocity ^ corresponding to the ignorable coordinate B 
IS also constant 

In many cases, if a system is initially in a state of motion differing only 
slightly from a given form of steady motion, the divergence from this form of 
motion will never subsequently become very marked , we shall now consider 
motions of this kind, which are called vibrations about steady motion 

The steady motion is said to be stable* if the vibratory motion tends to 
a certain limiting form, namely the steady motion, when the imtial disturb- 
ance from steady motion tends to zero 

Let (jpi, > Pk^ Ignorable and (91, 92, , 3 ») he the non-ignorable 

coordmates of the system Corresponding to the ignorable coordinates, there 
will be k integrals 

^ This dehnitiou is due to Elem aud Sommexfeld 
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where fin j constants We shall suppose that these constants 

have the same value in the vibratory motion as m the undisturbed steady 
motion of which it regarded as the disturbed form, this of course only 
amounts to coordinating each vibratory motion to some particular steady 
motion 

We suppose the system conservative, with constraints independent of the 
time , let its kinetic energy be 

n n n k k k 

T=^% 1 avg’»2,+ X 2 + \ 2 S c^p^pj, 

t=l^=l t=lj=l 1-1 

where the coeflGicients are functions of ji, > ffw 

The integrals corresponding to the ignorable coordinates are 

2cij,jp, + 26»,g»*/3^ 0 = 1,2, ,k) 

t % 


Let G^j be the minor of c^J in the determinant formed of the coefficients 
Cy, divided by this determinant, then solving the last equations for the 
quantities pr, we have 

Pr ~ 2 Ors ifis — 2 qi) 


Substituting for Pa, , p* in the above expression for T, and utihsing 
the properties of mmors of determinants, we have 

r = ^ 2 (ay — 2 Cigbub^s) ffig? + i 2 Gu^i^s 

1,3 I, S 1,8 


Now perform the process of ignoration of coordinates Let R be the 
modified kmetic potential, so 

R — T Y — 2 PriSr 
♦■=1 

= J 2 (aij — 2 Gigb^ibjs) q^q^ + 2 Grs^rbuqi — i 2 Gig^i^g — V 

*1 J h 8 l, r,8 1,8 

We can without loss of generality suppose that the values of ji, ga, • » ?n 
in the steady motion are all zero If then the coefficients in R are expanded 
m ascendmg powers of q^, q^, , q^ by Taylor's theorem, and all terms in the 

expression of R thus obtained which are above the second degree m the 
variables q^, g^j, q^, , q^ are neglected m comparison with the 

terms of the second degree, we obtain for R an expression consisting of terms 
linear and quadratic in ji, ja, , qn, ?i, ? 2 , , 3n Now the terms which 

are Imear in q^, q^, , q^ and independent oi q^, q^, , q^ disappear auto- 

matically from the equations of motion 


dt V9gJ 9?r 


(? = 1, 2, . , n), 


and these terms can therefore be ormtted Moreover, since the equations are 
satisfied by permanent zero values of q^, q^, , it is evident that no terms 
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linear in gi, and independent of q^y q^y , gn. can be present in R 

It follows that the problem of mbrations. about steady motion depends on the 
solution of Lagrangian equations of motion %n which the kinetic potential is a 
homogeneous quadratic function of the velocities and coordinates, with constant 
coefficients 


The difference between vibrations about equilibrium and vibrations about 
steady motion consists m the possible presence in the latter case of terms of 
the type qrqs (i e products of a coordinate and a velocity) m the kmetic 
potential These are called gyroscopic terms The vibrations about steady 
motion of a system are in fact the same thmg as the vibrations about 
equilibrium of the reduced or nomnatural (§ 38) system to which the problem 
IS brought by ignoration of coordinates 

The equations of motion for the vibrating system are therefore 


d^ /9jR\ ^ dR 
dt ^qj dqr 

where R can be written in the form 


= 0 


(r=:^l, 2, ,7l), 


JS = ^ 2 i 2 + 2 = 2, . ,n), 

r ,0 TyB VyS 

and where a„ = a„, 

but where 7^* is not in general equal to 7». The equations of motion m the 
expanded form are 

- Ai3i + + (7ai - 712) + a^qz + (Ysi - 712) 38 " ^i338 + . . . = 0, 

* ®fli3i (7 m "" 721) 3i ^a3i "h 0^32 ”■ ^2232 ®^38 "b (782 72») 38 ^2838 “h . = 0, 

etc. 

These are linear equations with constant coefficients, which are of the same 
general character as the corresponding equations in the case of vibrations about 
equilibnum , they differ only m the presence of the gyroscopic terms, which 
involve the coefficients The presence of these terms makes it 

impossible to transform the system to normal coordinates*, but as we shall 
next see, the mam charactenstic of vibrations about equilibrium is retained, 
namely that any vibration can be regarded as a superposition of n purely 
periodic vibrations, which we shall call (as before) the normal modes of 
vibration of the system* 


84 The integration of the equations 

We shall now shew how tbs nature of the vibrations can be determmed, 
by integration of the equations of motion 

* That 18 to say, impossible to transform the system to normal coordinates by a point^trans- 
formation it is possible to effect the transformation to normal coordinates by a contact-trans- 
foimation, and this is actually done in Chapter XYl 
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It will be convenient first to transform them mto a system of equations 
each of the first order Let It denote the modified kmetic potential of the 
system, -so that in the vibratory problem is a homogeneous quadratic 
function of q^, gi, g*, qn Wnte 

g^ = ?n+r (r«l, 2, ,n), 

so that gn+i, gn+ 2 » 92 »* are linear functions of gi, gs, . g« and vice versa, 

the equations of motion can be written 

9n-fr — (r — 

Now if S denote an increment of a function of the variables gi, g„ , gn, 
g«+i, , 92 n> due to small changes m these variables, we have 

% 

“ ^ (gn-frSgr + gn+rSgr) 



9«+»‘9V 1 + 


2 (gn+rS?r-9rSgn+r) 

r«=l 


Let the quantity 


S 9n+r9r-i2, 


when expressed as a function of gi, g^, % , g 2 n, he denoted by jBT, so that H is 
a known homogeneous quadratic function of the variables qi^q^, ,q^, the 
last equation can be written 

2 (grSgn+r - 9n+rSgr), 

r-\ 


and therefore* the equations of motion, which consisted originally of n equations 
each of the second order, can be replaced by a system of 2n equations, each of 
the first order namely 

. _ air . dH / . « 

dqn+r’ dqr (r» 1, 2, , n), 

the independent variables being g,, ga, q^ 

We shall now shew that the fiinction H, which has replaced R as the 
determmmg function of the equations, represents the sum of the kinetic and 
potential energies of the dynamical system considered. 

For R contains terms of degrees 2, 1, and 0 m the velocities, and 


. dR 

r*l aqr 


* This transformation is really a case of the Hamiltonian transformation given later m 
Chapter X 
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18 equivalent to twice the terms of degree two together with the terms of 
degree ofie, by Euler’s theorem , it follows that H, being defined as 

V ^ Tf 

r=l 

will be equal to the terms of degree two in the velocities m iZ, together 'v\ith 
the terms of zero degree in R with their signs changed on comparing the 
expressions for T and JR given on page 194, it follows that 

ff-T+F, 

so H %s the total energy of the dynamical systemy expressed %n terms of the 
vanables gg, , 

In the case of vibrations about an equilibrium-configuration, we have 
seen that the condition for stability is that the potential as well as the 
kinetic eneigy shall be a positive definite form, we shall now make a similar 
assumption for the case of vibrations about steady motion, namely that the 
total energy IT ts a positive definite form in the vanables ganj on 

this assumption we shall shew that the steady motion is stable, and in fact 
that the equations of motion 

dqr _ dlT 
dt ""9^' 

can be integrated m the following way* 

Consider the set of linear equations in the variables qi, q^, , qin> 


%r._l (, = 1,2, 




-sqr + 


dqr 

S-ff (ffi j q%> • •) j 'iin) 


®5n+r 




- (r' = l, 2, ,n), 


if we denote the determinant of the system by/(s), and the minor of the 
element in the 7v,th row and /ith column by 

/(«V (X, /* = 1, 2, . , 2w), 

the expression of 5,, q^, . qm m terms of yi, y,, , is given by the 

equations 

and the degree of /(a) in s is 2n, while the degree otf(s)>^ is not greater 
than (2n — 1) 

In order to solve the equations of motion, considei expressions foi 
9i, qt, •> ?s» of the form 

' £eif) da (y, = l,2,.., In), 


q^= 


cj{s) 


* The method of integration xvhich follows is due to Weierstrass, Berlin Monatsheriehtey 1879 
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where the integration is taken round a large circle G which encloses all the 
roots of the equation f(s) = 0 These values of q^, q^, , qm will satisfy 

the equations of motion, provided the equations 




I (r=l, 2, ,n) 


J 

are satisfied If therefore p 2 y •••yP^ are polynomials in s so chosen that 
the expressions m brackets under the integral sign vanish when s is equal to 
one of the roots of the equation /(5) = 0, these equations will be satisfied, 
since the integrands will then have no singularities within the contour G* 
It follows that pi,p 2 , iP^n must be a set of solutions of the equations 


„„ dEipuP,, 

» Psn) _ ^ 

dpr 

dE(p„p„ 

j Psn) _ A 

dpr^ 

V 


{t — 1, 2, , 7l ), 


when 5 is a root of the equation f ^ this condition is satisfied by the 
expressions 

Pfi. (5) = dif + <12/ (5)2/4 + + cim} M ~ 1 > 2 , , 2 n}f 

where Ou , Ogn are arbitrary constants 

The equations of motion are therefore satisfied by the values 

5 ;* = coeflBcient of l/5in the Laurent expansionf in positive and nega- 
tive powers of s of the expression 




2 , , 271 ) 


/(5) 

Now on inspection of the determinant /($) we see that minors of the 
types 

, 7^) 

are of degree (2n — 1) m 5 , and the other minors are of degree {2n — 2) in 5 , 
so the coefficient of 1/^ in the Laurent expansion of f(s)Kti.jf{s) is zero unless 
\^n + fi or fi = n + X, in the former case it is — 1, and in the latter case it 
IS 1 Hence on taking t = to, we see that the quantities 


Cbii 0/2, 


(hn 


are respectively the values of 
at the time 




* Whittalter and Watson, A Course of Modem Analysis, § 5 2 
f Ibid § 5 6. 
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If therefore we write 

</) = coeflScient of 1/s in the Laurent expansion of *^7^ 

/ W 

and if gi, are the values of q^^ , q^n respectively corresponding 

to any definite value of we have 

^ (Oa,M "" (^) 7 i + o , m } j 27 i) 

a=l 

In order to evaluate the quantities is necessary to discuss the 

nature of the roots of the determinantal equation /(s) = 0, let + where 
k and I are real and i denotes V—l» any root of this equation, then 
the 2 n equations 

+ + lW = o: 


Sga 

+ + — L^> = 0 

oqn+a 


(a=l, 2, .,7i) 


can be satisfiied by values of g^i, g^a> ^ ffsn which are not all zero Let a 
system of such values be 

where |i, ^2, » fam *>71, ^2, » Vm are real quantities Then if we write 

we have, on separating the last equations into their real and imaginary parts, 

(ilf ?2j > ^an)a + ““ ^’7n+a 0^ 

(fl> ^2> > ? 2 w)n-i-a (a= 1, 2, , w) 

•ff (^1 ; %> ? ’72n)a + + k^n+a = 0 I 

(^I> ‘*7aj > ^an)«+a IVa k^a “ 9 ) 

But since Jff is homogeneous and of degree two in its arguments, we have 
2JT(?„ ?2, , ^an) = ?2, , ran);., 

and using the first two of the preceding equations this gives 

n 

2jy (fi, fa, , fan) ~ ^ ^ (fa^n+a '^orn+o) 


7* 

2if (»;3, , ijjn) = A; 2 (f.i77i+* - ■ga|»+.) 


(A) 


Similarly 

a=i. / 

Moreover on multipl3nLng the first of the preceding equations by 17. and the 
second by Vn+a> adding, and summing for values of a from 1 to w, we have 


and similarly 


2 n ^ 

2 a/x-ff (fi, ^2, > ran)^ — ^ 2 (ra^n+a ““ ^arn+a)> 

Xwl a—1 

2/1 n 

S ^kH(,Vl>Vlt> ■,Vm)k — — l 2 (fo«7»+« -TJ.^n+a) 

X»1 
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Since the left-hand sides of these equations are equal, we must have 


n 

I 2 (fa^n+a ^afn-fa) “ 0 

a=l 

But from equations (A) we see that, as Jff is a positive definite form, neither 

n 

k nor 2 (?a^n+a — can be zero, we must therefore have I zero, and 

a=l 

so ike equation f(s) = 0 has each of its roots of the form ik, where k is a real 
quantity different from zero 

We shall next shew that m the case in which the equation f(s) « 0 has 
a j-tuple root s\ each of the functions f(s)\iL is divisible by (s-^sy^^ 

For let Cl, Cg, . , e 2 n be a set of defimte real quantities, define quanti- 
ties qu 2^1 > ) ? 2 n by the equations 


^?n+a S {qi, Ja, }2n)a 
— sqa + S (ji, q^t 9 22»)»- h » ” ^n+a. . 

so that we have 


} 

I ““ ^W-l-a j 




(a=±l, 2, ..n). .(B), 


(/X = 1, 2, . . , 2n) 


Let Sit be any root of the equation / (s) = 0, and let m be the smallest 
positive integer for which all the functions 


(s — Sjt)”*' 


/(«) 


are finite for the value Sjt of s When s is taken sufficiently near Sii, we can 
expand in a senes of the form 


where h^, g^, h^, . denote real constants, and we can suppose the 
quantities Ci, Cs, > Csn so chosen that the quantities g^ and are not zero. 
Substituting this value of m equations (B), and equating the coefficients 
of (s — Sii)-*", we have 

S(Si>g2> W»-«iA„+. = 0v 


^ (9i> 

S (hi, hi, 

S (hi, hi. 


) 9ar^n+a "t" Sih^ — 0 
» hin)a + Si 5 'n+.« = 0 


K«“l, 2,. 


, h^ar^n+a ~ Sig„ — 0 


,n) (0), 


and on equating the coefficients of (« — we have 


H(gi',gi', 

■H (gi, gi , . 

H(h^,K, 

H(KK, 


) ffan )« «+a + 9 n+» ~ | 


0 when mi > 1 \ 
c, when mi = 1 


, , (0 when mi >1 , 

.ganUa + Sih. -gr. ' ^ben m» = 1 ^ 


> hsn )a, ^ 

) )ll+a ” “ha. = 0 


n) (D). 
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Now by Euler’s theorem on homogeneous functions we hare 

2»t 

9 9^ “ 9^^ (9i9 9i> • » 9^)h9 

or by (0), 


A=1 


and similarly 


i9l> 9^> >5^2n) — 2 (5^ttAn+a 

a=l 


n 

2S (hif 7^2n)=5l 2 (ffahn+a~^ h,affn+a)} 

a=sl 

n 

from which it is evident that 2 (s'«A»+»-A«sr„+.) is not zero 

fl.=sl 

Moreover, the first two of equations (C) give 

2n n 

2 •••> fl^2n)A “b 2 (AaAn+a““ 0 -(E), 


X-l 


a=*l 


and the last two of equations (C) give 


in 


2 g^'Sr (hj, Ag, , - 5x S (5^«S^'n+a - S^a's^^+a) = 0 (F) 

A*»l a=l 

But from the first two of equations (D), when m > 1, we have 

n n 

2 h\H (jgi , g^f g^ )x 2 (hah ~ — 2 ~ 0 

X-1 a«l a=l 

• .(G). 

and from the last two of equations (D) we have 

2n n n 

2 ffKH(hifh^j f fhn)\'^ Si 2 5^a+*) 4* 2 (gahn+% ^ ha,gn+ti')— 0 

a=l asal 

... (H) 

Also since jBT is homogeneous of the second degree in its arguments, we 
have the identities 

2n 2» 

2 h\ff (gif g^f f g^)K 2 ff\S[ (hi , Ag , , h^n )a • (K) 

A«1 x=i^ 

in 2n 

and 2 g\H{hi, K, •• , A>»)a= 2 hjl (jr/, g^, , (L) 

Awl Assl 

From equations (E), (H), (K) we have 

n tt- ^ f 

2 (^o/in+a haffn+a) = 2 (AaA'tl+a “* hahfi^a.) — ^12 (ga9 n-^a — 5^aS^n+»)> 

a«l a*l a*l 

and from equations (F), (G), (L) we have 

4 K n n 

2 (9'Ot.hn-^ Aafl^n+«) =® — 2 (Aa^ n+ei Aa ^»+«) + 5] 2 n+« S^n+fli) 

awl «“1 *'*1 

Companng these equations, we have 

n 

2 (gahn^a haffn^) ~ 

awl 
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which IS contrary to what has already been proved The assumption that 
m>l, which was used m obtainmg equation (G), must therefore be false, 
m must therefore be umty, and consequently when f{s) %s divisible by {s — 
each of the functions f(s\f^ is divisible by (« — 

Now let 5i, 52, , 5r be the moduli of the roots ofthe equation f(s)=0, 

so that the functions f{s)\,t,/f{s) are infimte only for 5 = ± 5l^, ± s^i, , ± , 

then denoting the coefBcient of (s — in the Laurent expansion of 
f{s)\filfis) m powers of (s — Spi) by 


(X, fM)ft + 1 (X, fj)p , 


where (\ and (X, fi)p are real, and observing that the only poles of the 
function f(s)\^lf(s) are the pomts 5 = + 5p^, and that these are simple poles, 
we have 


fJlL 

/(«) 




(X, fi)p + 1 (X, /i)p" 


Sal 


(X, — I (X, /x)p 

+ 1’ 


and therefore <j> (t)xti. is the coeflBcient of 1/s in the Laurent expansion of 


in powers of s 


p=l ( 5 - 5p^ 


(^. f*)p - ^ V 

5 * 4 " Spl 


} 


But the coefiScient of 1/s in the Laurent expansion of ^^^^^^/is--Spi) is 
^p(t-to)i^ and the coeflBcient of I /5 m the Laurent expansion of 
IS -vre have therefore 


(^)am = 22 {(X, y)p cos 5p {t - U) - (X, /i)p' sm 5p {t - ^o)}, 

p-i 

and so finally 

n r 

3^ = 2 2 2 [3n+. {(a,/t)pCos«p(i-i(,)-(a, /t)p'sinsp(t-i„)} 

a=l p=l ' 

- qa, {(w + a, cos 5p {t - ^o) - (71 + a, /x.)p' sm 5 p {t - ifo)}] (/a = 1, 2, , 2n) 

This foirmvla constitutes the general solution of the differential equations of 
motion Hence finally we see that when the total energy of a system vibrating 
about a state of steady motion is a positive definite form, the vibratory motion 
can be expressed m terms of circular fimctions of t, and the steady motion is 
stable, the periods of the normal vibrations are ^w/si, 27 r/s 2 , • ? where ±^ 5 l, 
4:^52, are the roots of tJw determinantal equation f(s) = 0, whose o^der in s^ 
IS equal to the number of non^ignorable coordinates of the system 

The above investigation is valid whether the determinantal equation has 
repeated roots or not 

Between the coefficients (X, /i)p, (X, there exist the relations 
(X, /i)p= - X)p, (X, ;i)p' = (/i, X)p', 

(X, X)p =0 


and so in particular 
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These relations follow from equations which (m vii-tue of their definitions) are true for 

/(s)a;,> namely 

/w 

Evample If the number of degrees of freedom of the system, after ignoration of the 
ignorable coordinates, is even, shew that when the ignorable velocities are laige (e g if 
the Ignorable coordinates are the angles through which certain fly-wheels have rotated, 
this would imply that the fly-wheels are rotating \ery rapidly), half the penods of 
vibration are very long and the other half are very short, the one set being proportional 
to the Ignorable velocities and the othei set being inversely proportional to these 
velocities 

It was pointed out by Poincar^* that the discussion of stability by the 
method of small oscillations does not take account of some features which are 
likely to be present in actual problems Thusf, consider a particle moveable 
on the inner surface of a spherical bowl which rotates with constant angular 
velocity about its vertical diameter If the bowl be perfectly smooth, the 
equilibrium of the particle in the lowest position is certainly stable, the 
rotation of the bowl having no effect on it But if there be the slightest 
friction between the particle and the bowl, and if the angular velociiy of the 
bowl exceeds a certain value, the particle will work its way outwards in 
a spiral path towards the position m which it rotates with the bowl like the 
bob of a conical pendulum 

86 Examples of vibrations about steady motion 

A number of illustrative cases of vibration about a state of steady motion 
will now be considered 

(i) A particU u describing the circle 7 = a, 21 — 6 , in the cylindrical field of force in 
which the potential energy is F=<^(r, z\ where it being given that dVjdz is 

zero when rwcs, «»=5 To find the conditions for stability of the motion. 

If we wnto ^=?cos^, y=rsin^, 

we have for the kinetic and potential energies of the particle, whose mass will be denoted 
by m, 

F'=<#)(r, 2;) 

The integral corresponding to the ignorable coordinate 9 is where ^ is a 

constant The modified kinetic potential after ignoration of 9 is therefore 

V^k9 

- </> 0 , 


* Acta Math vn (188fi), p 259 

t This illustration is due to Lamb, Proc Boy Soc lxxx (1908), p 168 
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For the steady motion we must have 


dJR 

dr 


=X), 


dR 

dz 


= 0 , 


the latter condition is satisfied by hypothesis, and the former gives k'^=nia^d<f>/da We 
have therefore 

Wntmg r=a+p, z=b-\-C, 

and neglecting terms above the second degree in p and we have 

As no terms hnear in /> or f occur, this is essentially the same as a problem of vibrntions 
about equihbrium, and the condition for stability is (§ 79) that 

^c^ + ^pC<l>ab+C^<l>bb 

shall be a positive definite form, i.o that 

(^aa+^4>a^ and 

shall both be positive These are the required conditions for stability of the steady 
motion. 


Corollary If a particle of unit mass is descnbmg a circular orbit of radius (X in a 
plane about a centre of force at the centre of the circle, the potential energy being <l> (r) 
where r is the distance firom the centre, the modified kinetic potential is 

where r— a+p, so the condition for stability is 

0aa+^^a>O, 

and the period of a vibration about the circular motion is 



(u) To find the period of the vibrations about steady circular motion of a particle 
rnaving under grawly on a surface of revolution whose axis is vertical 

Let z=f{r) be the equation of the surface, where («, r, &) are cylindrical coordinates 
with the axis of the surface as axis of z If the particle is projected along the horizontal 
tangent to the surface at any point with a suitable velocity, it will describe a horizontal 
circle on the surface with constant velocity Let a be the radius of the circle , we shall 
take the mass of the particle to be unity, as this mvolves no loss of generality 
The kinetic potential is 

(^ + gz 

The integral correspondmg to the ignorable coordinate B is and the modified 

kinetic potential of the system after ignoration of B is therefore 
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The pruhlem is thus reduced to that of finding the vibrations about eqiulibnuni of the 
syatem with one degree of fnedom for which R is the kinetic potential The condition for 
equilibrium is 

j .1 

and tniH gives 


i2=ir® {1 +/'* (r)>-g/(r) -ga?f' 

Writing »•■=« + p, where p is small, and expanding in powers of p, we have 


{1 +/'* («)} - il/P* {/" (a) +|/' («)} 

The equation of motion 

d (dR\ dR . 

w therefore p {l h-/'» (a)} +gp |/" (<*)+ 1 /' (a)|=0, 

and the condition for stability 

the period of a vibration being 

2«- ( l+/g(a) 

^ (a)/aj 


Example. If the surface is a paraboloid of revolution 'whose axis is vertical and 
vertex downwards, shew that the vibration-period is 

9l ) ^ 

where I is the sezni^latus rectum of the paraboloid. 


(ni) To d^tmmne the nbratums about steady motion of a top on a perfectly rough 
piano 


Let A denote the mom ent of inertia of the top about a hne through its apex perpen- 
dicular to its axis of symmetry, and let 6 denote the angle made by the axis with the 
vertical, M the mass of the top, and h the distance- of its centre of gravity from its apex 
then wo have seen (§ 71) that after ignoring the Eulenan angles and the angle 6 is 
determined by solving the dynamical system defined by the kinetic potential 




{a^hQO^&f 

%A 


-‘Mgh cos By 


where a and h are constants depending on the initial circiimstanceB of the motion 

Let «, n be the values of $ and ^ respectively in the steady motion, so (§ 72) 
we have 

A cos a +• Mgh fin, 

^nsm*a»a- fi cosa 


To discuss the vibratory motion of the top about this form of steady motion, we write 
where is a small quantity, and expand R in ascending powers of Xy neglecting 
powers of ju above the second and ehminating a and b by use of the last two equations , 
we thus obtain for R the value 

it « J jli* - J {n® ain^ a + (W' cos a - MghlAn)% 
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The equation of motion for x is therefore 

X + {n^ am* a + (w cos o - M^h/Any] x^O. 

As the coefficient of a: is positive, the state of steady motion %s stable , and the fenod 
of a vibration u 

2ir {n* - ^3fgh cos a/-4 + M^gWJA *n*} » 


(iv) The Bleeping t<yp 

If we consider that form of steady motion of the top in which a is zero, so that 
the axis of the top is permanently directed vertically upwards, the top rotating about this 
axis with a given angular velocity, the method of the preceding example must be modified, 
since now the form of steady motion in which o is a small constant is to be regarded as a 
vibration about the type of motion in which a is zero so that we may now expect to have 
tw> independent periods of normal vibration, the analogues of which in the previous 
example are the period of the steady motion and the period of vibration about it 

As in § 71, the kinetic and potential energies of the top are 

r = i Ad* + i sm» d C( ij- + ((> cos ^)*, 


V^Mghco^B 

The integral corresponding to the ignorable coordinate ^ is 

b==0(4^-i-4> cos B)y 

and hence after ignoration of yjr we obtain for the kinetic potential of the system the value 

i A<l>^ sin* ^ cos ^ ~ Jfgh cos B 

In the two last tenns we can replace cos B by (cos ^ - 1), since the terms - bi and JfgA 
thus added disappear from the equations of motion 

As if> IS not a small quantity throughout the motion, we take as coordinates in place of 
B and the quantities ( and 17, where 

{=8m^cos </>, i7««sin^8in<^ 

From these equations, neglecting terms above the second degree in 17, {, 17, we have 

sin* 

l-cos^«i(f*+7®), 


and so we have 


1 * 4* i ^7* - 4 6 ({7 - 7f ) + i (f * + 7 *) 


The equations of motion are 


H 


d /dR\ r, d (dR\ ^dR 
dt [df) ’ 

fA(+bti-Jfyh(=0, 

1^7" bf-^MgAtf^O 


r tA^ 


in these 


If 2w/X 18 the period of a normal vibration, on substituting 
differential equations and eliminating J and JT we obtain the equation 

I — - J/gh tb\ = 0, 

I -.i5X 

or (X*A+%A)*-6*X*-0 

The two roots of this quadratic in X* give the values of X corresponding to the two 
normal vibrations we have therefore to determine the nature of these roots 
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The solution of the quadratic is 

{l^-2AMgh±h<f^-AAMgh)^), 

so ±X=|^{6±(6*-44if^A)i} 

The values of X are therefore real or not according as is greater or less than ^AMgh 
In the former case the steady spinning motion round the vertical is stable in the latter 
case, unstable 

It must not be supposed, however, that in the unstable case the axis of the top 
necessarily departs very far from the vertical all that is meant by the term “unstable” 
18 that when h^<^AMgh the disturbed motion does not, as the disturbance is indefinitely 
diminished, tend to a limiting form coincident with the undisturbed motion 

As a matter of fact, if though negative, is very small, it is possible for the 

axis of the top in its “unstable” motion to remain permanently close to the vertical but 
in this case the maximum divergence from the vertical cannot be made mdefinitely small 
(for a given value of h) by making the initial disturbance indefinitely small* 

86* Vibrations of systems involving moving constraints 

If a dynamical system involves a constraint which varies with the time 
(e g if one of the particles of the system is moveable on a smooth wire or 
surface which is made to rotate uniformly about a given axis), the kinetic 
potential of the system is no longer necessarily composed of terms of degrees 
2 and 0 in the velocities , terms which are linear in the velocities may also 
occur The equations which determine the vibrations of such a system will 
therefore in general include gyroscopic terms, even when the vibration is 
about relative equihbnum the solution can be eflfected by the methods above 
developed for the problem of vibrations about steady motion The following 
example will illustrate this 

Example To find the p&node of the normal vibratione of a heavy particle about its 
position of egudihrium at the lowest point of a surface which is rotating with constant 
angular velocity (ii> about a oerticad axie through the point 

Let (r, ?/, z) be the coordinates of the particle, referred to axes which revolve with the 
suiface, the axes of x and y being the tangents to the lines of curvature at the lowest 
point, and the axis of z being vertical Let the equation of the surface be 

terms of higher order, 

3pa 

The kinetic and potential energies of the particle are 

{(a? - + (y + xtof + 

V^mgz, 

The kinetic potential of the vibration-problem is therefore 

+y*+ 2® {xy - y &) + ®® (** +y*)} - + ip J • 

* A of the stability of the sleeping top is given by Klein, BitH Amer Math Soe m 

(1897), pp 129—182, 292 


208 


Theory of Vibrations 


[OH 


The equations of motion are 

£ 

St 


or 


d (IL\ 

3a? ’ dt\by) 3y ’ 

X — Zloy +a = 0> 

y+2®a:+y 


If the penod of a normal vibration is Stt/X, we have (substituting x—Ai^,y—Be in 
the difierential equations, and eliminating A and B) 

2<otk — X^ — to* +y/p2 

or (X*+»*-5f/pi) (X*+to*— p/pa) - 4X*to*=0 

The roots of this quadratic m X* determine the periods of the normal vibrations 


Miscellaneous Examples 

1 A particle moves on a curve which rotates uniformly about a iized axis, the 
potential energy V («) of the particle dependmg only on its position as defined by the 
arc s Shew that the penod of a vibration about a position of relative rest on the 
curve is 



where r is the distance of the particle from the axis 

^ Determine the vibrations of a sohd honzontal circular cyhnder rolling inside a 
hollow honzontal circular cyhnder whose axis is fixed, shewing that the length of the 
simple equivalent pendulum is (6 — a) (3J[f+m)/(2J/’4-wi) , where b is the radius and M the 
mass, of the outer cyhnder, and a is the radius (and m the mass, of the inner cylinder 

(Coll Exam ) 

3 A thm hemisphencal bowl of mass M and radius a is on a perfectly rough 
honzontal plane, and a particle of mass m is in contact with the inner surface of the bowl, 
supposed smooth Shew that when the system performs small oscillations,, the motion of 
the particle and the centre of gravity of the bowl being m one plane, the penods of the 
normal vibrations are and 2 «r/\/X 2 , where Xi and X 2 are the roots of the equation 

Tnakg - (p— aX) (^p - 1 aX) if = 0 (Coll Exam ) 

4. A stnng of length 4a is loaded at equal intervals with three weights m, M and m 
respectively, and is suspended from two points A and B symmetrically Shew that if M 
perform small vertical vibrations, the length of the simple equivalent pendulum is 

a cosa cos fi sin (a— ^)cos (a- 3) 
sin a cos* a + sin )3 cos* ^ * 

where a and ^ are the mclmations of the parts of the strmg to the vertical 

(Coll Exam ) 

5 A uniform bar whose length is 2a is suspended by a short strmg whose length is I , 
prove that the time of vibration is greater than if the bar were swinging about one 
extremity in the ratio l4-9^/32a 1 nearly (Coll Exam) 
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6 An elliptic cylinder with plane ends at right angles to its axis rests upon two fi\ed 
smooth perpendicular planes which are each inclined at 45® to the horizon Shew that 
there are two stable configurations and one unstable, and that in the former case the 
length of the equivalent pendulum is 

ah (a2+ 62)^2 \/2 {a - h)^ {a + 5), 

a and h being the lengths of the semi-axes (Coll Exam ) 

7 A rough circular cylinder of radius a and mass m is loaded so that its centre of 
gravity is at a distance h from the axis, and is placed on a board of equal mass which 
can move on a smooth horizontal plane If the system is disturbed shghtly when m a 
position of stable equilibrium, shew that the length of the simple equivalent pendulum is 

where is the moment of inertia of the cylinder about a horizontal 
axis through its centre of giuvity (Coll Exam ) 

8 One end of a uniform rod of length h and mass m is freely jointed to a point in a 
smooth vertical wall , the other end is freely jointed to a point in the surface of a uniform 
sphere of mass M and radius a which rests against the wall Shew that the period of the 
vibrations about the position of equilibrium is 27 r/p, where 

{sin sin® (a - jS) -t- ^ cos a sin (a — ^ sm ^ cos® 0} = - ^ (« sin a cos® a +• 6 sin /J cos® |3), 

o and 0 being given by the equations 

a sm a+b sm a=0, 

(Jm+if) tan /3— jl/ tan a=0 (Coll Exam ) 

9 A thin circular cyhndei of mass M and radius h rests on a perfectly rough 
horizontal plane, and inside it is placed a perfectly rough spheie of mass ni and radius a 
If the system be disturbed m a plane perpendicular to the generators of the cylinder, find 
the equations of finite motion, and deduce two first integrals of them , and if the motion 
be small, shew that the length of the simple equivalent pendulum is 

{h - a)/(10i/’+ 7m) 

(Camb Math Tripos, Part I, 1899 ) 

10 A sphere of radius o is placed upon a horizontal perfectly rough wire in the 

form of an ellipse of axes 2a, 26 Prove that the time of a vibration under gravity about 
the position of stable equilibnum is that of a simple pendulum of length I given by 
6ic^^«(a2-6®)((i®-i-P), where /fc®«2c2/5 and (Coll Exam) 

11 A rhombus of four equal uniform rods of length a freely jointed together is laid 
on a smooth horizontal plane with one angle equal to 2a The opposite comers aie 
connected by similar elastic strings of natural lengths 2a cos a, 2a sin o Piove that if 
one string be slightly extended and the rhombus left free, the periods during which 
the strings are extended in the subsequent motion are in the ratio 

(cosa)4 (sina)^ fColl E\am) 

12 A particle of mass m is attached by n equal elastic stiings of natural length a to 

the fixed angular points of a regular polygon of w sides, the radius of whose circumsciibmg 
on ole IS € Shew that if the particle be slightly displaced from its equilibrium position in 
the plane of the polygon, it will execute harmonic vibrations in a straight line, the length 
of the simple equivalent pendulum being 2wgacln\{2c-a), and that foi vibrations 
perpendicular to the plane of the polygon, the corresponding length will be mgacjiiX (c - a), 
X being the modulus of each string (Camb Math Tripos, Part I, 1900 ) 

14 


w D. 
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13 The energy-equation of a particle is 

f{x)a^=^ 2<j> {s) -f- constant, 

and a IS a value of jl for which is zero If is the first derivative of <^(a') 

which does not vanish for shew that the period of a vibration about the position a is 

4 r(l/2p) f V{^p)f{a)n\^ 

/iP“i r(l/2jo-hi)t 4cp<tP^){a) ] ’ 

where h is the value of (^“ a) corresponding to the extreme displacement (Elliott ) 

14 A cone has its centre of gravity at a distance c from its axis, there being m other 
respects the usual kinetic symmetry at the vertex If the cone oscillates on a horizontal 
plane and the plane be perfectly rough, shew that the length of the simple equivalent 
pendulum is 

(cos ajMc) (A sin^ a-\-C cos® a), 
whereas if this plane be perfectly smooth, the length is 

(cos a/ Me) (sin® a/ A cos® a/C) (( ^oll Exam ) 


16 A number of equal uniform rods each of length 2a are freely jointed at a common 
extremity and arranged at equal angular intervals like the ribs of an umbrella This cone 
of rods IS put over a smooth fixed sphere of radius b, each rod being in contact with the 
sphere, and rests in equilibrium Shew that, if the system be slightly disturlnsd so that 
the hinge performs vertical vibrations about the position of equilibrium, their period is 


where sec® a sin a = a/6 


2tr 


( ^ Id- 3 s in® a\i 
1-1-2 sin® a/ 

(Camb Math Tripos, Part I, 1896 ) 


sin® a. 


16 A heavy rectangular board is symmetncally suspended in a horizontal position 
by four light elastic stnngs attached to the comers of the board and to a fixed jioint 
vertically above its centre Shew that the penod of the vertical vibrations is 

^^Vc^WJr) • 

where c is the equilibrium distance of the board below the fixed point, a is the length of 
a semi-diagonal, X«(a®+c®)4, and X is the modulus (Ooll Exam.) 


17 A heavy lamina hangs m equilibrium in a hori^ntal position susiiended by three 
vertical inextensible string of unequal lengths Shew that the normal vibrations are 

(1) a rotation about either of two vertical lines in a plane through the centroid, and 

(2) a horizontal swing parallel to this plane (Ooll Exam ) 

18 A uniform rod of length 2a is freely hinged at one end, at the other end a string 
of length h is attached which is fastened at its further end to a point on the Hurfaoe of a 
homogeneous sphere of radius c If the masses of the rod and sphere are equal, find the 
motion of the system when slightly disturbed from the vertical, and shew that the 
equation to determine the peiiods is 

( 186r' -h b2ca + 20ub) + (80a -b 456 -h 63c) - 46 ^^ » 0 

(Coll Exam ) 

19 A uniform wire, in the shape of an ellipse of semi axes a, 6, rests upon a rough 
horizontal plane with its minor axis vertical and a particle of equal mass is suspended by 
a fine stung of length I attached to the highest point If vibrations in a vertical plane 
be performed, prove that their i^eriods will be those of pendulums whose lengths are the 
value of a; given by the equation 

{a: (36 - 2a^lb) -f 56® + k^} {x^l)-h m « 0, 
where k is the radius of gyration about the centre of gravity 


(Coll Exam ) 
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20 A fine mextensible stnng has its ends tied to two fixed pegs in a horizontal 
line whose distance apart is three-quarters of the length of the string The string 
also passes through two small smooth rings which are fixed to the ends of a uniform 
straight rod whose length is half that of the string The rod hangs in equihbrium 
in a horizontal position and receives a small disturbance in the vertical plane of the 
stnng Shew that initially its normal coordinates in terms of the time are L cos 

and Jf cosh where and — 9 ^ aie the roots of the equation 

(CoU Exam) 

4 a 4 a2 

21 A heavy uniform rod of length 2 a, suspended from a fixed point by a stnng 
of length 6 , is sightly disturbed from its vertical position Shew that the periods of the 
normal vibrations are and ^irjp^y where p^ and p^ are the roots of the equation 

ahp^ — (4a -1-36) -i- =» 0 


22 A circular disc, mass is attached by a stnng from its centre to a fixed 
point 0 A particle of mass m is fixed to the disc at a point P on the nm Find the 
equations of motion on a vertical plane in terms of the angles B and which 00 and CP 
make with the vertical, and prove that if the system vibiates about the position of 
equihbrium the penods in these coordinates are given by the equation 

(Jbr-bw) ip^a-g) cp2-2w^}=2m2ca^S 

where a is the length of the stnng 00 and c the radius of the disc (Coll Exam ) 

23 A hemisphencal bowl of radius 26 rests on a smooth table with the plane of its 
nm honzontal , within it and m equilibrium lies a perfectly rough sphere of radius 6 , and 
mass one-quarter of that of the bowl A slight displacement in a vertical plane con- 
taining the centres of the sphere and the bowl is given prove that the periods of the 
consequent vibrations are ^ir/pi and 27r/p2> where pi^ and p^^ are the roots of the 

166 i!®jc®- 260 to 5 '+ 76 p «=»0 (ColLExam) 


24 A uniform circular cUso of mass wi and radius o is hdd in ei^uilibnum on Si 
smooth honzontal plane by three equal elastic stnngs of modulus X, natural length k and 
stretched length I The strings are attached to the disc at the extremities of three radii 
equally mchned to one another and their othei ends are attached to points of the plane 
lying on the radii produced Shew that the penods of vibration of the disc are 


where ^=«2«iKo/3X 


2>r{/»/(2J-?o)}^ ®'nd 2ff {/ia/4(a+?) (i -W}^> 

(Camb Math Tripos, Part I, 1898 ) 


26 A particle is desonbing a circle under the influence of a force to the centre 
varying as the nth power of the distance Shew that this state of motion is unstable if n 

be less than - 3 

T 

Shew that, if the force vary as the motion is stable or unstable according as 

the radius of the circle is less or greater than o (OoU B^cam ) 


26 A particle moves in free space under the action of a centre of force which vanes 
os the inverse square of the distance and a field of constant force shew that a circle 
described uniformly is a possible state of steady motion, but this will be stable only 
provided the circle as viewed from the centre of force appears to lie onangW oirc^r 
cone whose semi-vertioal angle is greater than arccosi (Coll Exam.) 

14—2 
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27 A particle desonbes a circle uniformly under the influence of two centres of force 

which attract inversely as the square of the distance Piove that the motion is stable if 
3cosflcos^<l, where 6 and ^ aie the angles which a radius of the circle subtends 
at the centres of force Math Tripos, Pait 1, 1880 ) 

28 A hoavy particlo is project6d horizontally on the interior of a smooth cone with 

its axis vertical and apex downwards, the initial distance from the apex is c and the 
semi-vertical angle of the cone is a. Find the condition that a horizontal circle should be 
described, and shew that the time of 'a vibration about this steady motion is that 
of a simple pendulum of length Jc sec a Exam ) 

29 A circular disc has a thin rod pushed through its centre peipendicular to its 

plane, the length of the rod being equal to the radius of the disc , prove that the system 
cannot spin with the rod vertical unless the velocity of a point on the circumference 
of the disc is greater than the velocity acquired by a body after falling from rest 
vertically through ten times the radius of the disc (Coll Exam ) 

30 Prove that for a symmetrical top spinning upright with sufficient angular 
velocity for stability, the two types of motion, differing slightly from the steatly motion 
in the upright position, which are determined by simple harmonic functions of the time, 
are the limits of steady motions with the axis slightly inclined to the vertical, and that 
the penod of the vibrations is the hmitmg value of that which corresponds to steady 
motion in an inchned position when the mclination is indefinitely diminished. 

(Coll, Exam.) 

31 One end of a uniform rod of length 2a whose radius of gyration about one 
end IS IS compelled to describe a horizontal circle of radius o with uniform angular 
velocity <0 Pi*ove that when the motion is steady the rod lies m the vertical plane 
through the centre of the circle and makes an angle a with the vertical given by 

(J^+ac cosec a)s«a^8ec a 

Shew that the penods of the normal vibrations are 2ir/Xi, 27r/X8, where Xj, Xj are the 
roots of 

(ir^X^ sin a - a^ac) (FX® sm a - (o^ao - tttW sin® a) ■» 4ft>®^X® sin*a cos® a. 

(Oamb Math Tnpos, Part 1, 1889 ) 

32 Investigate the motion of a comcal pendulum when disturbed from its state of 

steady motion by a small vertical harmomc oscillation of the point of support Can the 
steady motion be rendered unstable by such a disturhanoe? (Coll. Exam.) 

33 The middle point of one side of a unifonn rectangle is fixed and the line joining 
it to the middle point of the opposite side is constrained to describe a circular cone 
of semi angle a with uniform angular velocity The rectangle being otherwise free, 
find the positions of steady motion and prove that the time of a vibration about the 
position of stable steady motion is equal to the penod of revolution divided by am a 

(Coll Exam ) 

34, A solid of revolution, symmetneal about a plane through its centre of gravity 
perpendicular to its axis, is suspended from a fixed point by a string of length h which is 
attached to one end of the axis of the sohd, this axis being of length 2a. The mass 
of the solid IS Jf, and its principal moments of inertia at its centre of gravity are 
(A, A, C) If the solid is slightly disturbed from the state of steady motion in which the 
string and axis are vertical, and the body is spmmng on its axis with angular velocity w, 
shew that the penods of the normal vibrations are 2ir/pj and 2 w/p 2 ) where and pf are 
the roots of the equation 


- hfp) {Mag^Cinp - Ap**)* 
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35 A symmetncal top spins with its axis vertical, the tip of the peg resting in 
a fixed socket A Second top, also spinning, is placed on the summit of the first, the tip 
of the peg resting in a small socket Shew that the arrangement is stable provided the 
equation 

has all its roots real, Q, o! being the spins of the upper and lower tops respectively, 

M their masses, <7, C their moments of inertia about the axis of figure, A' about 
perpendiculars through the pegs, c, d the distances of the centroids from the pegs, and h 
the distance between the pegs (Camb Math Tnpos, Part I, 1898 ) 

36 A homogeneous body spins on a smooth horizontal plane in stable steady motion, 
with angular velocity o) about the vertical through the point of contact and the centre of 
gravity The body is symmetrical about each of two perpendicular planes through the 
vertical The principal radii of curvature at the vertex on which it rests are pi , p 2 » the 
inoments of inertia about the piincipal axes through the centre of giavity (parallel to the 
Imes of curvature) are respectively A and 5, and that about the vertical is G The 
height of the centre of gravity about the vertex is <at=ai + pi«a24-/)2> a»iid X©® is the 
weight of the body 

Shew that the following conditions must be satisfied 

(i) (Xai+A — C) (Xci624’i?“C)>0, 

(ii) X {a^A +025) < A5 + ~ 

(ill) The value of X must not he between the two values 

[-JB {oiA +aj (4 - (7)}* ± VJ {ajB+a, (B - Ofi^Jlia^A - OjS)*, 

if the two radicals in the expression are both leal 


(Camb Math Tripos, Part I, 1897 ) 
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NON-HOLONOMIC SYSTEMS DISSIPATIVE SYSTEMS 

87 Lagrange's equations ivith undetermined multiplieis 

We nov^ proceed to the consideration of non-holononiic dynamical systems 
In these systems, as was seen in § 25, the number of independent coordinates 
(ffij j qn) re(pured in order to specify the configuration of the system at 
any time is gi eater than the niimbei of degiees of freedom of the system, 
o\\ing to the fact that the system is subject to constraints which will be 
supposed to do no woik, and which aie expressed by a number of non- 
mtegrable* kinernatical relations of the form 

A2idqo’-\- + Anidqn+ Tkdt = 0 (^ = l, 2, . , nt), 

where A^, A^n, , Anm, 3^2, aie given functions of gi, 

5f2> > ^ 

The most familial example of •such a is that of a body ^^hlch is const! ained to 

roll without sliding on a given fixed suiface the condition that no sliding takes place is 
expressed by t'^vo lelations of the type given above A still sixnider example is that of a 
veitical wheel with a sharp edge which lolls on a horizontal sheet of paper, as in the 
integraph of Abdank-Abakaiiovvicz and the integiator of Pascal the wheel mov os only in 
Its own instantaneous plane, the friction at the sharp edge prev entmg it from slipping 
Sidewalks If (i, y) arc the rectitngulai cooidinates of its point of contact with the 
paper, and (f) the azimutli of its plane, v\e have in this case the^non-holonomic equation 
of condition 

dg-taxicj) dv=0 

The numbei of kinernatical relations being m, the sjsiem will have 
(/j — m) degiees of freedom, it is not possible to apply Lagrange’s equations 
directly to such a sjstem, but an extension of the Lagrangian equations will 
now be given which will enable us to discuss the motion of non-holonomic 
sj stems in a way analogous to that previously developed for holonomic 
systems 

Consulei then a n<vn -holonomic system, whose configuration at any 
instant is coinplelely specified by ?? cooidinates ji, let the 

kinetic eneigy be T, and let the kinernatical conditions due to the non- 
holonomic constiaints be expiessed by the lelations 

Aii^dqi’^ At^dq^-^- -h = 0 (^==*1, 2, *, wi) 

* If these 1 elation s v\eie mtegrable, it would be possible to expies** some of the coordinates 
1 !?;t) terms of the otheis, and the n coordinates would therefoie not be independent 
^\hich IS contraiy to our assumption 
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Now it IS open to us either simply to regard the system as subject to 
these kinematical conditions, or in place of these to regard the system as 
acted on by certain additional external forces, namely the forces which have 
to be exerted by the constraints in order to compel the system to fulfil the 
kinematical conditions, we shall for the present take the latter point of 
view Let 

+ + Qn^qn 


be the work done on the system by these additional forces in an arbitrary 
displacement (Sgi, hq^, , Sjn) (which is now not restricted to satisfy the 
kinematical conditions), and let 


+ Q2^q2 “1“ d" Qn^qn 

be the work done on the system by the origmal external forces in this dis- 
placement Since the substitution of additional forces for the kinematical 
relations has made the system holonomic, we can apply the Lagrangian 
equations, we have therefore 


dt \dqj dqr 


= Qr + Qr 


(r = l, 2, ,7?) 


as the equations of motion of the system 

The forces Qi, Q/, Qn are unknown but they are such that, in any 
displacement consistent with the instantaneous constraints, they do no work 
It follows that the quantity 


Qidqi -4“ Q^dq^ + -\-Qn dqn 

IS zero for all values of the ratios dji dq^ dqn which satisfy the 

equations j a 

^ikdqi + A^dq2 + + Ankdqn — t) , 


hence we must have 

Q/ == \iAri d- y^Arn, d- d" == 1, 2, , n), 

where the quantities X*. . are independent of r We thus have 

altogether the {n + ni) equations 


— ^ = Q,. + Xi^ra + ^2^«+ +X„iArm (l*— > «). 

dt KdqJ oqr 

^Ifc9i + ^sit92+ +i4«i?n + 3^1 = 0 (^ = l. 2, ,m), 


and the^e cite sufficient to 

qu q2> , ^i> 

of this set equations* 


determine the (?i + m) unknoim quantities 
The problem is thus reduced to the solution 


* The extension of Lagrange'e equations to non holonomic ’VStems - due to J;-; 

r *7 VT, flftvn D 1 0 Neumann, iJencto, XL (1888), p 22 ana vierKau 
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88 Equations of motion referred to axes moving m any manner 

The method given in the preceding article depends essentially on the 
reduction of the non-holonomic system to a holonomic system by introducing 
the forces due to the non-holonomic constraints In practice, this is often 
most conveniently done by forming sepaiately the equations of motion of 
each of the bodies of the system It is moreover frequently advantageous 
to use axes of reference which are not fixed either m space or in the body, 
and we shall now find the equations of motion of a rigid body referred to 
axes which have their origin at the centre of gravity of the body, and are 
turning about it in any manner* 

Let Q be the centre of gravity of the body, and let Qxyz be the moving 
axes Let (^fc, t?, w) be the components of velocity of the centre of gravity 
resolved parallel to these axes, and let (^i, 6^) be the components of 

angular velocity of the system of axes Qxyz resolved along the axes them- 
selves, further let (a>i, 6 ) 2 , 0 ) 3 ) be the components of angular velocity of the 
body, resolved along the same axes Then (§ 64) the motion of Q is the same 
as that of a particle of mass M, equal to that of the body, acted on by forces 
equal to the external forces which act on the body (including all forces of 
constraint, except the molecular reactions between the constituent particles 
of the body) , let (X, F, Z) be the components parallel to the axes Qxyz of 
these external forces 


The component of velocity of Q parallel to Qx is and consequently 
(§ l'7)lhe component of its acceleration in this direction is u - -f ? we 
have therefore the equation 

M{u — v6z + w6^ — X, 


which can be written 


d(dT\ 


where T denotes the kinetic energy of the body, expressed m terms of 
{u, V, Wj G)i, 0 ) 2 , 0 ) 3 ), and similar equations can be obtained for the motion 
of G parallel to the axes Qy and Qz 

Consider next the motion of the body relative to G, which (§ 64) is 
independent of the motion of G, from §§52, 68 , we see that the angular 
momentum of the body about the axis Gx is 9r/9o)x, so that the rate of 
increase of angular momentum about an axis fixed in space and in- 
stantaneously coinciding with Ox is 


A 

dt 



^*9a)a'^^*96)3 


* In the applications of this method, the axes are usually chosen subject to the condition 
that the moments and products of inertia of the body with respect to them do not vary ; but this 
condition is not' essential 
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If L, M, jV denote the moments of the external forces about the axes 
Gtsyz, we have therefore (§ 40) 

d /^\ dT . . 32 ’ 
dt V3® J ' 

and two similar equations. 

Hence finally the motion of the body is determined by the sue equations 
Id fdT\ .32'^.32’_y 

dt\.3wj ’ dt\dcoJ ®3(»3 *3wa 






d/m_ 


\dt \dw) ‘du ^ dv 


dT . „dT 


dt \,3®s/ * 9®» * 9®*! 

d /92’\ . —W 


It will be observed that these are really Lagrangian equations of motion 
in terms of quasi-coordinates, and could have been denved by use of the 
theorem of § 30 

Example If the origin of the moving axes is not fixed in the body, let 
be the components of velocity of the origin of coordinates, resolved parallel to e 
instantaneous position of the axes, let (dj, ^ 2 , 6%) be the components o angu ve 
of the system of axes, resolved along themselves, let (»i, vi, ®8) be the components o 
velocity of that point of the body which is instantaneously sitmt^ 
coordinates, and let («i, wj, <»%) be the components of angular vdocity of 
referred to the moving axes. Shew that the equations of motion can be wntten in 


the form 


sr , . 02'_r 


d(^T\_. I 

*V0»J 

\<fd0<»3/ ^dvt 

where {X, X X L, M, M) are the components and moments of the external orces w 
reference to the moving axes 

89. Applieatimtospecialnon-holommicproblerns 

We shall now consider some examples illustrative of the t eory o no 
holonomic systems 

Example 1 Sphere roUm on a fixed ephere ^ 
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Let (6, 6^ (f>) be the polar coordinates of the point of contact, referred to the centre of 
the fixed sphere, the polar axis being vertical We take moving axes GABC^ where 0 is 
the centre of the moving sphere, QC is the prolongation of the line joining the centres of 
the spheres, QA is horizontal and perpendicular to ( 7 ( 7 , and GB is perpendicular to GA 
and (?( 7 , in the direction of B increasing 

With these axes we have, in the notation of the last article, 

^2=— <fsm^, ^3=4^ cos 

- (a:+ 6) <|) sm v=:(a+6)^, 0, 

T — 1^2 4, ^2 ^2 4. (^^2 4. 4. ^ 

and if Fy F' denote the components of the force at the point of contact parallel to GA 
and GB respectively, we have 

X^Fy 7 =m^sin^-b^', 

L^F'Oy M-^-Fay W=0 
The equations of motion of the last article become therefore 

m{u — vB^ = F == — (<» 2 ”"^ 1®3 + ^ 3 Wi)> 

m iv +14^3) - sm d = ®= f <xm (wi — ^3 ®2 H- ^2 »s), 

U3 “ < 92®1 " 4 *dil» 2~0 

Moreover, the components parallel to the axes GAy GB of the velocity of the point of 
contact are it— aca2 and y+a«i, and consequently the kinematical equations which express 
the condition of no sliding at the point of contact are 

it-a6>2*=0, i?+ai»i*=0 

Eliminating Fy F\ «di, a>2, we have 

# [ It 0)3=0, 

< - f aB% ©3 - sin d = 0, 

i 0)3 = 0 

The last equation gives 0)3 = wheie is a constant , while substituting for it, i\ ^ii ^2, 
m the first two equations their values in terms of By By <^y we ha\e 

sin ^) + (a4‘6) ^<^cos^“^aw< 5 = 0 , 

(a + 5 ) ^ - (a + h) cos d sin d + f a/t 0 sin d - sm d = 0 

The former of these equations can be integrated at once after multiplying throughout 
by sin By and gives 

(a 4 - 5 ) 0 sin*d+^awcos B^k, 

where is a constant Moreover, multiplying the second equation throughout by B and 
the first equation by sin d, and adding, w-e obtain an equation which can be at once 
integrated, giving 

C 08 d = A, 

7 Ct“p 0 

where A is a constant , this is really the equation of energy of the systeni 
Eliminating <l> between these two integral equations, we have 

(a+6)*sin®d ^®= — (A— ^awcos — (< 1 + h) sin® d cosd + A (a4*A)*sin® d , 

and on writing cosd=^, this equation becomes 
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The cubic polynomial in^on the right-hand side of this equation is positive when 
-HOC , negat^e when r=l, positive for some real values of S i e for ^ ^ 

between -1 and 1, and negative when 4 ; = - 1 . it has therefore one root greater than 
unity, and two roots between 1 and - 1 , we shall denote these roo y 

cosh 7, cos 3, cos o, 
where cos |3 >-cos a , and we then have 

?- Y ^ f) = r {(a?— cosh 7) (a?~ cos (a?- cos a)} ~idx, 

\7 a+ 6 / J 

where € is a constant of integration. 

Wnting 


^=-6- 


14a+ft « ^ U a+5 

“ + '’24.j(co8hy-boos3+COSa)= Y — *+ ■ 


5 g 2^^g{a+b) 

the equation becomes 

t+e=j {4(a— ei) 

or a- j? («+«), 

where the funotio* p is formed with the roots 

I 5^ f u 7A^62±if5M 

6ff f _ 'Jh(a + b y+^ct^nn 

■ **“l4(a+6) "■ r 

i «»=T4^) n “ " J ’ 

these quantities , e,, «3 are all real, and satisfy the relations ^ 

of time and therefore we have finally 


00s 


14 a-Hi ^ ^ . 7A 

■!>(< + »)+ — ahnCao-M 


>2 


■"6 g O' V • ' 30^(a4-5) 

This equation gives the variable 6 m terms of the time the other coordinate of t 
centre of the moving sphere is then obtained by integrating t e eqna ion 

k-^CCTlCOB B 
(fl+b) sin^ 0 ’ 

this integration can be effected by a procedure similar to 

Eulenan angles which define the position of a top spinning on a perfectly rough plane 
E.ample^ A rough 

under gravity , if «a, *3 ^ greatest and least heights of its ce , ® 

and 3 4 the height at a time t from an instant when s was equal to Sj, prove 

(Sj-2)[|>(<)-«8]=‘(24-*3) («!-««)> 

Where «», e*, quantities m descending order of ^ 
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Example 3 Sphere tolling on a moving sphere 

Consider now the motion of a rough sphere of radius a and mass m which rolls under 
gravity on another sphere, of radius h and mass the latter sphere being free to turn 
about its centre 0, which is fixed 

Let (^, <#>) be the polar coordinates of the point of contact referred to axes fiixed in space 
with the fixed centre as origin, the axis from which d is measured being vertical 

To obtain the equations of motion of the sphere m, we take (as in the lalbt example) 
moving axes GABC of which QG is the prolongation of the line OG joining the centres of 
the spheres, and GA is horizontal Let dg, ^3) denote the components of angular 
velocity of the coordinate-system resolved along its own axes, and let (a>i, wg, ©s) denote the 
components of angular velocity of the sphere m along the same axes Then, as in the last 
example, we have 

dg*— 0sin^, ^8«®<^cosd 
-(« + 6)0sm^, v«-(a+6)^, w»0, 

-I- ^ + ©2® + fi>8®)J- 1 

and if F' be the components of the force acting on the sphere m at the point of contact 
parallel to GA and GB respectively, we have 

T—mgsm6-\-F\ 

L~F%y 2^=0, 

so the equations of motion become 

{ m (t4— V$^^F “ — (ci>2“^lfi>8 + l93®i) (1)} 

Jawi((iDi-^8002+^2®3) •• (2)» 

<S)3“ » * . » (3) 

To determine the motion of the sphere we take moving axes parallel to the axes 
GABC^ but with their ongin at 0, let (Oi, %) denote the components of angular 
velocity of the sphere resolved along these axes Then for the sphere M we have 

and its equations of motion are 

•i ^3Q2"h^2^3)~-^^ ' 

^3 — dgQi + ^2 =0 . (6) 

The conditions of no sliding at the point of contact are 

u~a6i>i^bQ27 v+aai— —hQi (7) 

In order to solve this set of equations we multiply equations (3) and (6) by a and b 
respectively, and add , thus, using (7), we have 

Uwg -H bQ^ "1" “h 

or aa»3-H663>5=0* 


Integrating, we have 


a«£>3 + 6O3 “ aw, 


where w is a constant 
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Moreover, from equations (4) and (7) we have 

— WiOa — 

Eliminatmg -Pand ft> 2 +^ 3 «i between this and equations (1), we have 

7if+6«i, 


2if 


- iu — 6^v)^anBx^ 


d 2ManB « 

Similarly from equations (6) and (7), we have 

§ j|/'( — “W — a«i — ad3«8+ ** F' 

Ehminating P' and «i between this and equations (2), we have 

..... b{M+m)gexa6_ an iM 

am 0 C 08 0 - (6m+7Jf)(a+ ^ ~ a+S' 0m+ 7J/- 


-(•A) 


(B) 


Now the equations (A)an<l(B), from which and are to be determined in terms of t, 
are of essentially the same character as the equations found for the determination of S 
and <f> m the previous example the former equations being m fact derivable from the 
present ones by making M very large compared with «i. The integration therefore 
proceeds exactly as in the former case. 

Erample 4, A uniform sphere rolls on a perfectly rough horizontal plane, under 
forces whose resultant passes through its centre Shew that the motion of its centre 
IS the same as that of a particle acted on by the same forces reduced in the ratio 6 7. 

ExamaOt 0 Form the equations of motion of a perfectly rough sphere rolling under 
gravity inside a fixed nght circular cyhnder, the axis of which is mobned to the vertical at 
an angle o, and show that, if the sphere be such that **=ia*, a being its radius and k 
the radius of gyration about any diameter, and if it be placed at rest with the axial plane 
through its centre matong an angle /3 with the vertical axial plane, the velocity of 
the centre parallel to the axis, when this angle is d, is 

j {sin Jd arccosh (cos Jd sec + cos J 6 arccos (siii J 6 cosec JjS)}, 

where t+a » the radius of the cylinder (Camb Math Tripos, Part 1, 1896 1 

For other examples cf. "Woronets, Moih* Ann. LXX. (1911), Jp 410 

90 Fiftrojicww of non^holonomio systems. 

We »bn.ll next consider the small vibratory motions of a non-holonomic 
system it wUl appear that so for as vibrations about equUibnum are con- 
cerned, the difference between holonomic and non-holonomic systems is 
unimportant. 

For consider the vibrations about equilibrium of a non-holonomic system 
with n mdependent coordinates and (n - m) degrees of freedom, m wbio 
the constraints are independent of the time. Let T be the kinetic and 7 the 
potential energy, so that for the vibrational problem T will be supposed to be 
a homogeneous quadratic funcUon of (j,, q„ ?n). F to be a homogeneous 
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quadratic function of (g-i, 3,, , ?*), the coefficients in both cases being 

constants There are m equations of the type 

^li?i + ^2fc42 + - +^nt3n = 0 (*=1,2,. ,m), 

■which express the non-holonomic constraints j and the equations of motion 
are (§ 87) 

© , n) 

From these equations it is evident that X*, , general small 

quantities of the order of the coordinates , and therefore for the vibrational 
problem only the constant parts of A 12, , An»» need be considered The 

vibrational motion is therefore the same as if the coefficients An, Ai2> > ^nm 
were constants independent of the coordinates , but m this case the equations 

Aijbgi + A3fcga+-* + An*gn = 0 (fc =* 1, 2, 

can be integrated , in fact, they give 

Alt 4- AjjfcJa 4- . + Anijn * 0 (A? = 1, 2, , m), 

the constants of integration being zero since the values 

^1=0, 

represent a possible position of the system 

It follows that the vibratory motion of the given non-holonomic system is 
the same as that of the holonomic system for which the equations of con- 
straint are expressible m the mtegrated form 

Aijfc3i+ AaJt32*+* • • + Ani;ijn“0 (jfc = 1, 2, . 

we can therefore determme the vibrations by usmg these equations to elimi- 
nate m of the coordinates (^x, g„ *,?»!) from T and V , we shall then have 
a holonomic system with (n — m) degrees of freedom, the kmetic and potential 
energies being expressed in terms of (^ — tti) coordmates and the corre- 
sponding velocities the vibrations of this system can be determined by the 
usual method described in the preceding chapter 

As an example, we shall consider the following problem* 

A heavy homogeneous hemisphere %s resting %n eqwhhrium on a perfectly rough horizontal 
p^ane wUh its spherical surface dovmwards A second heavy homogeneous hemisphere is 
resting in the same loay on a perfectly rough plane face of the firsts the point of contact 
being in the centre of the face The equilibrium being slightly disturbed^ it is required 
to find the vibrations of the system 

Take as axes of reference 

(1) A rectangular set of axes Z^xyx fixed m the upper hemisphere, the ongin being 
Its centre of giavity 

* Due to Madame Kerkhoven-'Wythoff, Nteuw Arehiefvoor Wtskunde, Boel iv (1899) 
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(2) A rectangular set of axes fixed m the lower hemisphere, the origin being 

its centre of gravity Zi 

(3) A rectangular set of axes Rlnm fixed in space, the origin R lieing the equi- 
librium position of the point of contact of the lower hemisphere and the plane 

We further define these axes by supposing that in the equilibrium position ‘he axes 
Z^z Z,C, and Rn are vertical and therefore coincident, while the axes «« 

are’ parallel, the axes Zty, Zii,, and Rm being therefore also parallel 

Suppose that at time t the coordinates of a point referred to these different sets 
of axes are connected by the equations 

^ ss= a+ +03^, 

rj + + 

C — 7-hVi-*?+*ygy +y32» 

I aa a 4- Cti f + ^*3 f» 

i 4- i'll 4- b2f) +b^Cy 
n c + Cjl 4- c^ff 4"<53Ct 

The 24 coefficients m these transformation formulae complete^ specify the ^ 

the system at any instant As however the system ht^ only six deg^s 
must be 18 equations connecting these coefficients or their differential e, 

the ordinary conditions of the types 

a 4- 03^ « 1 , ai 4- as fti 4* as ^3 = 0, 

which express the orthogonal character of the axes , the lemaining 6 are the conditions of 
contact and rolling, which we shall now find 

Tot ft ft, be the radii of the lower and upiier hemispheres resp^ively. ^d , f* 
xu .4 * Aft ftf the centres of gravity from their plane faces, so ii — S/2i> ^2 

of L upper hemisphere with the lower are 

ir,= -ftsyi, ^*=-^2*72. 

the conditions that this point shall be at rest relatiio to the lower hemisphere are 

a4*aiA24"®^3^2"h 

4- i3i^2 4- ^2^3 + =* 0, 

7 4-71 ^2 4* 72^24- ^^2*= ^ 

* ^7 • wViif^h IS the differentiated form of the 
The last of these equations gives 74'^27s=0, which is tae am 

„ th. oon*"," «< «»•" ■>' 

the first two of the equations give 

a - 01 jBayi - o» ^ " /i*ys) =0) 

S- Si Rty^ - Ai ftayj {^s - 

.h«. .!« »«*«. or ™lbn, a a. upp» on th. l™»r h«o-pl.™ Th«. 

equations give as a first approximation 

a=a, (fta-fj). ^ = ^3 ('^s *■'*)> 
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and therefore on integration 

0=03 (i?2“* ^”^(*^”■^2) 

Similarly the condition of contact of the lower hemisphere and the horizontal plane is 

O+C3Z1 — 

and the conditions of rolling are 

a = as (i2i - li)i ^ 1 ) 

We have thus now obtained the 18 equations connecting the 24 coefficients taking 
02 A 71, «2> h, Cl the 6 independent coordinates of the system, and solving for 
the other 18 coefficients in terms of these, we find with the necessary approximation 


a = 7 i(^ 2 -'^ 2 )> 
aj^l-i (02^+71^), 

03 = -71 

I ft — “*“ 2 , 

|j 32 =i-i W+ft®) 

r y =3 jRg + — ^2 {1 “ i ( 71 ^ ^3®)}, 

l 73 *l-i( 7 i"+^ 32 ) 


a =Ciyi--^i), 

ai=l — i(a2^+^A 

.as= — Cl 

• b {Ri~h)i 

6i«=: -«2, 

L62==l“”i W 
' C =-^ 1 “ ^1 {1 - i (V+ ^ 3 ®)}> 

C2= - 63, 

[c 3 = l-'i(Ct®+M 


The potential energy of the system is 

r= ifi^c + Mzg (c + Cl o -f C2^ + C37), 
or, retaining only small quantities of the second order, 

— fi. Jfo J?oCi Vt + A-iifs! ^271® 


If now we express the coordinates J, m, n of any particle of the upper or lower 
hemisphere in teims of its coordinates relative to the axes Zixyz and res^tively, 

and fom the sum jSm (P +m>+n*) for each hemisphere, neglecting terms above the Mcond 
order of smaU quantities, and remembering that the principal momente of ““^tia of 
a hemisphere of mass M and radius R at its centre of gravity are > 

we find for the kinetic energy of the system the value T, where 

+ oi® {i8-Ri®-*^i + (a8 -ff/ +f ^i^^ii+^i*)} + 2ci 71 -*f2^ +i8 *a) + 

The equations of motion evidently separate into three distinct sets, consisting of 

(I) Equations for the coordinates Oa and oj these coordinates give rise to no terms 
in V, and do not correspond to vibrations in the stricter sense in fact, the equilibnum 
18 not disturbed if either of the hemispheres is turned through any angle about its axis of 
revolution We can therefore neglect these equations 

(II) Equations in\ olving the coordinates 63 and ft 

(ill) Equations for the coordinates and 7^ , these are exactly the same as the 
equations for 63 and ft, so we need consider ^only the latter 
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The equations for 63 and ft are, %n esctensoy 

(I J/i - g RiMi) h - 

The corresponding determinantal equation for X, where 2ir/\/X is a period, is 

This IS a quadratic equation in X it is easily found that its roots are positive if 

9 jffi Ml >■ 40^82 “^2 > 

and thu ts the conditum for stability of the equdrbnvm 

The vibrations of non-holonomic systems about a state of steady motion 
are most conveniently discussed by use of the equations of motion given 
m § 88 The method will be illustrated by the following example 

mrnwU A solid of revolution has an e^uatorud jdwM of symmMry, emd m roUiy 
mth angLr vdoeity a r<yand lis a^ in steady m>twn cm a perfectly rough 
plane, the equatorial plane of the solid henng vertusd Thu motion being dighdy disturbed, 
to find the period of a vibration 

Let G be the centre of gravity of the solid, and let (£?, il) be its moments of inertia 
about the axis and about a line through G peipendioular to the axis Take «« “^^”8 
axes of reference Gxyz, where Gz is the axis of the solid, Gy is perpendicular to the p^iie 
through Gz and the point of contact (so Gy is horizontal), and Go is normal to the plane 
%z Let F, F', 5 be the components of the force acting on the solid at 
of contact, F being in the plane Gxz, F' bemg parallel to Gy, and R being normal to the 
1 //I A A\ and <»o o)®’) denote as usual the components of angular 

vel^ity of tL^lxes and of the body respectively, and let {u, v, w) be the components of 
the velLty of G, parallel to the movmg axes Further, let p be the r^ius 
of the mendian of the solid at the equator, a the radius of its equaton^ circle, d ^ 
anju made by Gz with the vertical, and ^ the angle between Oy and its undisturbed 

direction Then wo have 

ft««Di»*-<J»sind, ft=^oos^, 


and the kinetic energy is 

J if (u2 + 4. -j- ^ 4 4. CO jj2) 4. 4 (7 o> 8® 

The equations of § 18 therefore give, if P is the point of contac^ PJTthe Pf^cular 
from thisV'nt <>“ t*'® perpendicular from G on the horizontal plane, 

/i/(M-vd3 + wdj) =!=i^coBd-(-R-J(?)sind, 

I Jf(v— wdi+'wds) ^F', 

J Jf(w-Mds+«di) =(i?-ifs')ooBd+F’ 8 ind, 

Aa)i — Aai 6 i+Oaa 6 a=—F GF, 

A<ai—Ot»t 6 i+Aai 63 “—F GN—R FP, 

\Oe ,3 

In these equations, GK aai iVP are measured positively paraUel to the positive direction 
of the 8X18 of * and the horizontal projection of this direction respectively 


W D 
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The conditions of no sliding at P are 

iuciQ^9-\-w%\ri6'^GN © 2 — 0 , 

\v-^PK <o^ — GK ©1 = 0 , 

and the condition of contact of the body and plane is 

d 

w cos^— ^ Sin cos^+PZ^sin 9) 

These equations determine the motion in the general case, when the disturbance from 
steady motion is n6t supposed to be smalL When this latter assumption is made, 
we have 




©3=»i+tD’, ari+iy. 


where x, ^7 are small , and P, F\ u, to, ©i, © 2 , ^ 1 , ^ 2 , ds are small, while R is nearly 
equal to Mg Moreover we have NP^ (p “ ®) X equations therefore become 

(u + an9^) = — P + Mg, 

Mil =P', 

M(w-<m9i)—F, 

jA.&i + “0, 

\Aa>2-On9i =-Fa~-Mg(j}^a)xi 
Cw s^F'a, 

w — a©2 =0, 

,ri+axff =0, 

where ®2*^a“X> ^8“^ 

Ehimnating F, F\ P, and replacmg 9^, 9$, ds, ®i, ©2 by their values, the equations 
become 

— Onx 

Ax-^(0’hMa^)n4>+Mg(j)-^a) x+MawmiO, 

. Cor -ifa7, 

-ax> 

■B -aw 


V 


From the third and fifth of these equatioiis we see that w and rj are zerp, and therefore 
w and rj are constants The other three equations give, on ehmmating w, 

j* A(l)-Vnx—0, 

I (ifa® +4) X + iO+Ma^) n4>+Mg (p - a)x-0, 

and thOTefore the equation for the determination of x is 

A {A -{■ Ma^) x-jr{MgA (p - «) + On^ (C+ifa*)} x ^ > 
this equation shews that the period of a vibration is 

f ^(^+ifo») 

. XMgA (j,-a)-\-Cv?{0+Mo^)] 


91. Dissipative systems; fnctionaL forces* 

We now proceed to the consideration of systems for which the principle of 
conservation of dynamical energy is not valid, the energy of the system being 
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continually changed into some other form (e g heat) which is not recognised 
in dynamics We shall first consider frictional systems 

If two rigid bodies which are not perfectly smooth are in contact, the 
reaction between them at the point of contact may be resolved into a com- 
ponent along the common normal to their surfaces at the point, which is 
called the normal pressure, and a component m the common tangent-plane, 
which 18 called the frictional force The frictional force is determined by 
the following law*, which has been established experimentally The bodies 
will not sl%^ on each other, provided the frictional force required for the 
prevention of sliding does not exceed /x, times the normal pressure, where 
IS a constant called the limiting coefficient of friction"' which depends only 
on the material of which the surfaces in contact are composed If on the 
other hand the fhctimal force required to prevent sliding is greater than p 
times the normal pressure, there will be sliding at the point of contact, and 
the frictional force called into play will be yu times the normal piessure 


Painlev^ has pointed out that the four hypotheses— <1) that the above laws of friction 
hold, (2) that there exist ngid bodies, (3) that the normal pressure between bodies cannot 
be negative, (4) that all accelerations and tensions are finite— taken together lead m some 
cases to contradictions of the fundamental laws of dynamics For a discussion on thm 
subject, of CompteB Rmdm, oxn (1905)„pp 635, 702, 847 ibid cxll (1905), pp. 310,401, 
546 , ZeiUohnft fUrMu F vnn (1909), p 186 

The following examples illustrate the motion of systems involving 


frictional forces. 

Esamt^ 1 Motion of a particle on a rough fixed plane curve » ^ 

OoDBider the motion of a particle which is constrained to move m a 
of small bow, m the form of a plane curve, under forces which (tepend solely on its 
m the tube. Let f{s) and g{s) denote the components of force per unit mass 

SSl « to i »d «m.l to to tub., . . to 

ISL! rf to^. tout ««. «»d P<..,u!tototo,«»»u™i J«.gto«o«to 

and u the coefficient of faction 

<Loe the components of acceleration of the particle along the tangent and normal ^ 
and v‘/p, ^ curvature of the 

tube, we have v* „ 


Eliminating if, we have 

di p 

Integrating, we have 

iP=ce-^+2e-^ I 

.tato ♦-;*/. .«d . » . »»*», « to «i«i uf to tototou 

. to. to to«l- . to to .«utol to-»» V 

0 Amontons, Parit Mim., annto 1699, p 206 ^ 
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The right-hand side of this equation is a known function of », say = J'’ (t) Then 
we ha\e 

/d*\* 




so the relation between » and t is 


(ST 

«-<b= 


-4* 


This equation represents the solution of the problem 

Example 2 A circular hoop of mass M stands on rough ground^ and a particle of 
mass m is attached to the end of the horizontal diameter To find whether the hoop will roll 
or slide 

Let us investigate the rolling motion, assumed possible, and so determine whether the 
friction required to produce this motion is, or is not, greater than the maximum friction 
actually available, i e /* times the corresponding normal pressure. Let B be the angle 
tumed through by the hoop from the commencement of the motion, and let a and y be 
the coordinates of the centre of gravity of the system, referred to horizontal and vertical 
(downward) axes through its own initial position, so that 


x^aB- 


ma - 


-J^a-cosd), 

where a is the radius ot the hoop 

The kinetic and potential energies are 

( - sinfl), 

1 F= -m^asind 

The Lagrangian equation of motion is therefore 

-sxnd))]-fma>^‘oo8tf=msraoo8« 

For the initial motion, this equation gives 

%aB 


m^g 


so initially we have 

But if be the frictional force and JR the normal pressure, we have 
(Jf+m) 0?, JR- (if +w) ( -y +5^), 

so initially we have 

F V m(ir+7a) 

it 2if*-4*4ifin+m* 

The hoop will theiefore roll or slide according as the coefficient ot friction is not less, oi 
less than 

m (if-hm) 

2if*+4i/tn+m* 

Example 3 A particle moves under gravity on a rough cycloid whose plane is 
\ ertical and whose base is horizontal if ^ be the incbnation of the tangent at any point 
to the horizontal, so that the equation of the cycloid can be written 

’ f=:;4a8m<^, 

and if tan e be the coefficient of friction, shew that the motion is given by the equation 

« *“* (^ +«)=«» (^ . 


where c is a constant 
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92 Resisting forces depenfhng on the velocity 

A different type of dissipative system is illustrated by the motion of 
a projectile in the air, as the resistance of the air depends on the velocity of 
the projectile No general rule can be formulated for the solution of prob- 
lems involving forces of this kmd a case of practical interest, however, 
namely the motion of a projectile under the influence of gravity and of a 
resistance varying as some power of the projectile's velocity, can be integrated 
in the following manner. 

For low velocities (below 100 ft /sec) the resistance of the air to a projectile is nearly 
proportional to the square of the velocity For high velocities (say 2000 ft /sec ) the 
resistance is approximately a linear function of the velocity 

At time t let v be the velocity of the projectile, fci)" the resistance per 
unit mass. 6 the inclination of the path to the honzontal, and p the radius of 
curvature of the path The components of acceleration of the projectile 
along the tangent and normal to its path are vdv/ds and li^lp , and hence the 
equations of motion are 

(vdvjds = - gam 0- hf^, 

t v^p^gcoaB 

Dividing the first equation by the second, we obtain 
I dv _ tan^ _ In 
dd v" ff cos 6 ’ 


— f— ^ log 0) = — ^ sec 9 

dd\vV v”d0^ ® £f 


or 


Integrating, we have 

(l/«») sec" 0 + Constant = - (n%) j8ec"+> 0d0 

This equation gives v in terms of 0 To obtain f, the equation = pg cos 0 
gives 


gt^-j V sec 0d0y 


and as « is a known function of 0. this equation gives t as a function of 

Se (*. S') 

equations 

oj = J u cos 6dti g = jvsinddt 

The sotatioe ot the problem is thus redeoed to qumiratiires 

solo Bem.o.h.» nU 

* Opera, i p 502 
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D’Alembert* shewed that if gu denotes the ratio of the resistam^ to the mass of the 
projectilcj the integration can be eflFected in the four cases 

u^a^h\og% 

w a= a (log t?)" + log V + 6, 

where 6, n are arbitrary couatants and R is another constant depending on them 

Siacci + obtained many more integrable easels, of which the following may be mentioned 

log 

where a, 5, c, C are arbitrary constants this equation dehnes v in terms of -w, the 
number of terms involved being finite when c is rational 

Poisson pointed out in ISOfiJ that the theory of wtigvloiT sclutiom of differential 
equations has applications in Dynamics, notably in the case of a particle under a resisting 
force If a particle is moving in a straight lino under a resisting force varying as the 
square root of the velocity, the equation of motion is 

dvldt^-av^ 

The initial velocity being the motion is represented by the general integral 

so long as t<^cla, aftei which it is represented by the tingvlar eolution 

Example 1 A heavy particle falls vertically from rest at the ongin in a medium 
whose resistance vanes directly as the velocity Shew that the distance traversed 
in time t is 




where g.v is the resistance per unit mass 

Example 2 A heavy particle falls vertically from rest at the ongm m a medium 
whose resistance vanes as the square of the velocity shew that the distance traversed m 
time t IS 

-log cosh 

where /iv* denotes the resistance per unit mass. 


93 Rayleigh’s dissipation-funciion. 

When a system is subject to external resisting forces which are directly 
proportional to the velocities of their points of apphcation, it is possible to 
express the equations of motion of tlie system in general coordinates in terms 
of the kinetic and potential energies and of a single new function 

For let the energy lost to the system by the action ot the resisting force 
which 18 applied to a particle m of the system, whose coordinates are {x, y, z), 
m an arbitrary displacement (&c, Sz) be 

kx<thx + kyyiy + k^zhz, 

* Traiti de Viquxlxhe et du mauvement dtifuxdrt^ Pans, 1744 

t Comptei Rendutf cxxxii (1901), p 1175 

ij: Journal de vicole PolyU vi (Cahier 13), p 60* 
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where ky, h are functions of y, z only The equations of motion of the 
typical particle m will therefore he 

! mx = — 

— kyy + F, 
mz — — kzZ + Z, 

where X, T, Z are the components of the total force (external and molecular) 
on the particle, except the force of resistance 

Now let a function F be defined by the equations 

1 '= (Je^x‘ + kyf + 

where the summation is extended over all the particles of the system so 
that F, which 18 called the d^ 83 ^pcU^on.fur^t^<m, represents half the rate at 
which energy is bemg lost to the system by the action of the resisting forc^, 
and let ( 3 , 3 ,. . 1) be coordinates specifying the configuration of the 

system. 

MdtiplTiiit! tie eqmitioDS of motion ot the particle m by 3«/8j„ dylHn 

^ ‘-S' 1/ '■* D 

As in § 26, we have 

where T is the kinetic energy , and 

v n A- + OtiaSc/n dcnotes the work done by the external 

foicis (Lludint the resistances) m an arbitrary infinitesimal displacement, 
while we have 

-S [K.^ + k,y (*•* Sir* 

dgr 

It follows that the equaUons of motion of the system m terms of thz co- 
ordinates (q„ 3 *. , 2») can be written in the form 


(r-1, 2, ..»a). 
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Example If the resisting forces depend on the relative (as opposed to the absolute) 
velocity of their points of apphcation, so that the forces acting on two particles {xu yu «i) 
and (d72, y 2 , ^ t^ve the components 

— — ^2) j *" (yi ^2)5 (^1 “ 

and 

-h{y^-yi\ -‘^,(«2-«i) 

respectively, shew that the equations m general coordmates can be formed with the 
expression ^ 

Js % (xi - X2)^-^hy (yi -y2)® («i - «2)®} 

as a dissipation-function 


94 Vibrations of dissipative systems 

If a dynamical system is specified by its kmetic energy function, potential 
energy function, and dissipation function, methods similar to those of 
Chapter VII can be applied in order to determine the nature of the small 
vibrations of the system about an equilibrium-configuration 

For simplicity we shall consider a system with two degrees of freedom 
As in § 76, we find that for the vibrational problem the kinetic energy and 
dissipation function can be taken as homogeneous quadratic functions of the 
velocities, and the potential energy as a homogeneous quadratic function of 
the coordinates, the coefficients in these functions bemg constants Taking 
as coordinates those variables which would be normal coordinates if there 
were no dissipation function, we can write these three functions m the form 

i (31* 32*)» 

• -F == 4 (agi*+ 2ftgiga + hq^), 

where Xi and \a will be supposed positive, so that the equilibrium would be 
stable if there were no dissipative forces 


‘ The equations of motion are 

dtKdqJ dqr dqr dqr 

or qi + aqi 4* Aga + = 0, 


(r-1, 2), 


Ja 4 "b ^3s “4 ^3* ® 

If we attempt to find a particular solution of these equations in the form 

on substitutmg these values in the differential equations we have 

A (p® 4 qp + Xa) 4 Bhp ~ 0, 


Ahp 4 B (p* 4 bp 4 Xg) = 0, 

from which it follows that p must be a root of the equation 
(p»4ap4Xi)(p®4 6p4Xa)-A*p«:s=0. 
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i' 


\3, = -AV\e-*‘*‘smVv ^ t<j', = Av'M-i“*co8VM, 
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We shall suppose the dissipative forces to be comparatively small, so that 
squares of the quantities a, A, h can he neglected , on this supposition, the 
roots of the last equation are readily found to be 

Corresponding to the root pi we have, from the second of the equations 
connecting A and jB, 

B __ 

A “• Xjj 

A particular solution of the differential equations is therefore given by 
= (K - e“ i"* (cos 4* ^ sm ^/Xlt), 

ga = h (i cos y/X^t - sm 

and a second particular solution is obtained by changmg i to — z in these 
expressions It follows that two mdependent real particular solutions of the 
differential equations are 

= (\i - Xg) e " sm 

smVv \<j', = Av'M-i“*co8A 

and therefore the most general real eolntion mvolving is 
'2, = (Xi - X,) sm ( VXit + e), 

g* = A ~ sm + ^ + . 

where A and e are real arbitrary constants This represents one of the normal 
modes of vibration of the system Adding to this the corresponding solution 
in we have finally the general solution of the vibrational problem, namely 

2, - (Xa - X.) ^6 - *“* sm (Vm + €) + h sm 1 + 7) , 

■ 

2. - A sin 1 + e) + (X, - X,) Be " i*" sm (Vx,t + 7), 

where A, B, e, y are four constants which must he determined from the 
initial circumstances of the motion 

Now we suppose the dissipative forces such that energy is being con- 
tmually lost to the system, so that Fisa, positive defimte fom, and therefore 
o and 6 are positive The last equations therefore shew that the 
tcradually dies away, on account of the presence of the factors e"*" and e" 
the periods of the normal vibrations are (neglecting squares of «, A, b) the 
same as if the dissipative forces were absent , and m a normal vibmtion, the 
amplitude of oscillation of one of the coordinates is small compared with the 
amplitude of osoiUation of the other coordmate, while the phases ot the 
vibmtion in the two coordinates at any mstaht differ by a quarter-penod 
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A similar analysis leads to corresponding results for systems with more 
than two degrees of freedom , supposing that the dissipative forces are small 
and that the dissipation function and potential energy are positive definite 
forms, we find that the periods of the normal vibrations are (neglecting 
squares of the coefficients m the dissipation function) unaltered by the 
presence of the dissipative forces, but that the vibration gradually dies away: 
and if (gi, ga, , ffn) are the normal coordinates of the system when the 
dissipative forces are absent, there is a normal vibration of the system when 
the dissipative forces are present, m which the amplitude of the vibrations m 
?2> M Qn IS small compared with the amplitude of the vibration in qi, 
and the phase of the vibrations in g^, ga, , gn differs by a quarter-period 
from the phase of the vibration in gi 

Example Discuss the vibrations of a system which is acted on by penodic external 
forces which have the same period as one of the normal modes of free vibration of the 
system , shewing the importance of dissipative forces (even where small) in this case 


96 Impact 

Another mode in which energy may be lost* to a dynamical system is by 
the collision of bodies which belong to the system, a collision generally 
results m a decrease of dynamical energy 

The analytical discussion of collisions is based on the following experi- 
mental lawf When two bodies collide, the values of the relative velocity of Ike 
surfaces in contact {estimated normally to the surfaces) at instants immediately 
after and immediately befoie the impact bean a definite ratio to each other 
this latio depends only on the nuiterial of which the bodies are composed 

This ratio will in general be denoted by - e When e is zero, the bodies 
are said to be inelastic 

The general problem of impact reduces therefore to a problem in impulsive 
motion in which the unknown impulsive force at the point of contact of the 
bodies IS to be determined by the condition that the change in relative 
normal velocity of the bodies satisfies the above law 

96 Loss of kinetic energy in impact 

We shall now find the loss of kinetic energy when two perfectly smooth 
bodies impinge on each other. 

Let m typify the mass of a particle of either body, and let {uq, Vq, Wq) and 
(u, V, w) denote its components of velocity before and after the impact, and 

» * I e lost to the system considered as a dynamical system the energy is not annihilated, but 

appears m some other mamfestation, e g. heat 

t The laws of impact were discovered in 1668 by John Wallis {Fhil Trans No 48, p 864) 
and Chnstopher Wren (t6id. p 867) 
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let {U, y, F) be the components of the total impulsive force (external and 
molecular) on this particle The equations of impulsive motion (§ 35) give 
m(u-u^ = U, m(y-v^ = V, m{w-'Wa)’^W 

Multiplying these equations by (it + euo)> (^^ + aWo)> (w + cwo) respectively, 
addmg, and summing for all the particles of both bodies, we have 

2m {(a - «o) (« + eM«) + (« “ ■"») (« + 

= 2{ir(u + et<o)+ F(D + et)o)+F(«; + ewo)} 

Now so far as molecular impulses are concerned, we have 

2(CrM + 7®+ Fw) = 0, and 2 ( Z7«o + Fd, + Fwo) = 0, 

since the impulsive forces which correspond to each other m virtue of the law 
of Action and Reaction will give contributions to these sums which mutually 
destroy each other 

Also, since the part of (it + e«o) due to the normal component of velocity 
has the same value for each of the particles in contact at the point where 
the impact takes place (in virtue of the law of impact) it follows that 
the impulsive force between the bodies does not contribute to the sum 
2ir(M + euo), and similarly does not contribute to the sums ZV(v + eVo) 
and 2F (tw + ewo) 

We have therefore 

2 {Cr(u + euo)+ F(i» + ei;o) + F(«; + ew,)] = 0, 

and consequently 

2m {(li - Wo) (« + ew,) + (w - v,) (w + ew,) + (m - w.) (w + ewi)] = 0, 
or 

2?n (u^ -h t)® + w®) - Sm (uq® + 

= - 2m {(w - Wo)“ + (w - Wo)’ + (w - Wo)*} 

This equation can be expressed by the statement that the Jav^c energy 
lost ^n the xmpa^t «. (l-e)l(l + e) times th^ kinetio energy of that motim 
whoh would have to be compounded with the motion at the insicmt before the 
impact wi order to produce the motion at the instant after the impact 

97 Eooamples of impact 

The impulsive change of motion consequent on the collision of fr®® 
ngid bodies m space can be most simply determined by the following 

considerations 

The motion of each body before or after impact is specified by six 
quantities (eg. the three components of velocity of its centre of ^vity an 
the three components of angular velocity of the body about axes through its 
centre of gravity) The total number of equations required to determme the 
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impulsive change of motion is therefore twelve Of these, six are immediately 
furnished by the condition that the angular momentum of each body about 
any axis through the point of contact is unchanged (smce the impulsive foices 
act at this point) , another equation is obtained from the condition that the 
momentum of the system in the direction normal to the surfaces in contact 
IS unchanged (since the normal impulsive forces on the two bodies at the 
point of contact are equal and opposite), and another by the fexpeiimental 
law of impact If the bodies are perfectly smooth, the remaimng four 
equations can be derived from the condition that the linear momentum of 
each body in any direction tangential to the surfaces in contact is unchanged 
(since there is no tangential impulse if the bodies are smooth) if on the 
other hand the bodies are perfectly or imperfectly rough, the condition that 
the linear momentum of the system in any direction tangential to the 
surfaces in contact is unchanged gives two equations, if the bodies are 
perfectly rough, the condition that the relative velocity of the bodies in 
any tangential direction aftei the impact is zero gives the other two while 
if the bodies are imperfectly lough, the coefficient of friction between the 
surfaces in contact being /i, the remaining two equations are given by the 
conditions that 


(a) the relative velocity in any tangential direction is zero after the 
impact, provided the tangential component of the impulse required for this 
does not exceed /a times the normal component of the impulse, 

(^) if the last condition is not satisfied, there is a tangential impulse 
equal to /i- times the normal impulse between the bodies 

In all cases, therefore, the required twelve equations can be found 

If the motion takes place in a plane, or if one of the bodies is fixed, this 
procedure is still valid after making some obvious modifications 

The following examples illustrate these- principles 


Example 1 An inelaetio sphere of niass m falls with velocity V on a perfectly rough 
inelastic inclined plane of mass M and angle o, which rests on a smooth horizontal plane 
Shew thcU the vertical velocity of the centre of the sphere immediately aftei the impact is 


Tsm ^g 

sin^a 


(Coll Exam.) 


Let i7be the velocity of the plane after impact, u the velocity of the sphere parallel to 
and relative to the plane, 6> the angular velocity of the sphere, and a its radius 

The equation of horizontal momentum gives 


w(wcoso- U)^MU 
The kmematical condition at the point of contact is 

The condition that the angiilai momentum of the sphere about the point of contact 
shall be the same before and after impact is 

■m Va sin a — g inaF<o + cos a) 
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These three equations give, on eliminating a> and 

__ Fsin^g 

u sin a — ^ a ’ 

which IS the result stated 

£xample 2 A sphere of radius a rotating with angular 'oelocity Q about an aans 
inclined at an angle a to the vertical and moving^ in the vertical plane containing that axu^ 
with velocity Vin a direction making an angle a with the horizon, strikes a perfectly rough 
horizontal plcme If the plane he tangentially inelastic, find the angle which the vertical 
plane containing the new direction of motion makes with the old 

Take rectangular axes Oxyz, where 0 is the point of contact, Oz is vertical, and yOz is 
the initial plane of motion, and let ©i and 0)2 be the components of angular velocity 
about Ox and Oy respectively after the impact, and M the mass of the sphere 

Equating the initial and final angular momenta about Ox, we have 

Ma V cos a= 5 

Equating the initial and final angulai momenta about Oy, we have 

§ Ma^Q. sin a — Ma^to^ 

The tangent of the molination of the new plane of motion to the plane yOz is (on 
account of the perfect roughness of the plane) <oa/i»i, and this is therefore equal to 

^Ma^dsma 
Ma V cos a 


or 


ga(0/r)tan<L 

Example 3 4 petfeotly rough circular due of m<m M a, id radius c impinges upon 

a rod of mass m and length Sa capaMe of turning freely about a pivot at its emtre If 
the point of impact u distant b from the centre of the rod, and the directunof of the 

ceSe of the duo makes angles o, 3 mth the rod before and after coUmon, shew that 

2(3ir6*+»M»*)tan3-3(«ma“-3jlf6«)tana (Coll Exam) 

Let V denote the imtial velocity of the disc, and let v denote its final velocity and a 
its final angular velocity 

Since there is no slidmg at the point of contact, we have 

u cosi3-)-cO=0 

!>«.<,»«.* by . lb. ton v=toly .( lb. rod i«d by i lb. n»™l .mpbk. 

bnmen the rod and diao, the equation of the motion of the rod la 

i6=«^ma*a) 

The equation of impulsive motion of the disc in the direction normal to the rod is 

if(«8m3+ 1^8ina)=‘i, 

and the law of impact gives the relation 

r sin^+^w*®^ sino 

Eqaetmg the m.lnd end toad engnlar nromont. of the d»o ebon, the p,m. of oont^d, 

rcoso»=»eo8 3-ioO 
Eliminating n, O, I, «> from these equations, we have 

2 tan 3 ](33f 6® + ma ^ = 3 tan o («wa* - 34f5*), 

which IS the result stated 
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Example 4 A circular hoop^ in motion vdthoui rotation in its oum plane^ impinges on a 
rough fixed straight-edged obstacle in the plane The velocity of the centre of the hoop 
before impact is in a direction making an angle a with the edge, and the coefiicient 
of friction IS fi To imd the impulsive change of motion. 

Let u and v denote the components of velocity of the centre of the hoop after the 
impact, parallel and perpendicular to the edge, and let a> be the angular velocity, M the 
mass and a the radius of the hoop. 

Equatmg the angular momenta about the point of contact before and after the impact, 
we have 

— + Man ^MVa cos a. 

The law of impact gives the equation 

v=eFsina 

Since the plane is rough, w+a® is zero after the impact, provided the fnctional 
impulse required for this does not exceed y times the normal impulse but if this 
condition is not satisfied, the frictional impulse is fi times the normal impulse 

Let E be the fnctional and R the normal impulse then we have 

M(u- V cos a) = — jP, V sm a)a»jK, - aF 

We have therefore R=Jf(l + e) Fsina, 

and if Of® IS zero, we shall have 

jpss-JJfFcos a 

The quantity wiU therefore be zero after the impact, provided 

cot a/2 ( 14 -e) , 

and if fi does not satisfy this inequality, we shall have 

fiJfpL 4- e) F sin a. 

Thus finally, if ft ^ cot a/2 (l+e), the motion is determined by the equations 
t£n Foos a-f Fsina, 

while if ft < cot a/2 (1 + e), the motion is determined by the equations 

Fcosa+aoo, v^eYsmoy -/t (1+e) Fsina 


Miscjellaneous Examples. 


1 A perfectly rough sphere of radius a is made to rotate about a vertical diameter, 
which IS fixed, with a constant angular velocity n. A umform sphere of radius h is 
placed on it at a point distant aa from the highest point investigate the motion 
and determine in any position the angular velocity of the sphere Shew that the sphere 
will leave the rotating sphere when the point of contact is at an angular distance B from 
the vertex, where 


cpsd 


'Y^cosa+ 


4 a*n*sin2a 
119 (a+6)^ ^ 
(Camb Math 


Tnpos, Part I, 1889 ) 


2 A rough sphere Of radius a rolls under gravity on the surface of a cone of revolution 
which 18 compelled to turn about its vertical axis with uniform angular velocity n, 
its vertex being uppermost , if a be the semi-vertical angle of the cone, r sin a be the 
distance of the centre of the sphere from the axis of the cone, ^ be the angle turned 
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through, relatively to the cone, by the vertical plane containing the centre of the sphere, 
and 0)3 be the rate of rotation of the sphere about the common normal, prove that 

-lOgrj-cos o=C, 


, . COS a f A ^ 

a(o)3-7tsma) = “Y- 1“+^^ ) + 


(2+5sm^a)^ 
14 cos a ’ 


(7^— 6n)r2=J[, 

where J., jB, C aro determmate constants (Camb. Math Tnpos, Part I, 1897 ) 

3 A homogeneous solid of revolution of mass M with a plane circular base of 
radius c rolls without slipping with its edge in contact with a rough horizontal piano 
Shew that 6, a>, Q are determmed by the equations 

Jfac^(OoosM)-Jtfb*Oco8*tf- (Cr+J^ca)cosd^, 

{A {0+Me>) - JIPa*c^ ^ (O cob* 6) + C((7+ Mc^) acoaS- Mae Co cos* 6=0, 

(_A + Jfo*) tf* + 40* cos* 6 - 2Mae<oa cos 6 + (0+ifc*) a^+iMg (a sm + c cos 6) = Constaat, 

where B is the incluiation of the axis of the body to the hotizon, 11 the angular velocity of 
the vertical plane containing its axis, «» the angular velocity of the body about its axis, 
A the moment of inertia of the body about a diameter of its base, 0 the moment of 
inertia of the body about its axis and a the distance of the centre of gravity from the 
base (Camb. Math Tnpos, Part I, 1898 ) 


4 A wheel with 4^ spokes arranged symmetncally rolls with its axis honzontal on a 
perfectly rough honzontal plana If the wheel and spokes be made of a fine heavy wiie, 
prove that the condition for stability is 


F«> 


3 2n.+yr 

4 4w-h3»r 


9^7 


where a is the radius of the wheel and V its velocity. 


(Coll, Exam ) 


6 A body rolls under gravity on a fixed honzontal plane If this plane be taken as 
plane of ye, shew that 

sm {(y » - (« - y} “ Constant, 

where (^, y, z) are the coordinates of a particle m and ( 4 ?^, y^, of the point of contact, 
and the summation is extended over all the particles of the body. (Neumann ) 


6 One portion of a horizontal plane is perfectly smooth and the other portion is 
perfectly rough A uniform heavy elhpsoid of semi-axes (a, 6, c) has its 6-axis vertical and 
moies with velocity v in the direction of its a-axis along the smooth portion of the plane 
towards the rough. Shew that, if 

7^<^9 (a-6), 


the ellipsoid will return to the smooth portion, k being the radius of gyration about 
the 0 axis, and that the motion will then consist of an oscillation about a steady state of 

motion. 

In the special case a«26, shew that after the return of the elhpsoid to the smooth 
nortion, the 6-axis can never make an angle with the vertical which is greater than 
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7 A shell in the form of a prolate spheroid whose centre of gravity is at its centre 
contains a symmetrical gyrostat, which rotates with angular velocity o> about its axis and 
whose centre and axis coincide with those of the spheroid Shew that in the steady 
motion of the spheroid on a perfectly rough horizontal plane, when its centre describes 
a circle of radius c with angular velocity XI, the inclination a of the axis to the vertical 
IS given by 

{Mhc (a cot a+h) - ^6 cos a+C{a sin a+c)} 0 ®+ - Mgh (a-h cot a) =0, 

where M is the mass of the shell and gyrostat, A the moment of inertia of the shell and 
gyrostat together about a line through their centre perpendicular to their axis, C 
those of the shell and gyrostat respectively about the axis, a the distance measured 
parallel to the axis of the point of contact of the shell and plane from the centre and 
h its distance from the axis (Camb Math Tnpos, Part I, 1899 ) 


8 A uniform perfectly rough sphere of radius a starting from rest rolls down under 
gravity between two non-intersecting straight rods at right angles to each other whose 
shortest distance apart is 2c and which are equally inchned at an angle a to the vertical 
If po, p{S are the onginal distances of the points of contact from the points where the 
shoi test distance intersects the rods and p, p' their distances at a subsequent time when 
the velocity is F, shew that 




{pV«-~a^(p«+p-^)} pp^ 

16c*-(p2-p'7 PP'* 


and that 


(Camb Math Tnpos, Part I, 1889 ) 


9 A particle moves under gravity on a rough helix whose axis is vertical If a be the 
radius and y the angle of the helix, shew that the velocity v and arc described » can be 
expressed in terms of a parameter B by the equations 

2 _ r 

— ^ cos 7 J Q ^ 7 -h d (ft cos 7 -i- 2 sin y)} * 

2 cos 7 \ B) 


10 A particle is projected honzontally with velocity w so as to shde on a rough inclined 
plane Investigate the motion 
Prove that if 

2 ^ 2p. cot a > 1, 

the particle approaches asymptotically a line of greatest slope at distance 

2fj> cos a 

g cos* a — sip* a’ 

where p is the coefficient of friction, and a is the mclination of the plane. 

(Coll Exam.) 


11 A rough cycloidal tube has its axis vertical and vertex uppermost If a he the 
radius of the generating circle and a particle be projected from the vertex with velocity 
i^iag sin a, shew that it will reach the cusp with velocity equal to 

[409- cos* a {1- 2 sin 
where a is the angle of fnction. 


(Coll Exam.) 
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12 A heavy rod of length 2a is movmg m a vertical plane so that one end is m contact 
with a rough vertical wall and the other end moves along the ground supposed to be equally 
rough , and the coefficient of fnction for each of the rough surfaces is tan e Shew that the 
inclination of the rod to the vertical at any time is given by 

e + a® cos 2e) - sin sin (^ - 2« ) (Coll Exam ) 

13 A thm spherical shell rests upon a horizontal plane and contains a particle of finite 

mass which is initially at its lowest point The coefficient of friction between the particle 
and the shell is given, that between the shell and the plane being practically infinite 
Motion in two dimensions is set up by appl 3 nng to the shell an impulse which gives it an 
angular velocity Q Obtain an equation for the angle through which the shell has rolled 
when the particle begins to slip Exam ) 

14 A circular disc of radius a is placed in a vertical plane touching a uniform rough 
(fi) board which can turn freely about a honzontal axis in the upper surface of the board 
through its centre of gravity, the point of contact of the disc being at a distance b from 
this axis A string, parallel to the surface of the boai^, is attached to the point of the 
disc furthest from the board and to an arm perpendicular to the board at the axis, and 
rigidly connected to the board The oenti*e of gravity of the board and arm lies in the 

The system starts from rest m that position m which the centre of the disc lies in 
the horizontal plane through the axis Shew that shpping will take place between the disc 
and the board, when the board makes an angle 6 with the vertical given by 

j- _ A 4'<**+6fia6'+36^ 

where A is the moment of inertia of the board about the axis divided by the mass of the 
disc (^^^1 Exam) 


16 A hoop IS projected with velocity V down a plane of inclination a, the coefficient 
of fhotion being ( > tan o) It has initially such a backward spin Q that after a time ti it 
starts moving uphill and continues to do so for a time after which it once more 
descends Shew that, if the motion take place in a vertical plane at right angles to the 
given inclined plane, then 

+ «b) p sm aO - F (Coll Exam ) 

16. A nng of radius a is fixed on a smooth horizontal table, a second nng is placed 
on the table inside the first and in contact with it, and is projected with velocity F, but 
without rotation, in a direction parallel to the tangent at the point of contact Find the 
time that elapses before slippmg ceases between the rings if the coefficient of friction 
between them is and prove that the point of contact will in this time describe an arc 
of length (a log 2)/fi 

Discuss the motion that will ensue if at the moment slipping ceases the fixed nng be 
released and left free to move, and prove that during the time that the inner ring rolls 
half round the outer one the centre of the latter will be displaced a distance 


where m, if are the masses of the inner and outer rings and b is the radius of the inner 
Yixxg (Camb Math Tripos, Part 1, 1900 ) 

17 In the vertical motion of a heavy particle descending in a medium whose resistance 
varies as the square of the velocity, shew that the quantity 

where kv^ is the resistance, and a and are the distances described in two successive equal 
intervals t of time, depends only on r and is independent of the iiutial velocity. 

(ColL Exam ) 


16 


W D 
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18 Prove that a hea\y particle, let fall from rest in a medium m which the resistance 
Mines as the square of the velocity, will acquire a velocity U taxih {grtj U), and descnbe 
.1 sijace Unogooah{gt/U)lff in a time t, where 17 denotes the terminal velocity in the 
medium 

.Shew also that, for the complete trajectory of a projectile in such a medium, the angle S 
l>etweeii the asymptotes is given by 

arcsinb cot 6 + cot 6 coseo 6, 

where V is the velocity when the projectile moves horizontally (Coll Exam.) 

19 Shew that the homontal and vertical coordinates (r, y) of a particle moving under 
giavity in a medium of which the resistance is R satisfy the equation 

4 - =0 

dafi ^ V* cos* <l> ’ 

I’ beinc the velocity and 4 the inclination of the tangent to the honzontal 

(Coll Esam) 

20 A i>art’cle is moving, under gravity, in a medium in which the resistance 
varies as the velocity Shew that the equation of the trajectory referred to the vertical 
a-sy inptote and a line parallel to the direction of motion when the velocity was inBmte, can 
l>e written in the form 

y-dlog(:p/a) (Coll Exam) 

21 Prove that m the motion of a projectile through a resisting medium which causes 
a retardation where k is very small and the particle is projected horizontally with 
velocity Vi the approximate equation of the path is (neglecting k^) 



the axis of x l)eing m the direction of projection and the axis of y vertically downwards. 

(Ck>il Exam.) 

22 A particle moves in a straight line under no forces in a medium whose resistance 

js logs)/*, where v is the velocity and $ the distance from a given point m the line 

Shew' that the connexio»\ between b and t is given by an equation of the form 

w here a and c are constants 

23 A particle is moving in a resisting medium under & central attraction , shew that, 
if R be the retardation due to the resistance of the medium, and v the velocity, the rate of 
description of areas by the radius vector to the hxed centre of foi-ce vanes as 

(Coll Exam)^ 

24 Prove that in a' resisting medium, a particle can descnbe a parabola under the 

action of a force to the focus which vanes as the distance, pro\ided the resistance at 
a point, where the velocity is i>, be ifc {v (v- Vy)}* , where Vo is the velocity at the vertex 
1 )ctcrmine k (Coll Exam ) 

2.'5 A paiticle moves m a resisting medium under a force P tending to a hxed centre 
If l>e the resistance, shew that 



/ being the radius vector and p the perpendicular on the tangent 



vm] Non-holonoi/nic Systems. Dissipative Systems 243 

If u^ljr, P^iiu^, and and we neglect F and higher powers, shew that the 

differential equation to the path is 

/ogpV ^ 

^ du^ ^ \du) ’ 

h being a certain constant Exam ) 

26 A particle is moving under a central force (0 repelling it from the origin, in 
a resisting medium which imposes a retarding foiee equal to h times the velocity Pro\e 
that the orbit is given by the equations 

r+i:r — 

where A is a constant quantity Exam ) 

27 A particle is moving in a circle under a force of attraction to an inteiior point 

varying as the distance , the resistance of the medium is equal to its density multiplied by 
the square of the velocity Shew that the density at any point is proportional to the 
tangent of the angle between the hnes joining it to the centre of force and the centre of 
the circle ) 

28 A rod of length a is rotating about one extremity, which is fixed, under the 
action of no forces except the resistance of the atmosphere Supposing the retaixiing 
effect of the resistance on a small element of length to be Ada: (velooity)2, shew that 
the angular velocity at the tune t is given by 

1 1 _ .Jla« 

where is the moment of inertia abput the fixed extremity, and O is a constant 

(ColL Exam ) 

29 A smooth oval disc of moss M, turning on a smooth horizontal table with 
angular velocity w but without any translational velocity, strikes a smooth horizontal rod 
of mass m at its middle point Prove that the angular velocity is diminished in 
the ratio 

where e is the coefficient of elasticity, x the distance of the centre of gravity from the 
nnw yni at the BOint of impact and k the radius of gyration about a vertical axis through 
the centre of Cavity. (Coll Exam) 

30. Two rods, each of length a and mass m, are jointed together at their upper ends 
and the system falls symmetrically, with its plane vortical, on to a smooth inelastic 
Just before impaoc the joint has a velocity V and each rod has an angular 
velocity O, tending to increase its inchnation a to the honzon Shew that the impulse 
between each rod and the plane is 

wi (jfe* + 0 * sin* a) ( r+ aO cos a)/{^ + c* + a (« - 2o) cos* a), 

where c is the distance of the centre of gravity of each rod from the and is the 
moment of inertia of each rod about its centre of gravity (OoU Exam ) 

31 Three equal unifoim rods AB, BC, OD, each of length 2«, and hinged at 5 and 0, 
are in one straight hue and moving with a given velocity in a honzontal plane at 
nght angles to their lengths The ends A and Z) meet simultaneously two fixed inel^ic 
otetacles, reducing A and Z) to rest determine when they w^ form an equfiateral 
tnangle, and shew that i of the ongmal momentum is destroyed by ^ 

16—2 
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32 A smooth uniform cube is free to turn about a horizontal axis passing through 
the centres of two opposite faces and is at rest with two faces horizontal , an e<iual and 
similar cube is dropped with velocity u and without rotation so as to strike the former 
along a line parallel to the fixed axis and at a distance c from the vertical plane containing 
it, prove that the angular velocity imparted to the lower cube is 

(l+g) GU 

(1 - sm 2cf) ’ 

where a is the inclination to the horizon of the lower face of the falling cube, 2a is the 
length of an edge, k the radius of gyration and e the coefficient of restitution 

Find also the motion of the upper cube immediately after the impact 

(Coll Exam) 

33 A perfectly elastic circular disc of mass M and radius c impinges without rotation 

upon a rod of mass m and length 2a which is free to turn about a pivot at its centre, the 
point of impact being at a distance h from the pivot Pinve that if the component of the 
velocity of the centre of the disc normal to the rod be halved by the impact, the 

fnction being sufficient to prevent sliding (Coll Exam ) 

34 A perfectly rough sphere of radius a is projected horizontally with a velocity F 
from a point at a height h above a horizontal plane The sphere has also imtially 
an angular velocity Q about its honzontal diameter perpendicular to the plane of its 
motion Shew that before it ceases to bound on the plane it passes over a honzontal 
distance 

where e is the coefficient of elasticity, and the distance is reckoned from the first point of 
contact 

Compare the final wuth the initial kinetic energy (Coll Exam ) 

36 A homogeneous elastic sphere (coefficient of elasticity e) is projected against 
a perfectly rough vertical wall so that its centre moves in a vertical plane at nght angles 
to the wall If the initial components of the velocity of its centre are u and v, and 
its initial angular velocity (O) is about an axis perpendicular to the vertical plane, find 
the subsequent motion after impinging on the wall, and shew that if its oeiitre returns 
to its original position the coordinates of the point of impact referred to this point are 

2ew (7e+6)v+2aO 
'Y 74-10e+7e« 

^ 2« {(7«+5)v+2afl}{v(7+6e)— 2060} 

7 (7 + 106 + 76 ^)^ 

where a is the radius of the sphere 


(Coll Exam) 
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THE PEINCIPLES OP LEAST ACTION AND LEAST CURVATUEE 
98 The trajectones of a dynam%eal system 

The chief object of investigation m Dynamics is the gradual change in 
time of the coordinates (yi, q^, , qn) which specify the configuration of a 

dynamical system. When the system has three (or less than three) degrees 
of freedom, there is often a gam m clearness when we avail ourselves of a 
geometrical representation of the problem if a point be taken whose rect- 
ang[ular coordinates referred to fixed axes are the coordinates (qi, qa, ?») of 
the given dynamical system, the path of this point in space can be regarded 
as illustrating the successive states of the system In the same way when 
n > 3 we can still regard the motion of the system as represented by the path 
of a pomt whose coordinates are (qi, q%, , qn) m apace of n dimensions , 

this path 18 called the trajectory of the system, and its introduction makes 
it natural to use geometrical terms such as “ intersection,” “ adjacent,” etc., 
when speakmg of the relations of different states or types of motion in the 
system. 

99 Hamtlton’s principle, for conservcctive holonomie systems 
Consider any conservative holonomie dynamical system whose configuration 
at any instant is specified by independent coordinates (ji, g'a, • , ?»»)» 
let L be the kinetic potential which characterises its motion. Let a given 
arc AB m space of » dimensions represent part of a trajectory of the system, 
and let CJ) be part of an adjacent arc which is not necessarily a trajectory 
it would however of course be possible to make CJ) a tr^eotory by sub- 
jectmg the system to additional constraints. Let t be the time at which 
the representative point (3,, 3,, , 3«) occupies any position P on AB we 

suppose each point on CD correlated to some value of the time, so 
that there will be a point Q on CD (or on the arc of which CD is a portion) 
which corresponds to the same value f as P does. As the arc CD is 
desenbed, the correlated value of t will be supposed to vary continuously 
in the sense, A moving pomt which desenbes the arc CD will there- 
fore pass through positions coirespondmg to a continuous sequence of values 
of 3 i, 38 > ••• 1 ?n> consequently to each point on CD there will correspond 
a set of values of Qu 3*, 3n 
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We shall denote by 8 the vanation by which we pass fiom a point of AB 
to that point of CD which is correlated to the same value of the time, and 
shall denote by t,. «»+ A<., <i + A<i the values of t which correspond to the 

teiminal points A, B,G,D respectively, and by Lr the value of the function 
L at any point B of either arc 

If now we form the difference of the values of the integral 

(3i> ?s> > 9«> ?>> » 9«> 0 

taken along the arcs AB and CD respectively, we have 
f Ldt - f Ldt^-LsMt- Ato + f' 8Ldt 

= A«, + 1‘‘ (1^^ Hr + ^ Hr) dt 

* Zj, At, - z„ Ato + dt (a^;) 

by Lagrange’s equations, 

» ZBAf,-Z^At. + ^ 

» 3Z. \ /5 


- Z,At,-Z^At.+ 


But if (Agr)^ denote the increment of q, in passing from B to D, we have 
(A(/f)jj = (H'^b 4 (?i-)BAt,, 

and similarly if (Ag,)j denote the increment of m passing from A to C, 
we have 

(Ag,),, = (8g,)^ 4- (3r)x Ato, 

and consequently 

Suppose noiv that C coincides with A, and D coincides with B, and that 
the times con elated to C and D aie to and t, respectively, so that Ag,, 
Agj, , Ag„, At, are /cio at A and B then the last ecjuation becomes 

[ Ldt - f Ldt = 0, 

J (WJ A A7f 

which shews that t/ie ihtegral jlAt has a, stationanj value foi an g part of an 

actual tiajectorij AB, compared with iieirjhhounng paths CD which ham 
the same terffLxnal povits as the actual trajectoty and fo) which the time has 
the same tetmiml values This result is called Hamilton's principle^, 

* Hamilton, lran9 1844, p 807, iUtd 1835, p 90 
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If the kinetic potential L does not contain the time explicitly, we can 
evidently replace the condition that the time is to have the same terminal 
values by the condition that the total time of descnption is to be the same 

fL)r iliS as for CD, smce S L, which represents the total energy ot 

r=l Ogr 

the system, is in this case constant 

Helmholtz, J far Math c p 151 , remarked that the conditions for a stationary 
value of 


/{' 




, gn) +2 

(where the g*s and are regarded as independent variables) are 


^ ^ dL d fdL\ 

Or^qr, 


cl, 2, , /t), 


so that we again obtain Lagrange’s equations. 


100. The pnrmple of Least Action for conservative holonomic systems 

Suppose now that the dynamical system considered is such that the 
kinetic potential does not involve the time explicitly, so that the integral 
of energy 




exists Taking as before -4 D to be part of a trajectory and CD to be part of 
any adjacent arc, to the successive points of which values of the time are so 
correlated as to satisfy an equation of the form 

2 g,.^— D-A-h AA, 

r«l 9?r 

where is a small constant, we have 

m I (h + Ah)dt-j hdt + 

- (A + ^h) («, + («, - #.) + 1^ || Aq, - h At J ^ 

- r 2 ~ Aq, + <Aa1*. 

Lr-l^^r J4 

If therefore we suppose that € coincides with A and D coincides with B, 
and that AA is zero, we shall have 

/ » dL\j, I / ■ 


* . dl' 
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which shews that the integral 2 qr ^ j dt has a stationary value for any 

part of an actual trajectory ^ as compared with neighbouiring paths between the 
same termini for which the time is correlated to the coordinates in such a way 
as to satisfy the same equation of energy This is called the principle of 
Least Action, the integral 

being called the Action 

In natural problems, for which L is the difference of a kinetic energy T, 
homogeneous of the second degree m the velocities, and a potential energy 
V, mdependent of the velocities, we have (§ 41) 

r=l vjr 

and the stationary integral can therefore in this case be written J^dt 

The Princii:)le of Least Action originated m Maupertuis' attempt (M^m de VAcad , 1744, 
p 417) to obtain for the corpuscular theory of light a theorem analogous to Fermat’s 
Pniiciple of Least Time ” Maupertuis’ principle was established by Euler (Addit ir 
p 309 of his Methodvs invemmdi lineas cxirom, 1744) for the case of a single particle under 
a central force, and by Lagrange {Miscell Taurvn ii (1760—1), OsuvrBS, i p 366) for much 
mois general problems 

Example 1 Shew that the principle of Least Action can be extended to systems for 
which the integral of energy does not exist, m the following form Let the expression 

2 g- - X be denoted by h , then the integral 

has a stationaiy value for any part of an actual trajectory, as compared with other paths 
between the same terminal points for which h has the same terminal values 

Example 2 If a dynamical system which possesses an integral of energy is reduced to 
a system of lo^er order as in § 42, shew that the principle of Least Action for the 
original system is identical with Hamilton’s principle for the reduced system 

101, Ewtencion of Hamilton's principle to non-conservative dynamical 


We shall now extend Hamilton's principle to holonomic dynamical 
systems in which the forces are no longer supposed to be conservative 

n 

Let T denote the kinetic energy of such a system, and let 2 


rwi 


denote the work done on the system by the external forces m an arbitrary 
displacement ( 83 ,, 83 s, » S 3 „), the equations of motion of the system are 

therefore 

d (dT\ 

dt KdqJ dqr '' 


(r = l, 2 , .. , n). 
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Let a denote a part of a trajectory of the system, and let /8 be an adjacent 
arc having the same terminals, the times correlated to the path ^ at the 
terminals being the sa*me as the values io and ti of the time at the terminals 
in the trajectory a , then if i denotes the variation by which we pass from a 
position on a to the contemporaneous position on )8, we ha\e 



ae 0 


This result 




di = 0 


IS (like the theorem of § 99, which is really a particular case of it) known as 
HamtUon's pr%nc%ple 


102, Esctension of Hamilton's principle and the principle of Lemt Action 
to non--holononiic systems* 

We shall now shew that Hamilton's punciple, when suitably fonnulated, 

IS true even for dynamical systems which are not holonomic 

Consider a non-holonomic conservative system, in which the variations 
of the n coordinates (?„ ?n) are connected by m uon-integnible . 

kinematical equations 

Aikdqx + A^dqt + + Ankdqv. + Tidt “0 (A = 1, 2, •. , ?») 

where Axu A.., ... A„«, T., , T^, are given functions of 9 ,. 9 ,, , 9 „ ‘ so 

if £, denotes the kinetic potential, the motion is determinerl (§ 87) lij 

the n eiiuationa 

± + X8A„+ . +X,»A„„ (» =1. 2, . .. n\ 

dt \dqr/ 99r 

together with the above kinematical eijuations, the unknown quantities 

being 

9s> > * ** 

Let AB be part of a trajecUuy of the system, and let CD be a path 
derived from AB by displacements consistent with the instantaneous kiiit- 

• Of. HMder, Umt. Nach. 1896, p 129, Voss, Om No^h 1900. p 322, Hamel. Hath Ann cu. 
(lOSfi). p. 94. 
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matical equations, le the above kinematical equations with the teiins Tj^dt 
omitted , this path GD will not in general be itself a path whose continuous 
description would satisfy the kinematical conditions, so CD is really a kine- 
matically impossible path 

It may naturally be asked why we do not take CD to be a kinematically pos&ible path 
the answer to which is, that m that case the displacements from Ah to CD would not be 
displacements consistent with the kinematical equations for in non-holonomic systems, 
if two adjacent possibl#^ configurations are given, the displacement from one to the other 
is not m general a possible displacement , theie are infinitely more possible adjacent 
]x>sitions than there are possible displacements from the given position 

Proceeding as in the proof of Hamilton’s prmciple given in § 99, S denoting 
as usual a displacement from a point of -4.5 to the contemporaneous point on 
CD, we have 

f Ldt-[ + 

' CD J AB J t, r*l / 

= Lj3^ti — A^o -i- J 2 ■ ^ Sgr + ^Jrj* dt. 

Since the displacements obey tbe relations 

AiiSgi + AskSga + + Ank^qn « 0 , 

it follows that the terms of the type XgArgSqr in the integral annul each 
other, so we have 

L -L I {| + i © M ■" 

From this point the proof proceeds as m § 99 We thus obtain the result 
that HamtUon's prvncxple applies to every dynamical system, whether holonomic 
or not In every case the varied path considered is to he derived from the 
actual orbit by displacements which do not violate the kinematical equations 
representing the constiaints, but it is only for holonomic systems that the 
varied motion is a possible motion , so that if we compare the actual motion 
with adjacent motions which obey the kinematical equations of constraint, 
Hamiltotis principle is true only for holonomic systems 

The same remarks obviously apply to the principle of Least Action, and 
to Hamilton’s pnnciple as applied to non-conservative systems 

103 Are the stationary integnds actual rninimd ^ Kinetic foci 

So far we have only shewn that the integi-jils which occur in Hamilton’s 
principle and the principle of Least Action are staUonai y for the trajectories 
as compared with adjacent paths The question now arises, ivhether they 
are actually mamma or minima 
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We shall select for consideration, the principle of Least Action, and for 
convenience of exposition shall suppose the number of degrees of freedom 
in the dynamical system to be two, the motion being defined by a kinetic 
energy 

7=^0,, (2i, gs)?i* + aw(3„ ?ii)giga + iaai(gi, g*)?!*, 

and a potential energy 

gs) 

The discussion can be extended without difficulty to Hamilton s principle, 
and to systems with any number of degrees of freedom The principle of 
Least Action, as applied to the above system, is (§ 100) that the integral 

J (Oiigi* + 2ai,gi^* + a<ags*) dt 

has a stationary value for an actual trajectory as compared with other paths 
between the same termini for which dt is connected with the differentials of 
the coordinates by the same equation of energy 


This latter equation gives 

"f" 2augiga + ®ajga* = 2 (A — 

or dt = \2(h, — ■^)} ” ^ (ou dgi* + 2audgi(2gj + cadg»*)^» 

so the stationary integral can be taken to be 

/ = J (fc - 1 ^)^ (Ou + 2a„ga' + a„ga'‘)^ dg, , 

where g,' stands for dg^/dg,, this integral is to be taken between termmals, 
at each of which the values of g, and g, are given 

Writing this equation 

1 = ?*» 

we shall discuss the discrimination of its maxima and minima (which was 
first effected by Jacobi) by a method suggested by Culverwell*. 

Consider any number of paths adjacent to the actual trajectory These 
paths will be supposed to have the same terminals, and to be contmuous, 
but their directions may have abrupt changes at any finite number of 
points For such a path let (g., g, + 8g.) be a point corresponding to a 
point (g„ g*) on the actual trajectory, we shall frequently write a<^ for fig, 
where « is a small constant the order of which determines the order of 
magnitude of the quantities ve are dealing with, and <t> is zero at the terminal 

points 

* Proe Loud Math. Soe xviii (1802), p 241 
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Let the expansion of the function 

/(?!, 2 / + a <^0 

in ascending powers of a be 

f ?a> ?2 ) + U (J7o<^ + Ui<f> ) + I ( 0^oo<jl>® H" + j 

let 8J denote the terms involving a in the first degree in 

f /(2i» 22 + 22 + <*^') ci2i» < 

and let S*7 denote the terms in a® 


When the range of integration is small, and its terminals are fixed, the 
value of at any point is large compared with the value of For since </> 
is zero at the terminals, we have 


' p 

where P and R denote the terminals If therefore ^ be the numerically 
greatest value of 0' between P and jR, it follows that can never exceed 
(2i(i2) — 2iCP)) A consequently by taking the range suflSciently small the 
ratio of <f> to <l>' can be diminished indefinitely 


Thus if the range is very small, the most important term in 8*7 is 
i J ) and as the sign of this is always the same as that of (the sign 


of dgi^ is taken to be positive), we see that for small ranges, 7 is a maximum 
or minimum according as Unis negative or positive Now 

” 0 ^^ = (A — (Uji H- 2(li^q^ 4“ 022^2^®) ® (^11^22 — (ht)> 

and this is positive, since the kinetic energy is a positive definite form and 
therefore — is positive, We thus have the result that for small 
ranges the Action %s a mtmmym for the actual trajectory 


Now consider any point A on an actual trajectory, and let another actual 
trajectory be drawn through A making a very small angle with the first If 
this intersects the first trajectoiy agam, say at a point B, then the limiting 
position of the point B when the angle between the trajectories diminishes 
indefinitely is called the kinetic focus of A on the first trajectory, or the 
point conjugate to A 

We shall now shew that for finite ranges the Action is a minimum, 
provided the final point is not beyond the kinetic focus of the initial point. 

For let P and Q be the terminals , we have seen- that if Q is veiy near 
to P, the quantity 8*7 is always positive and of order a* compared with the 
value of 7 for th^ limits P and Q It is therefore evident that as we remove 
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Q further from P, the quantity cannot become capable of a negative 
value until after Q has passed through the pojnt for which PI can vanish 
for a suitably chosen value of 

Suppose then that PBQ is an arc of an actual trajectory, Q being the first 
pomt for which it is possible to draw a varied curve P H^Q for which PI is zero , 
we shall shew that the varied curve PHQ must itself be a trajectory For if 
it IS not a trajectory between two of its own points A. and C (_supposed near 
each other), let a trajectory ADC be drawn between these points Then the 
integral taken along ADO is less than that taken along AHO, so the integral 
taken along PADCQ is less than that along PHQ, which by hypothesis is 
equal to that along PBQ Hence along PADCQ is negative, and there- 
fore Q cannot be the first point for which, as we proceed from P, the variation 
ceases to be positive , which is contrary to what has been proved It follows 
that PAHCQ is a trajectory, and Q is the kmetic focus of P Hence the 
Action IS a true minimv/in, provided that in passing along the trajectory the 
final point is reached before the kinetic focus of the initial point 

Lastly we shall consider the case in which the kinetic focus of the initial 
pomt IS reached before we arrive at the final point Suppose, with the notation 
just used, that the initial and final points are P and P , and let two points J? 
and F be taken, the former on the curve PHQ and the latter on the arc QB , 
these points bemg taken so close together that the trajectory EQF joining 
them gives a true minimum Smce the mtegral taken along EQF is less 
than that along EQF, it follows that the mtegral taken along PEQFR is less 
than that along PEQR, but the latter is equal to that along PBQR, since 
both integrals are equal from P to Q, and therefore the integral along PBQR 
IS not a mimmum , but it is not a maximum, since the integral taken along 
any small part of it is a mimmum. Hence when the kinetic focus of the initial 
point IS reached before we arrive at the final point, the Action is neither a 
mcmmvm nor a imnimvm* 


± simple example illustrative of the results obtained in this article is furnished by the 
motion of a particle under no forces .on a smooth sphere The trajectories are great- 
circles on the sphere, and the Action taken along any path (whether a trajectory or n^) 
IS proportional to the length of the path The kinetic f^us of any point A is the 
diametnoaJly opposite point- A' on the sphere, since any two great-oirclw through A 
intersect again at A' The theorems of this article amount therefore in this case to the 
statement that an arc of a great-circle joirang any two points A and S to the sphere is 
the shortest distance from A to 5 when (and only when) the point A diametno^ly 
opposite to A does not lie on the arc, le, when the arc m question is less than half 

a great*oirole 


104. Representation of the motion of dynamical systems by means of 


geodesics 

The pnnciple of Least Action leads to an mteresting transformation of 
the motion of natural dynamical systems with two degrees of freedom. 
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Let the kinetic energy of such a system be 

i (oii (Si, 32) + 2aia(?i, 92) 9 i 92 + ^^22 (9x» 92) qi \ , 

and let its potential energy be ylr(qi, By § 100 , the orbits corresponding 
to that family of solutions for which the total energy is h are given by the 
condition that 

J (^n9i* + 2aia9i9» “b (t 2 iq%)dt 

is stationary for any part of an actual orbit, as compared with any other arc 
between the same terminals for which dt is connected with the differentials 
of the coordinates by the relation 

i (®u 9 i* d" 20329192 d" (^ q ^) + (91 1 92) “ ^ 

The integral 

J (A - (Oiidgi* -f ^a^dqidqt + Osadq^^)^ 

is therefore stationary. But this integral expresses the principle of Least 
Action for the motion of a particle under no forces on any surface whose 
linear element is given by the equation 

= (A — (Oiidqi* + 2032^91^92 d- andq%\ 
and IS therefore the defining condition of the geodesics on this surface 
Consequently the equations of the orbits %n the given dynamical system are the 
same as the equations of the geodesics on this surface. 

Example 1 Shew that the parabolic orbits of a free heavy projectile correspond 
to the geodesics on a certain surface of revolution 

Example 2 Shew that the orbits described under a central attractive force (r) m a 
plane correspond to geodesics on a surface of revolution, the equation of whose meridian^ 
curve IS ««/(p), where 

/'(p)-{(p<ir/rdp)*-l}i 

and where r and p are connected by the relation (r)+A} 


106 . The least-curvature principle of Oauss and Hertz, 


We shall now discuss a prmciple which, like Hamilton's principle, can be 
used to define the orbits of a dynamical system, but which does not involve * 
the sign of integration. 

In any dynamical system (whether holonomic or non-holonomic) let 
{xn yr, Zr) be the coordmates of a typical particle wv at time t, and 
{Xry Yry Zr) the components of the external force which acts on the particle. 
Consider the function 


r/ 
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where the summation is extended over all the particles of the system, and 
where (a?r, ^r) refer to any kinematically possible path for whidh the 

coordinates and velocities at the instant considered are the same as in some 
actual trajectory This function substantially represents what was called by 
Gauss the constraint and by Hertz (who however considered pnmarilj the 
case in which the external forces are zero) the curvatm e* of the kinematically 
possible path considered In what follows Hertz’s terminology will be used 

We shall shew that of all paths consistent with the constraints {which 
are supposed to do no work)y the actual trajectori/ is that which has the 
least curvature'^ 


In the simple case of a single particle moving on a smootli surface under no external 
Ibrces, this result clearly reduces to the staterpent that the curvature in space (lu the 
ordinary sense of the term) of the orbit is the least which is consistent with the condition 
that the particle is to remain on the surface. 


To establish this result, let the equations which express the constraints 
(using Xr to typify any one of the three coordmates of any particle) be 

it « 1,2, .,w), 


where the coefficients x^r are given functions of the cooidinates Differ- 
entiatmg these relations, we have 

+ (fc = 1.2,.. .m) 

Let sir be ^ typical component of acceleration in the path considered 
(which 18 supposed to be kinematically possible, but is not necessarily the 
actual trajectory), and let be the corresponding component of acceleration 
in the actual trajectory Subtracting the preceding equation, considered as 
relating to the actual trajectory, from the same equation, consideied as 
relating to the kinematically possible path, we have (smce the velocities are 
the same m the two paths) 

Xxjer (A * 1, 2, , m). 

r 

This equation shews that a small displacement of the system, in which 
the displacement Bxr of the coordinate is proportional to («.-®«). is con- 
sistent with the eijuations of constraint, i e is a possible displacement 

The components of the, forces exercised by the constraints are typified by 


- Sln< tly Bp«k.ug, the square root of .h.e funotron. and not the function rteelf, was oaUed 

the curvature by Hertz. v p 23 Oausi meaeured the cowtraint 

, o.™, u,. .» <». 

"rn:* «r,., , m 

/jikH / ieiKl, (1939), p 1090 
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- ^r) and any possible displacement the forces of constramt do no 
work We have therefore 

2 (nirSlro ~ Ar) (®r ®r») * 

r 

an equation which may be written m the form 

?”■’(*' -S‘ - ^)‘ * 

or (reverting to the use of y’a and ^’s) 

+ Znir {(flPr — iro)* + (&r — ffrof + {^r — <^ro)*}* 
r 

Since the terras in the last summation on the nght-hand side are all 
positive, it follows that 

+ (y>^-£) + («">- ,§) I > 

which esUbhshes the result stated 


106. MaspyesaiOH oj the curvature of a p(Uh %n temie of generalised 
COO) dinates 

Lipschitz has shewn* that the curvature of a kinematically possible path 
in a holonomic dynamical system with n degrees of freedom can be expressed 
in terms of the denvates of the » independent coordinates which define the 
jMJSition of the system 

lift (9i, 9». • •. ?») coordinates; let (Ji, ja, , (f«) be the accelera* 

turns ol these coordinates in any kinematically possible path, and let 
(9i*. 9 jo> > '4«o) 6® til® accelerations in the actual trajectory which coire- 
s][)onds to the same values of (ji, q^, . ,qn,q\>q»> > i«) Using Xr to typify 

iin\ one of the three rectangular coordinates of any particle nir, and JST , to typify 
the corresponding component of force, the Gauss-Hertz curvature of the path 
IS 2w, (k, - XrhiirY, and it has been shewn in the last article that this can 

written in the form 

— Xr! Wlr)* + SlWf (if 4*ro)* 
r ^ 

♦ Jourruiljfir Math txxxii* p 828 Ot also Wassmuth, Witn 8itz, oiv (1895), and for 
further work connected with the principle of Least Curvature see Leitinger, Wien^ Sitx* cxvx 
[1908), p. 1321 and Schenkl, Sitz cfxxii (1918), p 721 
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The first of these summations is the same for all the paths considered, since 
it depends only on the actual trajectory • we can therefore omit it without 
causing the whole expression to lose its mimmum-property, and we can call 
the remaining summation the curvature of the path 

r 

Let the kmetic energy be 

T^^'l'^aaqkqi, 

where the quantities aja are given functions of (ji, jg, , , let D denote 

the determinant formed of the quantities a^, and let Aja, denote the minor of 
aia in this determmant 


From the equation 


we have 


Now 


^mrXr = S Xatiq^qi 

T h Z 

- dXr dXr 

r dgjb dqi 

^ ^ d^Xr 


and consequently, since the coordinates and velocities are the same for all the 
paths considered, we have 


Xr 




But if we wnte' 

“>■ 

Since this expression is zero for the actual trajectory, we have 

d /9jP\ 

/Sfc = the difference of the values of ^ considered and 

the actual trtyectoiy, 
or 8], = 2a« (§i — q^o) 


whence we have 
and consequently 


^ — Jiio “ jj 2 




(k ** 1) 2, • • •} 

(fc = l, 2, . , n). 


The curvature, 2«v(»r— <^)*i is therefore 

r 


or 


jp5 S 2 2 ^kz^iiAf^SiSj. 


w, n. 


17 
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But by a well-known property of determinants, we have 

t k 

and therefore finally the curvature can be expressed xn terms of the coordinates 
iqi, 9si . 3«) their denvates in the form 

i S 2 AiiSjSi. 
i j 


107 AppelVs equations 

The Gauss-Hertz law of Least Curvature is the basis of a form m which 
Appell has proposed* to write the general differential equations of dyimmics. 
This form, as will be seen, is equally applicable to holonomic and non- 
holonomic systems 


Consider any dynamical system , let 

Ajkdqi-^A^kdq^-^ -¥ Ankdqn-^Tkdt^O (*== 1 , 2 , m) 

be the non-mtegrable equations connecting the variations of the generalised 
coordmates 3 ,. , 3» . holonomic systems these equations will of course 

be non-existent 

Let S denote the function i2TO*(®»‘ -I- + h*), where m* typifies the mass 

k 

of a particle of the system, whose rectangular coordinates at time t are 
(®ij yit’ ■^t)' means of the equations which define the position of the 
particles at any time m terms of the coordinates ( 31 , 3 *, , 2 n). i* “ possible 

to express S in terms of ( 3 ,, g., . .. 3 „) and the first and second denvates of 
these variables with respect to the time. Moreovei, by use of the equations 
of constraint we can express m of the velocities (g„ 3 *, , gn) m terms of the 

others let the coordinates correspondmg to these latter be denoted by 

, p „ m ) By differentiatmg these relations we can express g„ g#, , g» 

in terms of the quantities pi,Pt, • ;Pn^m> Jht Pa> .pn-m. qu q*> •• > ?»» 
hence S can be expressed in terms of this last set of variables 


Now any small displacement which is consistent with the constraints 
can be defined by the changes {bp, bp, >-•, m the quantities 

(pi. p«. . pn-m) , let * 2 " Pr^r denote the work done by the external forces 

3* eel 

in such a displacement As in § 26, we have 

. -s J. 9 _ p 

2m» + y* -^r 


* Jmirmlfar Math oxxi (1900), p 310 Of Seeger, J Wash Acad Set xx. (1980), p. 481 
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Let the equation which expresses the change in a;* in terms of the changes 
“ (1>1. P4, , Pn-m) be 

s«ll= 2 VrSpr, 

ra*l 

where (tt,. . ) are known functions of the coordmates. the 

equations of this type are of course non-integrable From this we have 
and so the equation which expresses in terms of 

(Pi>P>, “•> pn—m) 

Will be of the form 


n-m 

Ajfc- 2 •JTrpr + et, 

r=l 

where « denotes some function of the coordinates, 
equation, we have 


2* 




2 


r-l 


•^rPr + 


d’lTr det 
r.X~^^'^'dV 


Differentiating this 


whence 

It follows that 





^dSIdpr, 

and therefore the equattons of a dynamical eyetem, whether holonomic or not, 
can be expreseed in the farm 

^ = -Pr {r = l,2, 


where S denotes the function J2mi(a5t*+yjfc*+ z,*), and (p,, p#, , pn~m) ewe 

coordinates equal in number to the degrees of freedom of the system"^. 


It is evident that the result is valid even if the quantities jji, . , 
are not true coordinates, but are quasi-coordinates. 


MmampU* Obtain from Appell’s equations the equations 

— 0) 4»2<1P3=* 

j5w2"“(0““ A) < 103 ®j — JfJ 

for the motion of a rigid body one of whose points is fixed, where (ik»i, <p 2 ) ^s) 
the components of angular velooity of the body resolved along its own principal axes 
of inertia at the fixed pomt, (d, J?, 0) are the principal moments of inertia, and (Z, M, N) 
are the moments of the external forces about Ihe principal axes. 


* On the oonnexion of these e<iuationB with the Pnnoiple of Least Action, of H Brell, Wien. 
Siu. oxxn« (1918), p. 988. 


17—2 
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108. Bertrand’s theorem. 

A th«,r«a ta impotav, wb* W.Bg» 

results as the least-curvature principle of Gauss and Her , 

Sturm* and may be stated thus If a gtven set of ^mp^m « 

d^ffeTeni points of a system (whetlwr holorumie or 

the kinetic energy of the resvlting moUm « greater than the 

of ihe motion which the system would acquire under the iwtion of tAs 

impulses and constraints and of any additional constraints due to the reacti^ 

of perfectly mooth or perfectly rough fused sw faces, or rigid connesnons 

between particles of the system 

For let m be the mass of a typical particle of the system, and let (u, «, «;), 
(u'. w'), (til, «i, Wi) denote the components of velocity of this particle b^ore 

the apphcation of the impulses, after the apphcation of the impulses, and m 
the comparison motion, respectively 


Let ( J, Y, Z) denote the components of the external impulse acting on 
the particle- (JP', F, Z') the components of the impulse due to the con- 
straints of the system, and (Z' + Xi. F-h F, Z'+Z,) the components of 
the impulse due to the constraints m the comparison motion. 


The equations of impulsive motion are 

m(t>'-e)=r+F, m{uf-w)^Z-k-Z',^ 

TO(«l-«)=X-^X'+Xu ni(»,-v)-r+F + F„ 


Subtracting, we have 

Multiply these last equations by «i, Vi, Wj, respectively, add, ai?.d sum for 
all the particles of the system , we thus have 

2m {(«i — u') til + («i — »') »i + (Wi — w') Wi] “ 2 (Xiiii -f Ftii + Fwi). 

Now from the nature of the constraints, it follows that finite forces 
acting on all the particles of the intern and proportional to the impulsive 
forces (Xi, F, F)» would on the whole do no work in a displacement whose 
components are proportumal to the quantities (tii, «„ Wj), and therefore we 
have 

2 (Xjti, + F% + Fwi) “ 0, 

or 2m {(til — ii')iii-l-(»i— ■»') Vi-t- (Wi — *0 W “ ® > 

this equation can be wntten m the form 

2m (ii^ + s'* + w'*) — 2m («i* + + wf) * 2m '{(a' - «i)* + (»' — tii)* + (w' — Wif^, 


* Stnxm, €ompte$ Rmdm, xni. (isll), p. 1046. It u almTi fatown m Bertrand'* iktoram. 
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+ w'^) > iSm + Vi® + w^% 

and so establishes Bertrand’s theorem 

The theorem may readily be extended to the case when the forces are not 
impulsive but continuous m this case the increase of kinetic energy per 
unit of time is diminished by the introduction of fresh constraints that do 
not affect the potential energy 

The following result, due to Lord Kelvin and geneially known as Thomson's theormn*, 
csan easily be established by a proof of the same character as the above If o/ny nuTixher of 
•pmxU of a dy 7 Wbm%cal system are suddenly set %n motion mth ptescmhed velocities, the 
kinetic Cinergy of the resulting motion xs less thorn that of any other kinematically possible 
motion which the system can take with the prescmhed velocities, the excess being the en&tqy of 
the motion which must he compounded with eith&r to pt oduce tho other 

Lord Bayleigh has remarked + that the theorems of Thomson and Bertrand may both 
be comprehended in the statement that the introduction of fresh constraints increases the 
inertia, or moment of ineitia, of a system 

Example A framework of (w — 1) equal rhombuses, each with one diagonal in the 
same continuous straight line, and two open ends, each of which is half of a rhombus, is 
formed by 2n equal rods which are freely jointed in pairs at tho corners of all the 
rhombuses Impulses P perpendicular to and towards the hne of the diagonals aie 
applied to the two free extremities of one open end , shew that the initial velocity , 
parallel to the diagonal, of the extremities of the other open end is 

3P sm g cos a 

In oos2o+w*sm2 a * 

where m is the mass of each rod, and 2o is the angle between each pair of rods at 
the points of crossing (Camb Math Tripos, Part I, 1896 ) 


Miscellaneous Examples. 

1 If the problem of deternoining the motion of a particle on a surface whose linear 
element is given by the equation 

ds^ = Edu^ + ^Fdu dv + Gdv^ 

under the action of forces such that the potential cneigy is V {% v), can be solved, shew 
that the problem of determining the motion of a particle on a siiiface whose linear 
element is given by 

F(w, v)(Edu^+^Fdudv-^Odif^), 

under forces derivable from a potential energy 1/ V (w, v), can also be solved 

(Darboux.) 

2 If in two dynamical systems in which the kinetic energies are respectively 
lancqiqk and 'Shij.qiqky and the potential energies are respectively U and T, the trajectories 

* Thomson and Tait’s Natural JPhiloeopIty, § $17 
t Theory of Bound, VoL i. p 
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are the same curves, though described .nth different velocities, w that the rektions 
between the coordinates (j„ ?*, , J.) «e the same in the two problems, shew that 


V: 


nU’¥^ 


where a, yy ^ are constants, and that 

tbg,dq,dqk=(yU+6)iaa,dqidqk (PainlevA) 

3 If all the trajectories of a particle m a plane, described under forces such that the 
potential eneigy of the particle is F(*, y), with a value A of the constant of energy, are 
subjected to a transformation 

x^<l>(X,7), y=ir(X,F), 

where <#> and ^|, are conjugate functions of (X. F), shew that the new curves so obtained are 
the trajectories of a particle acted on by forces denvable from the potential eneigy 

[ (X, n ir {X, 7)}- A] , 

With a zero value of the constant of energy (Qoursat ) 


4. If T and V denote respectively the kinetic and potential energies of a dynamical 
system, shew that 

2^+Sm(*»+y*+*») 

differs frow 

^ k } 

by a quantity which does not involve the accelerations , and hence that 

is a maximum when thq accelerations have the values corresponding to the actual motion, 
as compared with all motions which are consistent with the constraints and satisfy 
the same integral of energy, and which have the same values of the coordinates and 
\elocities at the instant considered , provided the constraints do no work. (Fdrster ) 


CHAPTER X 

HAMILTONIAN SYSTEMS AND THEIR INTEGRAL-INVARIANTS 


109 Sarmlton’s form of the equations of motion 

We shall now obtain for the differential equations of motion of a con- 
servative holonomic dynamical system a form which constitutes the basis 
of most of the advanced theory of Dynamics 


Let (?i. • . 9n) be the coordinates and L{q^, q^, , q^, q^, , qn, t) 

the kinetic potential of the system, so that the equations of motion in the 
Lagrangian form are 


tC^AS 


dt \3gr/ 

dqr 


Write 
so that 


dq, 


= Pr 


Pr = 


dqr 


?») 92 > 

) qn, t) 

} of motion 

in the 

II 

, n) 

(r = l, 2, . 

, n), 

{r = l, 2, 

> n) 


From the former of these sets of equations we can regard either of the 
sets of quantities ( ji, qa, . , qn) or (jp,, pa, , Pn) as functions of the other set 

If B denote the increment in any function of the vanables 


(Sii 3ii. >-i 9n. Pii 1>8» >Pn) or (qi, qa, 
due to small changes in the arguments, we have 


BL = 



> S7lf Slf 


. 9«) 


* 2 (pr^qr+Pr^r) 
r»l 


= S S PrQr’^ S {pr^<lr ^ ^r^Pr)> 
r=X 

8 I 2 pr?r S (qfrSpr 


or 



264 


HamiUonian Systems md 


[oil X 


Thus if the quantity I Prq^-L, when expressed in tenns of 

r=l 

(ji, 2a. ,qn,Pi>P» 
be denoted by H, we have 

(qr^r-pMr) • ■ * ** 


(IX 


r-1 


or 


^_dj[ (r = l, 2, . .,n) .. (2) 

dt~dpr’ dt dqr 


The motwn of the dynamvsal system may be regarded as defined by these 
equations, vhich are said to be m the irama^on^an ov canomoal form, the 
dVdent variables are (q>, 2.. M the system consists 

of 2n equations, each of the first order, whereas the Lagrangian system 
consists of n equations, each of the second order 

The Hamiltomau form was introduced by Hamilton in 1834* In he had b^n 
anticipated hy the great French mathematiciane for Poisson in 1809t had taken the step 
of introducing a function ^ 

S frir-P 
r»=l 

and expressing it in terms of {q,, q„ , 2., p., . , P«). had ^tu^y dmved half of 
Hamilton’s equations . while Lagrange in ISIOJ had obtained a particular set.of eq^tions 
(for the vamtion of elements) in the Hamiltonian form, the disturbing function taking the 
nlace of the function S Moreover the theory of non-linear partial differential ^uatjons 
of the first order had led to systems of ordinary differential equations posting this fom 
for as was shewn by Pfaff § m 1814-16 and by Oauohy|| in 1819 (completing tlm earlier 
wok of Lagrange and Monge), the equations of the charactenstics of a partial differential 

equation f{xi,Xi, ,»»,Pi>Ps» 


where 


are 


dxi 


dz 

dXyi <^1 ^ 


dpn 


Hamilton’s investigation was extended to the oases when the kinetic potential contains 
the time, etc by OstrogradskylT in 1848-60 and by Donkin^ in 1864 

The equation (1) above is often called the Hamiltonian form of the 
equation of virtual work It may be written in the more symmetrical form 

8(2 pr^qr — Hdt ) » d ( 2 prBqr^ HBt\ 


* BnU Ass Rep 1884, p 6X3, Phil Trans 1836, p 96 
t Journal deVicole poly t nn (Cabxer xv), (1809), p 266 
X Mem de VInst 1809, p 348, 

§. Berlin Ahhand 1814-16, p 76 
II Bull see philomath 1819, p 10 

IT Melanges de VAcad de St -Pit Oct 1848 ; Mem ddi VAead. de SU^Pet vi. (1850). p, 385. 

** Phil Trans 1864, p 71 
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which directly suggests the ituportance of the differeutisl form 

n 

S ““ S[dt 

r«l 

in connexion with the diflPerential equations of dynamics . c£ § 137 below. 


When the kinetic potential L does not involve t explnatly, the Hamiltonian 
function S will evidently likewise not involve t explicitly, and the system 
will possess (§ 41) an integral of energy, namely 


2 qr 
r**! 


ax 

dir 


L^h, 


where A. is a constant This equation can be written 

S {qu ?„ . , 5n, JJi, Pt Pn) =■ K 

and fAia ts the integral of energy, which is posseaeed by the dynamical system 
when the function H does not involve the time &epliciily. For natural problems, 
it follows at once from 1 41 that H is the sum of the kmetic and potential 
energies of the system 

ExampU Shew that the equations of motion of the simple pendulum are 

dt “ ^ ’ dr "* ^ ’ 


where 

and where q denotes the angle made by the pendulum with the vertical at tune <, f is 
the length of the pendulum, and the mass of the bob is taken as umty 


110. Equations arising from the Oalouhts of Vanalions, 

From the preceding chapter it appears that the whole science of Dynamics 
can be based on the stationary character of certain integrals, namely those 
which occur in Hamilton’s principle and the pnndple of Least Action, 
similarly the differential equations of most physical problems can be regarded 
as arising in problems of the Calculus of Variations. 

Thus, the problem of finding the sUte of thermal equililMium in an isotropic 
body, when the points of its surface are kq>t at given temperatures, cm be 
formulated as follows . to find, among all ftinctions V having given values at the surface, 
that one which makes the value of the integral 

mtegifttod throughout tho surface, a nainunuiu 

We shall now shew that all the differential equations which arise from 
problems in the Caleulue of Variations, with one independent variable, can be 
eapreeeed in the Hamiltonian form* 

* Of. Ostrogradsky, iUm de PAead, de St P« vi (1860), p. 886. 
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Suppose, for clearness, that there are two dependent variables , the proof 
IS equally applicable to any number of variables 

(«i) {n) 

Let L (t, y, y, yt - , y, z, z, z^ , ^) be a function of the independent 
variable t, the dependent vanables z, and their denvates up to orders m, 7^, 
respectively 

The conditions that the integral 


r (m) in) 

jL(t,y,y, ,y>z,z, * .,z)dt 


may be stationary, can, by the ordinary procedure of the Calculus of Varia- 
tions, be written in the form 



11 

0 

+ 

1 




dt \,dzj ^ 

dt^ 

write 




dL d f 
3y dt \ 

.dy)^ 

+ (_l)m-l l\, 

dt”'~^ ^by' 

Pa = 


dZ d /dZ'' 
“by dt \dyj 

)* 

dt”^-^ ^by^ 

Pm = 



bZ 

'55 » 
by 

dZ d , 
~ dz d< ' 

:g)-- 

d«»-» ^bz' 

Pm-j-2 “ 


dZ 
d£ " 

d<“-* 

Pm+n = 

V 



bZ 
<«) > 

0^ 


and write 

2i = y, ?2=y, 

Then if 


(n-l) 


2m — y* ?m+i — 2 w+9 — Zf p ^ 


<«) 


^ ^ +Pi9a + Ma+ + + - • 


“h Pm-^-n—i 9m+n jPm+n ^9 
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(where B. is supposed expressed as a function of (t, ji, . . qm+n> Pi, •> Pm+n), 
the quantities y and V being ehmmated by use of the equations 

!>»»+»■■ 0 £/ 3 s), and if S denote an increment due to small changes m the 
arguments 9,, . , g„+n, p,, p,. p«+«, we have 

Si 5 r=“ 2 “ToSjr+i— — 2 -w “o? 

9 y 3 -^ 3 ^ 

«»-l (») m-l (*) 

+ 2 Ptiqr+x+Pm^V'^ 2 gr+iSpr + i^8pm 
r«l »•=! 

m+1^-1 («) M*+n-l (a) 

+ 2 PrS2r+i~l-J>m+»S-8^+ 2 Jr+lSpr + ^O^nt+n- 

r«i»+l r-wi+l 


Using the relations 

dJL , ^ 
0y 3 y 

this becomes 


JP«» 


Sy 


-(S=Pm. etc-* 

dy 


m+n m+» 

Sif = — 2 Pr^qr + 2 

r«l ra.1 


Thus, if jff is expressed m terms of the vanables 

(^1 Pii Pa, * Pm+n, 9l, 9a, > 9»*+*)> 

dqr dff /, _1 2, TO+n), 

dt 0^ ^ 03, ^ ’ 

and the diferential eguahons of the proUem are thus expressed tn tfce Havvd- 
tonion /om 

The systems of differential equations which arise in the problems of the 
Calculus of Variations are often called isoperametrtoal systema 


111. IntegraUinvarimts 

The nature of Hamiltonian systems ol differential equations is funda- 
mentally connected with the properties of certam expressions to which 
Poincaxd* has given the name integral-invariants 

Consider any system of oidinary differential equations 


dXi y ^a _ y 

— 2.1, —-■**> 


dXn_y 

It 


dt 

wViAT« X X Xn given functions of Xi, *n> ^ may regard 

•>'» ‘ "* 
(*„ Xi, . Xn) in space ot n dimensions 


* ieto Math xra (1890) 
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If now we consider a group of such points, which occupy a p-dimensional 
region fo at the beginning of the motion, they will at any subsequent time t 
occupy another p-dimensional regioli ^ A p-tuple integral taken over f is 
called an integr^al-invanant, if it has the same value at all times t, the 
number p is called the order of the integral-mvariant 

Thus, in the motion of an incompressible fluid, the mtegral which repre- 
sents the volume of the fluid, when the integration is extended over all the 
elements of fluid which were contamed imtially in any given region, is an 
mtegral-mvanant , smce the total volume occupied by these elements does 
not vary with the time 

£Uample 1 Consider the dynamical problem of determining the motion of a particle 
in a plane under no forces let (^a?, y) be the coordinates of the parucle, and (m, v) its 
components of velocity The equations of motion may be written 

y^% wxwO, ^—0 

The quantity 

where the integration is taken, in the four-dimensional space in which (a?, y, if, i?) 
are coordinates, along the curvihnear arc which is the locus at time t of points which were 
initially on some given curvilinear arc in the space, is an integral-invanant. For the 
solution of the dynamical problem is given by the equations 
u—a, vszb, s^^at+Cf y«»bt+d, 
where a, 6, c, d are constants and therefore we have 

/s=x 

sssj $Of 

and this is independent of t 

Example 2 In the plane motion of a particle whose coordinates are (^, y) and whose 
velocity-components are (w, v\ under the influence of a centre of force at the nngin whose 
attraction is directly proportional to the distance, shew that 

j(udx^xdu) 

IS an mtegral-invariant 

112 The mnational equations 

The mtegral-mvanants of a given system of differential equations furnish 
integrals of another system of differential equations which can be derived 
from these ' 

For let the given system of equations be 
ddc 

~ •••* ^n> (t* = 1, 2, W-). 

Let (a^, , Xn) and (xi + Sa%, he the values of 

the dependent variables at time t m two neighbouring solutions of this set of 
equations , where (Sxi, Sxg, . Ixn) are infinitesimal quantities. Then we have 
d 

^(a?r+&rr)«Xr(a?i + &Fi, ara+&»a, + , n). 
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and consequently,, 


d dXrc^ . 8'2^r^„ . I 


•X — Sa?2 + + 

0il?2 


(r = l, 2, .,ri). 


These last n equations, together with the ongmal n equations, may be 
regarded as a set of 2» equations in which (»i, ai^, .. , av., &Pi. 8®*, , &b,0 

are the dependent variables. 

Now if 

JSjFV (^1, > ^n) SiJJr 

denotes an mtegral-invanant of the oiiginal system, the quantity 

d ( \ 

r if^iy ^2> • • > 

must, since the path of integration is quite arbitrary, be zero m virtue of 
precisely this extended system of differential equations, and therefore 
XFr (®>, ®s, . = constant 

must be an integral of these equations so that to an tnteffraUnvariant of 
order one of the ongincd eys^ of equations there correaponda an integral of 
the ea^tended system of equations^ and vice versa 

If a parincular solution (®., ®«) of the original equation is too^, 

we can substitute the corresponding values (®i, .... ®«) “ 

differential equations, and so obtain n linear differentml equations to deter- 
mine (S®x. sZ . M 8®»). 1.0. to determine the solutions of the original equations 
which aii adjacent to the known particular solution. These « equations are 
called the vcmationai equations 

Inlegral^nva/rianta of order one. 

Let us now find the conditions to be satisfied in order that 




,her. (if,, if., . , if.) •« of *"■ '>■ 

mvanant of order one of the system of differential equations 

dxrldt»Xr(Ph, .... 0 ^ 

We must have 

.h«. to dmT.t« « »e « 1* atormmed l.y to 
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extended system of differential equations introduced m the last article , and 
therefore 


n 

S 

yael 




d Bxi 
dt 


:) = 0. 


or 


r=l \ A=1 


n \ 

XjtBXr + Mr S 


Since (Sail, Sd? 2 , Siv„) are independent, the coefficient of each quantity 
Bofr ^ this equation must be zero and consequently the conditions for 
integraL-inwnancy are 


dMr 

dt 


I |^Zi+ 2 


= 0 


(r = 1, 2, , n) 


Corollary 1 If an mtegral of the differential equations, say 
jP(d7j, fl? 2 , . , Xm t) — constant, 
is known, we can at once determine an integral-invariant 
For we have 

dt \dXrJ *»1 Sxjt [dxj * dXk dXr dXr \ 0^ Awl dxj^ V 

« A 

dXr \dt) 


and therefore the expression 



IS an integraUmvanant 


= 0, 


Coiollary 2 The converse of Corollary 1 is algo true, namely that if 
f/ ” 017 \ 

j ^ 2 Sxrj IS an integral-mvanant of the differential equations, where U is 
a given function of the variables, then an integral of the system can he found 


For we have 


0 = ^ (1^) -H 2 Zfc — (1^) + 2 

dt \dXrJ i.i dx, \dXrJ *»1 dx, dXr 

— ^ ^ T \ 

dxf \ dt 9'®* / * 


and consequently the expression 

dU 


. ■? 
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which IS a given function of («!, ® 2 , , t), is independent of (aox, so^, , ®n) , _ 

let its value be ^ (f) this is a known quantity 

Then we have dU/dt^ff) (t), 

or U j<f> (t) dt constant , 

and this is an integral of the system 


114. Relative integral-invariants 

Hitherto we have only considered those mtegral-invanants which have 
the invanantive property when the domain of the initial values, over which 
the mtegration is taken, is quite arbitrary, these are sometimes called 
absolute integral-in variants We shall now consider integrals which have the 
mvanantive property only when the domain over which the integration is 
taken is a closed manifold (using the language of ?i-dimensional geometty) , 
these are called relative integral-m variants 

The theory of relative integral-mvariants can be reduced to that of absolute 
mtegral-invanants in the following way 


Let 




I M \ 


be a relative integral-invariant of the equations 

dxr/dt^Xr (r = 1, 2, w), 

where (Jlfj, M^, , Mn,X„X„ . X„) are functions of (oh, t) , 

so that this expression is invariable with respect to t when the integration.is 
taken, m the space m which (asi, a?„) are coordinates, round the closed 

curve which is the locus at time t of points which were initially situated on 
some definite closed curve in the space 


By Stokes’ theorem, this integral is equivalent to the mtegral 





where the integration is now taken over a diaphragm bounded by the curve ; 
this diaphragm can be taken to be the locus at time t of points which were 
onginally situated on a definite diaphragm bounded by the initial position of 
the closed curve and smce the diaphragm is not a closed sux&ce, this mtegral 
IS an absolute mtegral-invariant of order two of the equations 

Similarly, by a generalisation of Stokes’ theorem, any relative integral 
mvanant of order p is equivalent to an absolute mtegral-invanant of 
order (jp + 3) 
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116 A reham integral-inmnant whwh is 'possessed hy all HarmUomm 
systems 

Consider now the case m which the system of differential equations is a 
Hamiltonian system, so that it can be written 

— (r = 1, 2, , w), 

dt dpr ’ dt dqr 

where J? is a given function of (ji, q^, •••, P^> » P^* 

For this system let 

denote Hamilton's mtegral, so that L is the kinetic potential ; let 

(flfj, A], •••, fffl, ^ 2 > •••> 

be the initial values of the variables 

(3j> 32* > 3^> Pfc* • P«) 

respectivfi^y, and let S denote the variation from a point of one orbit to the 
contemporaneous point of an adjacent orbit. By § 99, we have 

r«l rml 

iLet Cq -denote any closed curve in the space of 2p dimensions in which 
(5i, 32 > • > Sn» Pif jPa» » Pn) are coordmates, and let 0 denote the closed 
curve which is the locus at time t of the points which are initially on (7 q. 
Integratmg the last equation round the set of trajectories which pass from 
Co to (7, we have 

f 2 prBqr * f S )9rH, 

'Cr^l 7 Oo r«l 

and this equation shews that the gwmtity J pr^qr o, relative integral^ 
tnvariant of any Hamiltonian system of differential equations 


11 & 


On systems vohich possess the relative vnUgral^inva/riant 



We shall next study the converse problem suggested by the result of 
the last article, namely that of determimng all the systems of differential 

equations which possess the relative integral-mvanant f 2 pr^q^ where 


(3i» qt* 3n) are half the dependent variables, and {pifP%t Pn) ^ 
other hal£ 
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Consider then a system of ordinary differential equations of older 2 a in 
which the variables can be separated into two sets, (fy,, , qn) and 

(Pi.JPs, ..l>n), such that 

J(Pi Sji + PaSg'a + • + Pn 

IS a relative integral-invariant of the equations, and consequently by Stokes 
theorem 

J j (Spi Sqi + Bpi Bqi + + Spn S? n) 

18 an absolute integral-invanant 

Let the system of differential equations be 


0 

dt 


p 

dt ~ 


() = 1 , 2 , , n), 


where (Qi, Qj, , Qn, Pi, Pi, ... -Pn) are given functions of 
(?!. ?a. .qn,Pi,Pt, 

As the domain of integration of the absolute integral-invanant is of two 
dimensions, we can suppose that each point in it is specified by two quantities 
\ and p, which do not vary with the time but are charactenstic of the 
trajectory on which the pomt in question lies The absolute integral- 
invanant can therefore be wntten in the form 




^nd as X and ao not vary with the time, we must have 

£ 1 ^ (9t'Pt) _ o 

dt .ti 9 (\ p) ~ ' 


S 4 . ® - ft 


V V 4. Pj) J. g*) + ^ = 0 

i*i*-i199j! 0(X. 0(\, p) Sg* 9(X, p) 9pfc 9(\, p)J 
Owing to the complete arbitrariness of the domain of integration and 
the choice of \ and p, the coefficients of ^ ^ , and ^ in this 
equation must vanish separately. We thus obtain 

9 g»^ 9 p» 


9 gfc 9 gt ' 

dQt 9 Qt 
9 pfc 9 p,'‘ 




W, D 


1ft 
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These equations shew that a function Hiyi, <i%, ..j ^n> PuP^t iPn< t) 

exists such that „ . 

Qr = dHldpr, Pr = -SSIdqr (r=l,2, 

and thus we have the result that cl system of equoMons 


dqr_ 


dt 


= Qr 


dpr_ p 

dt~ 


(r=l, 2, ,n) 


(r=l, 2. ,n), 


possesses the relative integral-invariant 

J(pi^] +^ 8^52 + . • •hpn^in)> 

then the equations have the Samiltonian form. 

dpr_ dE 
dt ~ dpr ’ ^ Sflr 

this IS the converse of the theorem of the last article 
Oorolla/ry If 

f(piSqi-hpBBqB+ +PnSq„) 

IS a relative integral-invanant of a system of equations 

dqrldt = Qr, dprjdt^Pr = 2 , , k), 

where k is greater than n, it follows in the same way that the equations for 
(2i, ? 2 , , 2». Pi>P 2 > . Pn) form a Hamiltonian system 

^ ^ (r = l, 2, ,n), 

dt dpr’ dt dqr k . . » / 

where H is a function of (q^, qt, . ?*». Pi. P»> >Pn, t) only, not involving 

(2n+i. 3n+2J i?i. Pn+ii > Pi) 


117 The expression of mtegrcd-mvanants in terms of integrals 
If the solution of a system of differential equations 

^ = Xr(«i,®2, (r==l,2, .,«) 

IS known, the absolute and relative mtegral-invanants of the system may easily 
he constructed 
Thus, let 

y\{Xj, Xz, •• . iTft. t) ™ Cl, yi{X\, Xg, • , Wfi, t) = Ca, • , yn(jCi, X^, . , Xn, t) "■ Ofi, 

where Ci, c*. . , c„ are constants, be n integrals of the system , the absolute 
mtegral-mvanants of order one are evidently given by the formula 

+ JTjSys + ... + Nn^yn), 
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where (i7i, , J7„) are any ftinotions of (yi, y^, , y») which do not 

involve t • and the relative integral-invariants of order one are given by the 
formula 

+ir,By, -1- 4 8F), 

where F is any function of (a?i, aij, . , <»», t), since the term j" SF vanishes when 
the domain of integration is closed. 

It follows from this that any system of differential equations possesses an 
infinite nv/mher of aJbsolute and relative integral-invariants of the first oi der 

118. The theorem of Lie and Koenigs 

The preceding results enable us to establish a theorem due to Lie* and 
Koenigs t on the reduction of any system of ordmary differential equations to 
the Hamiltonian form 

Let 

be the given system of equations, and let 

J (ft &C1 4 ft S®S 4 . . . 4 

be any relative or absolute integral-invariant of order one of this system, 
where ft, ft, ft are given functions of the vanables we have seen in the 
last article that an infinit e number of such integral-mvanants exist. 

Now let the differential form 

ftS»i4ftS®a4 . 4 ftS®» 

be reduced to the canonical form 

4 4 ••• 4 Pn^'ln ~ 

where • >Pnt2i>Qt> • > 9»> 

are independent functions of (oa, (c,, , «»), m number not greater than k, 

and where fl may be sero J. Let (iti, Mj, , be a set of other functions 
of (a^, ait, ait), such that («i, «ai . «»-»»» ffn 2*» 2n>lh.,Pu> J>n) are 
a set of k independent functions of (®i, ait, ■ . ®»)> and suppose that the 

* Archiv for Math og Natur ii (1877), p 10 
t Compt$$ JRenduSf oxxl. (1896), p. 876. 

t The proof of the poBwbihty of thiB reduction (which however requires m general the 
of a number of ordinaty dilferential e^nationB) will be found m any treatue on Pfaffe 

problem. 

18—2 



276 MamUtoman Systems (md [oh. x 


system of differential equations, -when expressed m terms of these & functions 
as independent variables, becomes 

= dpfjdt^Pr ('>*=1,2, , w), 

duijdt (5 = 1 , 2 , , & — 2 n), 

where (Qu 4, , Q*. Pi. . P». ^re functions of the 

new variables 


The expression 


j(jPiSqi + p2Sq,+ 


+PnSg») 


is an integral-invariant (relative or absolute) of this system, since integral- 
invanancy is a property unaffected by such transformations as have been 
peidbrmed and consequently it follows (^ 116) that the first 27i equations 
Iciave the form 

dqr_Z^ ^ ^ (r=l,2, ,n), 


dt dpr 


dt dqr 


where JT is a function of (qi, qa, • > ?», Pi. Pa. . P». 0 ^>1^7 given 

system of differential equations is thus reduced to a Sa/miltonian system of 
order 2n, together wvOi the (k — 2n') addnUonal equations 


du, 

dt 


= U. 


(s=l, 2 k-2n). 


119. The Last Multiplier 

Before proceedmg to discuss integral-invariants of higher order than 
those hitherto considered, we shall introduce the conception, introduced 
by Jacobi* in 1844, of the Last MidtipliSr of a system of equations. 

dxi dwa dvn _ Ate 

Juet ^ “Tp Y ' 

where (Xj, X*, , X«, X) are given functions of the variables (Wi, Xa,- .,«»,«). 

be a given system of equations and suppose that (n — 1) integrals of this 
83mtem are known, say 

(r«l, 2, . « -1). 

From these equations let (a\, . , Xnr-i) he expressed as functions of 

and x: then there remains only the solution of the equation of the first 
Older 

dxn dx 

to be effected , m which accents are used to denote that («», Xa, .... «n-i) have 
been replaced in Xn and JT by the values thus obtained. 


CreUe't Journal, xxyxi p* 199, xxix, pp 218, 888 
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We shall shew that the %ntegral of this equation is 
CM' 

I (X'dxn “ Xn'dx) - constant, 
where M denotes any solution of the partial differential equation 

and A denotes the Jacobian 

ifn—i ) 

The function M is called the Last Multiplier of the system of differential 
equations. 

For the proof of this theorem, we shall require the following lemma 
If a system of differential equations 

dxr/dt ^Xr {r= 1, 2, , n) 

IS transformed by change of variables into another system 

dyridt— Yr 1, 2, n), 

. A ax. 1 ^ d(DYr) 

4,aS-2J,i,-3p— • 

vrhere D denotes the Jacobian 

d (Wi, a?8i • , 0!n) 

3(yi. y«. >yn) 

To prove this, we have 

2 ^ r 2 Y 

r-i dair r^i dx, \iLi * dyj 


_ & £ 9 / ^ y 

" r-i »=i dy, \*.=i * dyj 

= ? I ^ fr + 

r-i ,-i i=i dxr \ * dy^dyi, dy» dyj 


n a*z? 

In this expression the ooeflficient of dYJdy, is gj which is zero 

or unity according as s is different from, or equal to, k Also dy,ldxr = 
where A,* denotes the minor of dxrldy, in the determinant D so the coefficient 
of Fji in the above expression, which is 

dy, 9®ar, 


n n 
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may be -written 

1 n » 
y. ^ Z, Zlrn 
r-1 s~l 


QP 2l 2 > ^r—it ^^rl^l/kt ^T+i9 M ^n) 

3y«9y)b’ S r«i 9(yi, ya, -^yn) 


or 


1 

■D dyjs 

We have therefore 

" dXr 5 3Fjfc ^ 

2 -5— = S 5—= + S 

r=l *=1 oy* jfc*i 


1?^ 

i> 9yifc 


= g(-Py'ife) 

-D 9yjfc 


which establishes the lemma 

Now m the original problem wnte 

ddCi doc2 dxn don 

’T^^'xr 

and consider the change of variables from 

(ph> ^2> •••> (^i> •••) ^n— 1> 

by the lemma, we have 


3Zi 8 Z 2 , 9Zn 9Z ^ * 

0a?i 0^2 9^n 9ar 


laar„VA' j^aa^Uvr 


so the quantity M, which is a solution of the equation 

JLd 

if'; 

satisfies the equation 


9Z, a^. ^ 

if dt dxj dxn 2® ’ 


l_dM , d /Z/' 
Aif dt 


or 


9 /X„'if'\ 9 fX'M'\ , 

9«„\ A' /■*'9a;V A' 


^(X'\ 

5ir \,i 

9 fX'M'\ 


+ —( ^2-^ + — ( — ^ = 0 
^9®„\AV^9a!VAV ’ 


which shews that the expression 

^{X'dx^-X^dic) 

IS the perfect differential of some function of «?» and x , this establishes the 
theorem of the Last Multiplier 

Boltmam, md Larmonts hydrodynamical repre$entatwn of the Last M%ltipUer 
The theorem of the Last Multiplier may also be made apparent by physical con- 
siderations For simplicity we shall take the number of variables to be three, so that the 
differential equations may be wntten 

dx dy dz 
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where v, w) are given functions of z) , and the last multiplier Jif satisfies 

the equation 

4w+|w+iw-« 

This equation shews that in the hydrodynamical problem of the steady motion of 
a fluid in which (-w, 'O, w) are the velocity-components at the point ?y, z\ the equation of 
continuity is satisfied when M is taken as the density of the fluid at the point (^, 3^, z) 

Now let <#> (a, z) = G 

be an integral of the differential equations, then the flow will take place between the 
surfaces represented by this equation , thus we can consider separately the flow in the 
two-dimensional sheet between consecutive surfaces G and C+bG The flow through the 
gap between any two given points P and Q on G must be the same whatevei be the 
arc joining P and Q across which it is estimated and since the flow acioss arcs P It and BQ 
together is the same as that across PQ^ we see that the flow across an arc joining P and Q 
must be expressible in the form (§) —f{P) So if ds denotes an element of this arc, and 
T the (variable) thickness of the sheet, so that rs={(0<^/0a7)2-|- (0<^/03/)2 + (0(^/?2)2} ^ bC, and 
if ^ denotes the velocity-component perpendicular to ds, we have 

J^MiTds=/(Q)-/(P), 

so that M£rds is the perfect differential of a function of position But it is easily seen 
that this expression can be written in the form JfbG (vda}-‘udy)l{d<f>ldz) , and consequently 

M{vdU ~udy) 

d<l>lh 

18 a perfect differential , this is the theorem of the last multiplier for the case con- 
sidered 


We readily find for ^ds the value 


dx dy 

u V 


dz 

w 


4^x 

so the theorem really states that it/" + 
equation 

d% dy dz 
u V 10 
<l>x <t>g 


This, as was remarked by Appell {Comptes Rendus, olv 
form of the theorem of the Last Multiplier 


<^>s 

an vniegrating factor of the 


( 1912 ), p 878 ), 18 a symmetrical 


120 Derivation of an integral from two multiplieis 
Suppose now that two distinct solutions JM and of the partial diflfeiential 
equation of the last multiplier have been obtained, so that 





+ ^3^ -H 







dXn ?. 


and 





dXi dXj 

0a!i dxt 


djCn 3 a- " 


0 
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Subtracting these equations, we have 

but this IS the condition that the equation 

log {MjN) = constant 
shall be an integral of the system 

dc0\ doOf^ doc^ dco 

“ XT — ••• “ -rr “ ) 

-d-i ^2 -^n 

and we have therefore the theorem that the quotient of two last multipliers of 
a system of differential equations is an integral of the system 

The reader who is acquainted with the theory of infinitesimal transformations will be 
able to prove without difiaculty that if the equation 




admits the infinitesimal transformations 

then the reciprocal of the determinant 

fll (l 2 iin 6 l 


(1=1,2, ,w). 


IS a last multiplier 


(nl inS (nn (n 


121 Applicatioti of the last multiplier to Hamiltonian systems use of a 
single known integral 

If the system of differential equations considered is a Hamiltonian system, 
we have evidently 'ZdXrjdocr — O, and consequently if = 1 is a solution of the 

r 

partial differential equation which determines the last multiplier , so the last 
multiplier of a Hamiltonian system of equations is unity 

From this result we can deduce a theorem which enables us to integrate 
completely any conservative holonomic dynamical system with two degrees of 
freedom when one mtegral is known in addition to the integral of energy 

Let the system be 

dpi dpi 0?! ag, 

and in addition to the integral of energy H {q^, qi,pu pt) = h, let an integral 
V’(?i. ?*> Pi. Pt) — c be known From the theorem of the last multiplier it 
follows that 

1 idH, dH, I 
^(lh,Pt) 


= constant 



281 


120, 121] their Iwtegral-Invariantg 


IS another integral , where, in the integrand, and are supposed to be 
replaced by their values m terms of and g, obtained from the known 
integrals H and V 

But if we suppose that the result of solvmg the equations H=‘h and 
F = c for Pi and ps is represented by the equations 


then we have identically 


9». h, o), 
1 jPs (9n 9®’ 

Zpi dc **" dpi do ' 


and therefore 


, dpi do dpi do 


dfi dHjdpa 

d{pi, Pi) 


dA -dH/dpi 

dS’^ dCrm ’ 

9 (i>i. jh) 


so theorem of the last multiplier can be esopressed by the statement that 



M an vntegral 



This result leads directly to the theorem already mentioned, which may 
be thus stated* . If %n the dynamical system defined by the equations 

= (r = l, 2), 

dt dpr ’ dt dqr 

fhe integral of energy is M(qi, 9a, Pi, P»)=^, 9 »> Pi* P>) = ® 

denotes any other integral not involving the time, then the eccpression 
Pidqi+Pidqt, where pi and pa have the values found from these integrals, 
IS the emct differential of a function 6 (g„ q», h, c) , and the remaining 
integrals of the system are ^ 

~ »= constant, and ^ ~ constant 

This amounts to saying that if any singly-infinite family “ 

selected (e.g the orbits which issue from a point 91 = «i, 92 = «a) which have 


* This theorem is really an application of the well known method for the * 

partial differential equation of the first order, the equations of the dynamical 
the equations of the oharactenstios of the partial differentia^ equation ^ 

theorem, it was published for a simple case (motion of a 

(Cowpfw jRrndw, ni p. 69), ancl for the general case given here by Poisson m 1837 (J 
II. p 817) and Liouville ui 1840 (/ de Jtf v p 851) 
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the same energy, so that to any point ( 51 , jg) there correspond definite values 
of Pi and Pi (namely the values of pi and pa corresponding to the orbit which 
passes through the pomt qi, and belongs to the fanuly), then the value of 

the mtegral J pidji+padja taken along any are joining two definite points 

(?io> 9s») and (ju, ga) is independent of the arc chosen 

To complete the proof, we have on differentiatmg the equations JT = A 
and F=c, 

S?! 9pi Sffi 3j)a 

9pi Sffi 9ps ’ 


and consequently 


s(gi> Pi) 

aft-aTW)’ 

9 (Pi. P 2 ) 


9(F,g) 
9 (f>i. Pi) 


But since F = c is an integral, we have 


or 


and therefore 


aF ^aF ^aF aF 

0 (F.g) 0 (F, 5 ) 

3 (?I. /»!) 9 (2 e, Pj) 

A-^A-0 

dqi dqr 


This equation shews that jf\dqi +fidq 2 is the perfect differential of some 
function B (q^, q^, h, 0 ) and the result derived above from the theory of the 
last multiplier shews that dB/do = constant is an integral 

Moreover, we have 

_ ^91 dq, 

05/0p, 05/^g’ 

and therefore 

0F, 0F, 

j* _ 9p» 9pi 

9( F,5 ) 

9 (Pi, Pi) 

But obtaining d/i/dh and d/,/dA m the same way as d/i/dc and d/g/dc were 
found, we have 


9/._ 0F/0;^ 0 /g_ dV/dpi 

0A~ gTTO M-07TO 

9 (Pi, Pi) 9 (Pi, Pa) 
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or 


ze 


^ -f constant, 
oh 


which completes the proof of the theorem 

EmmpU In the problem of two centres of gravitation (§ 53), if (r, r') denote the 
radii vectored to the centres of force, and (d, 6') the angles formed by r, / with the 
line joining the centres of force, obtain the integral 

yVW-2c (ft cos cos ^0=constant, 
and hence complete the solution by the above theorem 

122 Integr(il‘‘inv(ir%a/rhts whose order %s equal to the order of the 
system 

The theory of the last multiplier of a system of differential equations is 
connected with that of the integral-invariants whose order is equal to the 
order of the system 

(r = l, 2 , ,le), 


Let 


vuuir IT 

dt 


where (Xi, Ja, Xj,) are given functions of (ajj, (c^, , ait;, *). be a system 

of ordinary differential equations, and let us find the condition which must 
be satisfied in order that 

III jjfSaijSait Sait 

may be an integral-invariant, where Jf is a function of the vanables 

Let (Oi, Ca, • . Cjt) be any set of constants of integration of these equations, 
so that, by solving the equations, (x^, Xt, , can he expressed m terms 
of(o„c. Ot,t). Then we have 

and therefore the condition of integral-invanancy is 


^ (if ^ • = 0 , 

dt\ 9 fOi, Ca, , Cj:) , 


dt 

dM d(x„ak, ,aik) jy- J 9 (^i^ = 0 , 

dt d{0i,Ct, . ,C]c) r=l 9(Ci. Ca, , Oh) 

dM 9 fai,a?a, -,4) 4 . jif I d^Hxi,X 2 ,. ^ 

dt dify, Ca, ., Cji) r=l 9(Ci, Ca, • , C*) 

or oJj cJ/) 

which shews that M must he a last multiplier of the system of equations 


or 


or 
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This result gives immediately the theorem that for a dynamical system 
whose Tnotion is determined by the equations 


dt dt 


(r=l, 2, . ,»), 


where H is any function of (qi, qi, •-, qm Pi 3 P»> , t), the expression 


[[I jbqibqt 


%s on {ntegral^nvartant , since in this case unity is a last multiplier This 
theorem is of importance in the applications of dynamics to thermodynamics 

Example For a system with two degrees of h'eedom, let the energy-integral when 
solved for pi take the form 

^)+jPi=0 

Shew that, for tmjectones which correspond to the same value of the constant of 
energy, the quantity 


IS independent of t and also of the choice of coordinates and hence shew that the 
trajectones of the problem can be represented as the stream-lines, in the steady motion 
of a fluid whose density is dir/dh 


123 Reduction of differential equations to the Lagrangian form. 

Another question to which the theory of the last multiplier can be 
applied IS the following To find under what conditions a given system of 
ordinary differential equations of the second order 

(?lJ ?2» •••> ?ni ?i» ♦ ?n) 2 , n) 


IS equivalent to a Lagrangian system 


dt \dqr) dqr 


(r*»l, 2, , w), 


where i is a function of (q^ q^ v., jn, q^y 0 


If these two systems are equivalent, the equations 


V ( ^ ^ 4 . i!:L - ^ 

kxsi Kdqrdqjc dqrdqk ^ dqrdt dqr 


0 


(r = l, 2, , n) 


must evidently reduce to idetitities when the quantities 9* are replaced by 
the expressions , and therefore the required Condition is that a fmotion L 
shall exist satiefying the simultaiieovs partial differential equations 


JJ / a“Z . 9“^ • ^ 3^ 0 

dqrdqk dqrdt "dq^ 


(r * 1, 2, . , n), 


where (jj, jj, , , g„, j,, q^, q^, t) are regarded as the independent variables. 
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When n = 1, the question can be solved m terms of the last multiplier 
For the equation satisfied by Z is then 


from which we have 


dq^^'^dqdq^^dqdt ’ 


dq 




_ . - _ ___ _ 

^ dq ^dqdq ^ ^ dqdt dq ) 

a»Z , 0»X 


Ztfdq'^^dfdf 

and therefore if we write 0 ®X/ 03 * = M, the function M satisfies the equation 

but this IS the equation defining the last multiplier M of the system of 
equations 

dq dq 
“ 2 


dt 


and therefore when, u — 1, the deterTninotion of the funoinxyn L reducee to the 
determination of the last multiplier of the system 

124. Case in which the kinetic energy is qv^drotic in the velocities 
When w>l, the most important case is that in which each of the functions f 
consists of a part which is homogeneous and of the second degree in (g^i, g^a, , jn) Q'Ud 
a part Gr “which does not involve (ji, . , q^), and it is reqiured to determine whether 

(r-i. !..,») 

are equivalent to a system 

(r-l,2,.,n), 

where T is homogeneous and of the second degree in (gi, gj, , ?*) and also mvolvea the 
variables (gi, qt, . g»)> and (§i, Q 2 , , §«) are functions of (gi, gg, J*) only 

The value of T is clearly not dependent on {Oi, Q%, , <?»), and therefore wo can 

consider the problem m which (<?„ ffg, , 0„) are zero, le. the problem of finding 
a function T such that the equations / , o 

are equivalent to the system 

The for this is the existence of a function T satisfying the partial differential 

equations 


TV 

Since Ft is homogeneous, we have and therefore 

w dq^j, 1 hli ^ 8 jrSa* 

• 0 /, * elf’s sn » , , » 8*n dT 


(r-1, 2, , ,n) 
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But since dF/dq^ is homogeneous, we have 


and therefore 


dFj, 

Wr’ 




h^l oqrdqk Vh^\ ^S't %/ ^««1 9?r 

The equations to be satisfied by T may consequently be written 

V fco:l Sfi'a 3?J ®A;«1 % 9?* s^l Sg'r 

,1 ?'4 (i - (i ^*^+s|)=° 


(r=l, 2, 
(r=l, 2, 


,«)i 


and evidently these may be replaced by the equations 

Thus, wnting/r for (/V+(?,.), we have the theorem that tf the system of equations 


9r=fr (r-l, 2, ,n), 

where consists of a pcurt which is homogeneous of degree two in the velocities a/nd a 
part which does not involve the velocities^ u reducible to the form 


d/ar\ dT_^ 
dt \dqj 3^ 

(r=], 2, , »), 

then T must he an integral of the system 


Jb=*lOgrOg* 0gr 

(r=l, 2, , «) 


Miscellaneous Examples 


1 In the problem of two centres of gravitation, the distance between the centres of 
force IS 2c, and the seim-major axes of the two comes which pass through the movmg 
particle and have their foci at the centre of force are (gi, ^ 2 ) Wntmg 



shew that the equations of motion are 


f?s“ 


dq% 

i^-q^ dt^ 


dt bpr* dt dqr 


where 




f*i 




and fii and are constants. 


M2 

?!+?«’ 


(*•=1, 2). 


2 Shew that 

j I f 

where the summation is extended over the ^n (»— 1) combinations of the indices i and y, 
IS an integral-invariant of any Hamiltonian system in which (gi, gj, q^, PijPts • , p%) 
are the variables. . (Poincar4.) 
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3 In the problem defined by the equations 


where 


dpr_ 9-5^ 
dt ^ 0 ^ 

- 3 '= qiPi - - 09 ^ 1 ^ + hq2\ 


(^-1, 2), 


shew that constant 

qi 

IS an integral , and hence by the theorem of § 121 obtain the two remaining integrals 

f?i 9'2 = constant, 

(log qx=t-\- constant 


4 If Jf IS a last multipher of a system of differential equations 


of which the equation 


dxi __ dtc^ _ _ dx^ _ dx 

Xi Xfi X * 

/(a?!, a72, , a7», a?) = Constant 


IS a known integral, and if an accent annexed to a function of a?i, af 25 , x^, x is used to 
indicate that x^ has been replaced in the function by its values found from this integral, 
shew that 3i'J{dfldx^y is a last multipher of the reduced system 


dxi *dx 2 dx<^^i ^ dx 


(Jacobi ) 


6 If Constant, 
equations 


shew that 

IS a last multiplier 


Constant, , « Constant are a set of integrals of the 

cto _ da^i _ d^ 

X’~Xi^X2^ ""AV’ 

^ ^2> ) ^n) 

X 0>i, X2, , ^n) 


6. Let {ux^ 2 ^, , u^) be n dependent variables, and let /i, / 2 , , /» be a set of 

linear differential expressions defined by the equations 

4“ 2 {pTi:{t)uic’^qrTc{t)uic’\-rric{t)il^ (r==l, 2, , ,n) 

Jbnl 

If (-Wi, 'Wfl, .*#, are functions of t such that 

2?i 4 + 1^24+ +^n4 


is an exact differential, shew that the functions (i;i, V 2 , , Vn) satisfy a set of w Imear 

differential equations, which will be called the system adjoint to the system of hnear 
differential equations 

4 = 0 (^=1,2, ,n) 


If Ff denotes the expression 


d (dL\ dZ 
dt \SIJ 


(r-l, 2, , n), 


where L is any given function of (gi, gj, , g*, ?i) ?», , gn» t), shew that the System of 

linear difil'erential equations 

is ac^omt to itself 

Shew that the converse of this latter theorem is also true 


(^lrsch} 


CHAPTER XT 


THE TBANSFOEMATION-THBOEY OF DYNAMICS 

126 Hamilton’s Ckaraetenstic Function and Gontact-Tramsforrmtions 

We have seen* that the integration of a dynamical system which is 
soluble by quadratures can generally be effected by transforming it into 
another dynamical system with fewer degrees of freedom We shall in 
the present chapter investigate the general theory which underlies this 
procedure, and, indeed, underlies the solution of all dynamical systems. 

The ongin of the method is to be found m a celebrated memoir on 
optics, which was presented to the Royal Insh Academy by Hamilton in 
1824t the principles there introduced were afterwards transferred by their 
discoverer to the field of dynamics 

In order to follow Hamilton’s thought, we must refer to the connexion 
between dynamics and optics — a connexion which is perhaps leas obvious in 
our day than in his, when the corpuscular theory of light was still widely 
held If a ray of light traverses an optically heterogeneous but isotropic 
medium, the refractive index at any point («, y, z) bemg ya, the path of 
a ray may be determined by Fermat’s PrmcipleJ:, namely that the integral 

[/a (», y, z) ds 

has a stationary value when the integration is taken along the actual ray 
joining two given terminal points, as compared with neighbouring paths 
joining them If on the other hand we consider the motion of a free particle 
of unit mass in a conservative field of force where its potential energy is 
6 (v, y, and its constant of energy is A, the path of the particle may be 
determined by the Pnnciple of Least Action (§ 100), which in this case asserts 
that the integral 

[{A - y, z)]^ds 

has a stationary value for the actual trajectory as compared with neighbounng 
paths joining the same terminal points Comparmg these two statements, we 

♦ Of Oliapter IH, ^ 88-42 

t Tram R Irish Acad xv, (1828), p 69; xvi, (1880), pp 4, 98, xvn (1887), p 1 

X Of my Hutory qf the Theories of Aether and Rleetnaty, pp. 9-10, 102-8 
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see that the trajectories of the particle in the dynamical problem are the 
same as the paths of the rays in the optical problem, provided a suitable 
correspondence 

IS set up between the potential-energy function in the one case and the 
refractive index in the other. 

In the corpuscular theory of light, this was regarded as furnishing the 
explanation of the optical phenomena, the ray of light being conceived as 
a procession of rapidly-moving corpuscles But the statement in itself is 
true whatever hypothesis regardmg light be adopted and therefore it 
supplies a means of connecting dynamics with the undulatory hypothesis 
This idea is the starting-point of Hamilton’s theory 

When the undulatory hypothesis is adopted, we have the choice of two 
different methods of discussing the propagation of light mathematically 
the first IS to consider rays, the second is to consider wavefronts The 
latter method, which was introduced by Huygens in 1690, may be thus 
explained. 

Consider a wave-front, or locus of disturbance in an optical medium, as 
it exists at a definite instant t, havmg the form of a surfece a Each element 
of this wave-front may be regarded as the source of a secondary wave, 
propagated outwards firom it, so that at a subsequent mstant i!, the 
disturbance onginating m any point {x, y, z) of the original wave-front will 
extend over a surface To obtam the equation of this surface, we observe 
that the time taken by light to travel through the medium from an arbitrary 
point Xx^ y, z) to another arbitrary pomt {of, y\ zf) depends only on the six 
quantities {x, y, z, of, y\ sf) ^ let it be denoted by V (x, y, z, x\ y\ /) This 
fonction y (x, y, z, x\ y\ /) was called by Hamilton the characteristic function 
for the medium in question A disturbance which originates at a point 
(^» y> s) of the ongmal wave-front at the instant t will therefore at the 
mstant if extend over the surface whose equation in the coordinates 
(of, y\ zf) is 

V {x, y, z, x\y\z^)^t' -t (1) 

Now accordmg to the prmciple of wave-propagation laid down by 
Huygens, the wave-firont which represents the whole disturbance at the 
instant if is the envelope of the secondary waves which anse from the 
various elements of the original wave-front Call this new waVe-front X; 
and denote the direction-cosmes of the normal to the wave-front a at 

y* by the direction-cosines of the normal to the wave- 

front S at the corresponding point ^ (x% y', z') by (f, rnf, w'). thes^ are the 

* The point y\ z') is safd to correspond to (a?, y, z) li the secojidar/ wave ^opageted 
from (x, y, z) toochee the envelope Z at («', p', if')- 


W, n 
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direction-oosmes of the rays at {of, y', and (as, y, z) 

cLspondmg to points on <r, the 

— S..f*4>- 

must be satisfied by all those values of the ratios ck dy 
correspond to directions in the tangent-plane to ff, le which satisfy th 

relation id(is-\-mdy + ndz = <) 

Hence we have , ^rr -i air 

l?r=l?r=i?- .. . . (2) 

I ‘dx m dy n dz 

Moreover, since {V, m'. n') are the direction-cosines of the normal to the 
surface V at the point (x’, f, A "we have 

V "hod nddy' dd 

Now a ray of light which passes through the point (x. y.z) in the direction 
a m,«) at timet passes through the point y'. /) m the direction 
at time f and equations (1). (2). (3). together with the equation 

+ + = l W* 

are six equations, fi:om which we can determme the six quantities (^. f, 
Tm' nO m terms of («.. y, z, I, m, n) Thus hy these eqm^ the 
of rays \f hght m the medium is oorr^letely spemfzd in terms of single 
I 7L Vlxn z d if /) It will be observed that they are not differential 
•Smr but that they’ give diiectly, in the integrated form, the chants in 
any system of rays after a finite interval of propagation through the me^um 
It 18 evident therefore that all problems in opto depend on th® d«ter- 
mmation of Hamilton’s charactenstic function «i, y, for the 

optical medium or system of media through which the rays pass 

From the point of view of Pure Mathematics, we regard the change from 
the set of variables (a;, y, to the set of variables {x, y,z I, mn\ 

or (to express it geometrically) from the surfaces <r to the surfaces 2, as 
a tLsfoLation The function F is thus to be regarded as determining a 
transformation of space which changes any surface «r into a new surface 2. 
It IS evident that if two surfaces <r and d touch at a point, the corresponding 
transformed surfaces 2 and 2' also touch at the corresponding point on this 
account the transformation has been called by S Lie a cantaet-trmsformahw. 
Thus any fmdnon V{x, y, z, x', f, d) defirm a contact-transformaUon, which 

* For simphoity we are eupposmg that the medium, though optically hetetogeneoua. is 
xBOtropm mSI couBidered also the more general case oi a crystalhue medium 
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transforms any wavefront cr into the wavefront 2 which is derived from 
a* hy propagation through the medium in the interval of time If — t 

A simple example of a contact-transformation is the well-kijown geometrical trans- 
formation known as reciprocation In order to find the reciprocal of any given sui'face tr, 
with respect to a given surface, we correlate to every point (^, y, g) on o* a plane, namely 
the polar plane of (a?, y, z) with respect to the quadric When the point y, z) takes all 
possible positions on the surface tr, the plane envelopes a surface 2, which is the reciprocal 
of <r The transformation from o- to 2 is evidently a contact-transformation In this 
case Hamilton's function V is linear with respect to (x, y, z) and also with respect to 


Proceeding now with Hamilton’s problem, equations (2) and (3) may be 
wntten 


dfv 

daf 


<=kI, 

II 

dv 

= Xl', 

3F , , 



where ic and \ are quantities not as yet determmed They can however be 
readily found For the equations may be written 

dV ^ K {Idcc -b mdy + ^ dz) +• X {V dx' -h mfdy' 4* n'dz^) . t * (o) 

Now by proceeding a small distance ds' along the ray at y ^ s), we 
increase V by the time which light takes to travel along ds . But if the 
units are so chosen that the velocity of light in free aether is unity, then 
the velocity of light in the medium at (a?', y\ z ) is l//^^ where fi denotes 
the refractive index at this point Thus the time taken by light to describe 
ds' IS fiW, or f (r® 4 + n'*) ds\ or gf {Vdaf 4 m'dy' 4 n'dz') Comparing 

this with equation (6), we see that X^gf Similarly = where g 
denotes the refractive mdex at (a?, y, z) Thus Hamilton’s general formula 
becomes 

dY ^ g! {I'dcif 4 m'dy' 4 n'dz') -- g{ldx + mdy 4 ndz) 


If we write 

gm^Tj, gn — ^, g!l' — ^\ g'm'^r^', gn'-^\ 

this takes the form 

dV^ f W 4 v'dy' 4 -^dx-ndy-^dz (6) 

The quantities (f, % ?)> ?') were called by Hamilton the components 

of normal slowness of propagation of the wave at {x, y, z) and {x % y > s ) 
respectively 

Consider now the particular case m which the mterval of time (t' — t) 
between the two positions cr and 2 of the same wave-front is very small ; 

19—2 
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denote it by Ai In this case the contact-transformation is said to be 
infinitesimal Write 

x=co + a^t, = y + 

V = f'=?+wA^,i (7) 

F= FA^ J 

Then equation (6) becomes 

dW A« = (^ + wAi) (dir + da A^) 4- (^ + vA^) (dy 4- d/8 A^) 

4- {^ + wM) (d^4- d7 . AO - f da? “ ridy - ^dz 
— uNidx 4- vMdy 4- wLtdz 4- ^Atda 4- fjAtd^ 4- ?Ai dy, 
or dF udx 4- vdy 4- wdz 4- f da 4- ^d/8 4- ^dy, 

or d (^a 4- 1;/8 4- SV — F) = adf 4- iSdfj 4- yd^ — udw — rdy — «(?d^ 

Thus if we denote the function f a 4- 1?/8 4 §7 — F by jff, and suppose H 
expressed as a function of a?, y, f, we have 

dS=ad^ +^dr) + yd^--udx--vdy ^wdz (8) 

Now evidently, from (7), in the limit u becomes a becomes , etc 
Thus we have 

so the rates of mcrease of the six variables (a?, y, f, 1;, f ) are given by the 

equations 


dx 

dH 


dJE 

dz 

dE] 

'dt"’ 

dr 

dt 

dr) ’ 

dt 

h\ 

I 

M/»| 

1 

BE 

dr) 

dE 


_djE 

dt 

dx’ 

di~ 

dy’ 

dt 

dz j 


and this is a Samiltonian system of equations, such as occurs in dynamics 
Our investigation shews that it may he regarded as represmtmg an in- 
finitesimal contact-transformation, that is to say, the motion of a wavefront 
from one position to a position indefinitely near it The integrals of this 
Hamiltonian system are the equations (1), (2), (3), (4) above : they represent 
a finite contact-transformation, that is to say, the motion of a wave-front 
from one position to the position which it acquires after a finite interval of 
time Thus we see how ly using the ideas of the undulatory theory of lights 
Hamilton was able to obtain an integrated form for the differential equations 
of dynamics, depending on a single unknown function 

126 Contact-transformations in space of any numher of dimensions 

The rest of the present chapter will be concerned with the application of 
Hamilton’s ideas, described m the preceding article, to the general case of a 
dynamical system with any number of degrees of fireedom, and the connexion 
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of the results with certain theorems due to Lagrange, Poisson, Pfaff, and 
Jacobi 

We shall first define a contact-transformation m n-dimensional space, 
using for this purpose a generalisation of equation (6) of the last article 
Let (gi, ga, , Pi, Pa, . ,pn) be a set of variables, and let 

(Qi> Qaj > Qny Pi> Tuf 9 Tfi) 

be 2n other variables which are defined m terms of them by 2n equations 
If the equations connectmg the two sets of variables are such that the 
dififerential form 

TidQj, -h -i- 4- PndQn - Pi dqi - p^dq^ - . . - Pndqn 

IS, when expressed m terms of (gi, q^, , g,^, pi, p^, , p») and their differ- 

entials, the perfect differential of a function of (gi, gg, . . , gn, Pi» Pa» Pn)i 
then the change from the set of variables (gi, g^, , g,^, p,, p^, . , pn) to the 

other set (Qj, Qg, Qn, Pi, Pj, P^) is called a contact-tramformat%on 

It may be observed that this is different in form from the definition whicb is mo^t 
convenient when contact-transformations are studied with a view to their applications in 
geometry and m the theory of partial differential equations the latter definition may be 
stated thus a contact-transformation is a transformation from a set of (27i-hl) vanables 
9qn,Pupi9 9 Pill z) to another set (§i, Pi, P 2 , - , P»» for 

which the equation 

. ~^PndQn=^p(dz-pidqi-pidq2- -pndq^ 
is Satisfied, where p denotes some function of (g^, ga, , Pi, pa, pn^ 

If the n vanables (Qi, Qat • Q») are functions of (gi, g^, g^) only, 

the contact-transformation from the vanables (gx, ga, . , gn, Pi, -^Pn) to the 
variables (Qx, Qa, , Qn, Pi, * , Pn) is called an extended po%nt~traneformati 07 i, 
the equations which connect (g^, ga, , gn) with (Qi, Qa, . *, Qn) being m this 
case said to define a point-traneformat%on 

From the defimtion it is clear that the result of performing two contact- 
transformations m succession is to obtain a change of variables which is itself 
a contact- transformation. It is also evident that if the transformation from 
(2x,ga, .M?n,Pi, ,Pn) to (Qj, Qa, ,Qn, Pi, Pn) IS a contact-trans- 
formation, then the transformation from (Qx, Oa, . , Qn, Pi, Pa, * , -Pn) to 
(2i,?a, ••,?n,Pi,Pa, .,pn) IS also a contact- transformation, this is generally 
expressed by saying that the inverse of a <mitact~transfo7matton is a contact- 
tramformtition. This, together with the foregoing, shews that contaot-trms- 
/(yrmahons possess the group-property 

Example 1 Shew that the transformation defined by the equations 

fQ=(2g)i«*'cosp, 

(P-»(2g)^ e-* sin p, 


is a contaot-transfomation 
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In this ease we have 

PdQ -p (2g)i sm p {(2g) " i cos pc?? - (2?)^ 6inp<?p} -p dq 

=^d{q sm p cos jP - qp\ 
which IS a perfect differential 

Example 2 Shew that the transformation 

j«-logQsinp), 

(p==2'OOtjO, 

IS a contact-transformation 

Example, 3 Shew that the transformation 

f$=log(l+ 3 ^ 008 p), 

'[p=2 (1+?^ cosp) Bin p, 

is a contact-transformation 

We shall now obtain the explicit analytical expression of a contact- 
transformation 

Let the transformation from variables (g^i, ga, , ?n) Pi> > i>n) to variables 
(Qi, Qa* > Qn, , -Pn) be a contact-transformation, so that 

2 (PrdQt-PrdqT)^dW, 

fsal 

where dTT is a complete differential 

From the equations which define (Qi, Q21 » Qn) -Pi> • » -Pn) terms of 

» 2 n>Pu ,p«) it maybe possible to elimmate(Pi,Pfl, .,Pn,i?i» ?Pn) 
completely, so as to obtain one or more relations between the variables 

(.Qif Q27 • > Qn> •••> J 

let the number of such relations be k, and let them he denoted by 

nr(?i,? 2 , ,Qn) = 0 (r = 1, 2, , fc) (A) 

The meaning of these relations may be illustrated hy reverting to the geometrical 
theory of contact-transformations in ordinary three-dimensional space, when there are 
three cases to consider 

(a) There may be only a single relation between the new and old coordinates, say 

Q(x^y,z, x\ ^)=0 

When {x, y, z) are given, this equation, regarded as the locus of a point (^, y", e'), 
represents a surface , so that each point {x, y, z) is transformed mto a s^crface, which we 
may call an Q-surface and any arbitrary surface o* is transformed into a surface 2 which 
IS the envelope of the Q-surfaces corresponding to the individual points of cr This is the 
general case, and is the only one we considered in § 126 

O) There may he two relations of this kind, say 

(^> y* A y\ 0 — 0 , 02 y» y'* 

If (-P, y^ z) are given, these two equations m (^, y, /) represent a curve so each point 
ipy y, «) is transformed into a curve, which we may call a ^T-curve . and any arbitrary 
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surface <t is transformed into a surface 2 which is the envelope of the -curves corre- 
sponding to the individual points of <r 

iy) There may be three relations of this kind, say 

(^, y, Zj y', /) =*o, ^2 y\ ^3 Vi y^ 

m which case each point {x^ y, 2 ?) is transformed into a ^ovrvt {pd , y\ z'\ and any aibitrary 
surface <r is transformed into a surface 2 which is the locus of the points corresponding to 
the individual points of tr 

Since the variations {dq^ dq^y dq^ dQi, cZQ^) m the equation 


S {PrdQr-pTdqr)-dW 
r=l 


are conditioned only by the relations 


dUr 




0D, 






02. 02. 
we must have 


02 « 


0Qi 


0Qn 


^-dQr^^dQr 
dW - an, 

dqr * 92r 



11 

JnO 

,*), 

, N 0U» 1 

dDift 

oqrJ 

II 

1— » 

(B), 


where (Xi,Xb, .,Xj,) are undetermined multipliers and where W is a function 
of (2i, 2.. • . Qi> equations (A) and (B) are (27?. + *) 

equations to determine the (2n + k) quantities 


(Qi> iQn>Pi> •fPm^} • > ^fc) 

m terms of (2i, ,qn,Pi, >Pn) These equations may therefoy e be regarded 

as eoqtlicitly formulating the contact-transformation, in terms of the functions 
{W, n,. n,, , nj.) which characterise the transformation 

Conveftely, if (F, O,, n,, . , n^) are any (* + 1) functions of the variables 
(2i, 2.. > S'"' * < n, and if 

{Ql> Qi> > Qni T*i, •, JPn> • > "hh) 

Me defined in terms of (g,, ga, .,2«>P>» , pn) by equations* 


0)'(2i> 22> •> 3*’ ^1’ ^ 

(»’=1, 2, 

,k), 

„ dW^.dSk, . . 

11 

, n). 

dW ^ 90, . 0Ob 

• "^*02r 

(r = l, 2, . 

, n). 


* These equations were first given in Jaoob.’s Vorle$ungen fiber Dgmttnl, (1866), p 470, where 
their ntuity m the transformation of partial differential equations of the first order (to which 
dynamical problems can be reduced) was indicated Their place in the theory of contact trans- 
formations was pointed out hy Lie 
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then the transformation from (qu Ja, > imPi* •fPn) to (Qi, ^2? •••? Q»> 
-Pi 5 , P») o, contacUtransformation, for the expression 


2 (PrdQr ^ Prdqr) 

r*=l 

becomes, m virtue of these etjuations, d TF, and so is a perfect differential 
Example If § = ( 2 ^)i/?‘"^cosjp, P=( 23 ')^^^smp, 


shew that 


P- 


dW 


3TF 


where ITss-J § ( 2 ^ 1 ? - arecos Qf ( 2 g^)^, 

so that the transformation from (q, p) to (Q, P) is a contact-transformation 


127 The bdinear covartant of a general differential form 

Now let (osijOOi, a:n)he any set of n variables, and consider a differential 
form 

Xidxi + X^dco^ “h • • “I" ^nd^fi) 

where (X^, Zg, , Z«) denote any functions of (a?i, x^, , Xn ) ; a form of this 

kind IS called a Pfaff*s expression* m the variables {x^ Xz, , Xn) Let this 
expression be denoted by 6d> 0*Eid wnte 

= XiBxi + ZaS^ + ••• + XtiSXn, 

where S is the symbol of an independent set of increments Then we have 
80 a ddg = 8 {Xidxi -f- Xfidx^ + . . + J^ndxn) — d (Zi + Z2 Bx^ + . 4 * Z^ Bxfi) 

— 8Xidxi 4 “ 4 “ BXf^dXf^ -f- XjBdxj 4 * • 4 “ Xf^Bdxn 

- dXiSXi — . . - dXn^Xn - XidSXi — . . — XndSXn^ 

Using the relations Bdx^ — dBxr^ which exist since the variations d and 8 
are independent, and replacing dZ^, SZ^ by 

dXr 7 dXr j BXr tj , , 8X^ ^ i. l 

^dx^’^ 4 - respectively, 

n n 

we have 864 — = 2 2 a^dx^Bxj, 

1=1 j=i 

where denotes the quantity dX^Jdxj — dXj/dx^. 

Let (yi, 2/2* •> Vn) be a new set of variables denved from (a?i, x^, . *, Xn) 

by some transformation , let the differential form when expressed m terms of 
these variables be 

ridyi 4 -r,dy 2 4 -.. 4 -Fndy,v 

* Pfaif 8 celebrated memoir on theee expresaiona was pre«ented to the Berlm Academy m 1815 
Ahhandl Akad der Wus. 1814 - 16 , p 76 
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and let the quantity dYijdyj — dYjldy^ be denoted by 6^ Then since the 
expression — d6^ has obviously the same value whatever be the vanables 
in terms of which it is expressed, we have 

n n n n 

* S S =22 hi^dy^Si/j 

€«i j«i i-i j=i 

The expression 'Zotjdxi&Cj is, on account of this equation, called the 
b%hnear covanant of the form 2 X^dx^, 

r=l 


128 The oonditiom for a cmta^-transformation eapressei hy means of 
the bilinear covariant 

1^^ (Qi* Qa» - Qn, Pi, , Pn) variables connected with (ji, q^, 

n 

•*>Pn) by a contact transformation, so that 2 PrdQr differs fix>m 

r»l 

n 

2 Prdqr by an exact differential, 

r-l 

It IS clear from the last article that the bilmear covanant of a differential 
form is not affected by the addition of an exact differential to the form, smce 
it depends only on the quantities dXJdxj — dXjjdxty which are all zero when 
the form is an exact differential: and we have shewn that the bilinear 
covanant of a form is transformed by any transformation into the bilinear 
oovariant of the transformed form It follows that the bilinear covanants of 

n % 

the forms 2 PrdQr and 2 prdgr are equal, i e that 

f-l r»X 

2 (SP fd/Qr dPr^Q^ ^ 2 {bprdqr 
r«* 

so that if ths trcmformOm. from 

(?li ?*> •••» S»I Jh> to (Qi, Q%, Qnt Ply • •> -f*n) 

M ct oontoxMTan»f(trmaiim, the ecepremon 

2 (^Prdqr — dqr Spr) 

rml 

is invwrictnt vnd&r the IrcmsforiruiiMm 


Xmmfh. 
we liave 


For the transformation defined bj the eqaatione 

sm^ 

dQ-(ajf)~4£“icoa|>«y - (Sy)* h “ * sm jjJjp, 
cogydp-(aj')iib"i sin j>c^ 
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By multiplication we have 

dPbQ- bPdQ^ -s,\n?p {dqbp - {dpbq-bpdq) 
^dpbq-bpdq^ 

and consequently the transformation is a contact-transformation 


129 The conditions for a contact-transformation in terms of Lagrangds 
hraoket-eccpressioTis 

We shall now give another form to the conditions that a transformation 
from vanables (ji, , jn, , Pn) to variables (Qi, Qa, > Qn, Pi > , Pn) 

may be a contact-transformation 

If (2i^ Pu y Pn) ^^7 functions of two variables {u, v) (and 

possibly of any number of other vanables), the expression 

I rdqr dpr dpr 
r=!iV9i^ dv du dvj 

is called a Lagrange's brcu^ket-ea^ession* and is usually denoted by the 
symbol [u, v"] 

If now (qi, q^y , pu • > Pn) a«re any functions of variables 
(Qi, ^ 2 , yQnyPiy y Pf)y ^hcn m the expression 


2 {dq>r^qr- Bprdqr) 

r=l 


we can replace dpr by 




I- 

^dPn ^ 


and similarly for the other quantities , we thus obtain, on collecting terms, 


2 (dprSqr -- Sprdqr) ^ 2 [ujey ui](diiiBuie — 8uiduk), 
r=l k, I 

where the summation on the nght-hand side is taken over all pairs of 
vanables {ujc, u{) m the set (Qi, Qg? » 0n> Piy * > Pi) 

But if the transformation from the vanables (ji, jg, . , qmPiy * *9 Pi) 
to the variables (Qi, Qg, , Pi, , P^) is a contact-transformation, we 
have 

2 (dprSffr — Bprdqy) = 2 (dPrSQr - 8PrdQr)y 

r=l j-«l 


and this holds for all types of variation B and d of the quantities , comparing 
with the above equation, we have therefore 

[P,,PJ = 0. [(3<,(2»] = 0 (».^ = l,2, ,n), 

[Q.. ■Pfc]=0 (t, A:=l, 2 , ,n,iik), 

^ [<2..P0=i (t-1,2, 


Lagrange, Mim, de Vlrutitut de France, ann4e 1808 reprinted Oeuvres, ti p 718 
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These may he regarded as partial differential equations which must be 
satisfied by (jj, ja, , q^ pi, , Pn), considered as functions of 

(0i> t Qm -Pi> > -Pw) 

in, order that the transformation from one set of variables to the other may be 
a contact-transforrnation These equations represent in an explicit form the 
conditions implied in the invanance of the expression 

n 

S (dprZqT — bprdqr) 
r“l 


130 Poisson* s bracket-expressions 

We shall next introduce another class of bracket-expressions which are 
intimately connected with those of Lagrange 

If u and V are any two functions of a set of vanables (ji, q^, , qny 

Pit iPn), the expression 

j*ail \3^r ^Pr ^Pr 

IS called the Poisson's bracket-expression'^ of the functions a and v, and is 
denoted by the symbol (m, v) 

Suppose now that (^h, are 2?^ independent functions of the 

vanables (ji, ja, , qn> JPi, . , Pn\ so that conversely (ji, ja, . , Pu > i>n) 
are functions of (wi, Wa, There will evidently be some connexion 

between the Poisson-brackets (t^, and the Lagrange-brackets [wy, wj • 
this connexion we shall now mvestigate. 


We have 

Ur) [Ut, «.]- 2^ 2^2^ g^- (^g^ ' 

Now multiply out the nght-hand side, remembering that 
t"i t»«i 9p» 

are each zero if t Sy and umty if i «=y , and that 

S ^|a and 

«-i 92* 9tt{ «-i 9pt out 

are each zero , the equation becomes 




and consequently 


2» 


a 2 («t. [««* «»] * ^ ’’ 5 

tml 

2n> 

S (Ut, Ur)[^U ^1 = 1 




dut duj 


• Poisson, Journal de VtcoU solytteh vra (Gainer 15), (1809), p 266 


while 
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But these are the conditions which must be satisfied m order that the 
two aetenninants 


[mi. Ml] [ui, Wj] [tt,, 

[“a. Ml] [rig, «g] [Wj, tj^] 



and 

(W|, Wj) 

(Mi, Wa) (^^2, U 2 ) (Wflni 'Ma) 

* • • • ■ . 

" • • • ..* • 

[“sn. Ml] . . 


■ *■• ••• .• w 

(Mi. Ms„) . . (tljn, u^) 


ZLl TX the one should he equal to the 

tie corresi^nding element m the other, dinded hy this latter 
inant, the product of the two determinants being unity , and thus tfte 

^ Po««on^6raciL ea^pressed 

y the fact that the delermtnants forrm them, are reetprocal 

If are any three functions of p,, ,?.»), shew that 

((/. ^), /)+((V', fl 0)=o 

where the summation la taken over all combinations /„ /, 

/W. 

(n ^®*iote 2n functions of 2re variables 

coadifoon* whwA must be 
t sj^ tn order that the trana/ormahon, from one set of vanahles to the other 
may be a contdot-transformafion may be written m the form 

[(Pi, Pj) * 0, (Qt, Qj) « 0 0, y = 1, 2, . , n), 

(Qv,-Pf)==0 = 2, . ,n; i$y), 

(Qt, P<) = 1 (i = 1, 2, . n), 

f[Pi,PJ=0, E<2„«,] = 0 (t,y = l,2. ..,n). 

[Qt, Pi] = 0 (t,y = 2, ...,n, t g J), 

[Q„-Pi] = l .(t = l,2, .,n) 


Hence the relations 


2» 

C«t» Mr) [«t , «»] ■• 0 


(r^ s) 
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of the last article become 


(<3.,Qj) = 0 (P»,P^)==0 0,J = 1,2,. ,n), 

(Pj. <20 = 0 0,j = l, 2, . 

while the relations 

2 (Mj, «r] = l 

« = 1 


give (Q.,P0 = 1 0 = 1,2, . ,n), 

the theorem is thus established 


j^mple 1 If ($ 1 , §j, . , Q„, Pj, , p„) are connected with (g-i, ja, , q», pu , p*) 
by a contact-transformation, shew that 

* /0^ drlr dlf> » /a^ aif, 3^ drlr\ 

r-l \3€r 0-Pr ~ SPr SqJ r^i \^r Zpr ~ J ’ 

SO that the Poissoo-brackets of any two functions 0 and y/p with respect to the two sets of 
variables are equal 

ExampU 2 If § 2 j - » §n) are given functions of (s'!, ^^^ 2 ? ^ S'wj Pi> • > jp0> 
satisfy the partial differential equations 

(^r, 2, 

shew that % other functions (Pj, Pa, , P») can be found such that the transformation 
from (^^ 3 , , p,,) to (§i, . , G«, Pi, . , P„) is a contaot-trans- 

fonnation. (Lie ) 


132 The 8ub-grovp8 of Mathieu tramformattons and extended point- 
transformations. 

If withm a group of transformations there exists a set of transformations 
such that the result of performmg in succession two transformations of the 
set 18 always equivalent to a transformation which also belongs to the set, this 
set of transformations is said to form a svb-group of the group. 

A sub-group of the general group of contact-transformations is evidently 
constituted by those tr^formations for which the equation 

^ JPt*ciQr“ ^ pT^^r 

r-l r«X 

is satisfied* These transformations have been studied by Mathieu*. 


They are essentiidly the same as the transformations called homogeneous contact- 
transformations in (g-ji, fi'nj Pi} — >Ptt)” bj Lie 

In this case, we see from § 126 that (Qj, Qt, - , Q», Pi, , P») are to be 
obtained by eliminating (Xi, Xjb) from the (2n -hfc) equations 


Qit •••> Qn) ' 


- V 4 - X. ^ + 

« I ^^1 -x 
‘ ^dqr^^dqr 


, -v 


(r=>l, 2, h), 

(r=l, 2, ..,n), 

(r- 1, 2, n). 


* Jowmdl de Math, xxx (1874), p 265 
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From the form of these equations it is evident that if (y„ p^, . .,p^) are 
each multiplied by any quantity p, the effect is to multiply (P^, Pj, , P„) 
each by and therefore (P„ P„ , p„) must be homogeneous of the firs"t 
degree (though not necessarily integral) in {pi.p^, . ,p„) 


A sub-group within the group of Mathieu transformations is constituted 
by those traMformations for which (P„ P„ , p„) are not only homogeneous 

of the firat degree m (p^, , p^) but also integral, i e linear, m them , so 

thdit we iiaive equations of the form 


' ' S'") = 1, 2, , n) 

Substituting in the equation 

» n 

and equating to zero the coefficient of^j, we have 

n 

r-i = 1,2, , n), 

so (2i. . , ?„) are functions of {Q^, ft, , Q„) only, and 

frk = ^St/Sft (r, A = 1, 2, , n) 

It follows that transfoTvmhons of this kind are obtained by assignina 
n^hitraTyTelatv>ns ^n^ng the variables (y,. the variables 

(Vi, ft, , ft), and then determining (P„ P„ .,P^)from the equahms 


These transformations 
Example If 

shew that 


Pr^ 2 


ifc»l 


Pk 


3ft 


(r=l, 2, 


are extended point-transformations (§ 126) 

S PfdQ^mi s PfdOf, 
r=l r=l ^ ’ 

k=l Cip* 


, n). 


133. Infinitesimal contaiddransformaiions 

We shall now consider tonsformations in which the new variables 

Wx.y*, ,P») differ from the ongmal vanables (m, . o« 

‘y Lsl lhe» dleraicee be 
denoted by (Ag„ Ag„ .. , Aj„, Ap,, . , Ap„), where 

. ,qn,Px, . ,^)„)Afl , ^ 

Apr-V^r(g'j, . ,J», pi, ..,J>„)Aj|J 
and A« is an arbitrary infinitesimal constant, so that 


ft = Jr + Ajr = Jr + ^ Af) 
=jPr + A^r = jp,. + •^,AfJ 


(r=l, 2, ...,«), 
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and the transformation is specified by the functions 

(^u ^a> > J '^n) 

Now suppose that the transformation is a contact-transformation Then 
we have 

I (FrdQr-prdqr)^dW, 
r-l 

where W is some function of (g[i> ja* - » ?nj pn > prd > 

I + + At) - prdqr] ^ dW, 

r«=l 


or 


S (ylrrdqr+Prd(f>r) =dW 


ys=l 


It 18 evident that the function W must contain At as a factor writing 
W= Z7At, where U is some function of (qi, qt, . , 9n. Pi> . P»). equation 
becomes 


n 

X (yftfdqr ~\“Prd<f>7^ ^dU 


r™l 


Hence we have 


t {■frdqr~<l>rdpr)=-d(U- \pr<f>r) 

r=5l ' ' 

sss^dK^qis q^t 9 


and therefore 




3pr’ 


-fr*- 


02r 


(r=l, 2, ,n) 


Thus the most general mfimtesimal cmtcuit-transfornuxhon is defined hy tike 
equations 

wAere K is am arbitrary func^on of (qi, qa, • , ?n> l>i. • > Pn)> 
arbitrary infinitesimal quamtity independent of (qi, qa, • . 8»> •• > Pn) 

The increment m any function f(qi, qa, , ?**> Pi, • > P») argu- 

ments (qu qa, .,qn,Pi, , Pn) are subjected to this transformation is 

r»xW¥- ^rdqj ’ 

or (f> ^ ’ 

dn this account the Poisson-bracket (/, K) is said to he the sy^ol of the 
most general infinitesimal transformation of the mfimte group which consists 
of all contact-tiunsformations of the 2n variables (qi, qa, ••• . ?»» Pi, , P») 
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134. The resulting new view of dynamics. 

The theorem established in the last article enables us to extend to all 
conservative holonomic dynamical systems, whatever be the number of degrees 
of freedom, the conception which was formulated at the end of § 126 for 
certam simple systems For the motion is expressed (§ 109) by equations of 
the type 

(^ = 1,2,. ,n), 

dt dpr dt dqr 

and from the last article it follows that we can mterpret these equations as 
implying that the transformation from the values of the variables at time t 
to their values at time ^ + di is an mfimtesimal contact- transformation Tlie 
whole course of a dynamical system can thus be regarded the gradual self- 
unfoldvng of a contact-tramformaAxon. This result is really a generalisation 
of the statement that the paths of the rays %n a penal of light can be specified 
by the gradual propagation of a wavefront Taken in conjunction with 
the group-property of contact-transformations, it is the foundation of the 
transformation-theory of dynamical systems 


From this it is evident that if (ji, ja, . , g^n» JPi, Pn) the variables 
m a dynamical system, and (flfi, an» fi^-re their respective 

values at some selected epoch < = A,, the equations which express (ji , Jg, • . . , ?n > 
jpi, , p,^ m terms of (ai, Oj, , A, , j8n, t) (and which constitute the 
solution of the differential equations of motion) express a contact-transforma- 
tion from («!, OTa, , , 0 f„, A, , /Sn) to (ji pu , p«) ; in this i is 

regarded merely as a parameter occurring m the equations which define the 
transformation. 


136. SelrrihoWs reaprocal theorem 

Smce the values of the vanables (gi, g,, ,qn>Pi> , Pn) of a dynamical 
system at time t are derivable by a contact-transformation from their values 
(«!, . , On, •> Pn) at time to, we have (§ 128) 

t (Apf5g,-Sp,Ag<)= % (Ai8»Sa<- 8^<Aa<), 

i»l tml 

where the i^mbols A and 8 refer to increments arrived at by passages from 
a given orbit to two different adjacent orbits respectively 

Now suppose that 8 refers to the mcrements obtained in passing to that 
orbit which is defined by the values 

(cti, QTg, , fltn, ^3, ,, Pr"^ ^Pr> Pt’^is Pt^ 

at time to ; and let A refer to the mcrement obtained in passing to that orbit 
which is defined by the values 

(?i> ? 2 » •• 9 inf Pi f » P#— i>JP« + • '*Pn) * 
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at time ^ \ then the above equation becomes 

so the increment in qg due to an increment in (when Uj, Oj, , a„, 
A, • > )8r-i, /Sf+i, . , are not varied) is equal to the increment (with sign 
reversed) in Or corresponding to an increment m pg (when 51, 32, , ?n» Pi> » 

Ps^i, jp,+i, , pn are not vaiied) equal to the previous increment in / 3 r 

This result can for many systems be physically interpreted, as was 
observed by Helmholtz* , for a smaU impulse applied to a system can be 
conveniently measured by the resulting change in one ot the momenta 
(Pii - » Pn\ and the change in due to a change in can be realised in the 
reversed motion, 1 e the motion which starts from some given position with 
ea<5h of the velocities corresponding to that position changed in sign, so that 
the subsequent history of the system is the same as its previous history, but 
performed m reverse order We can therefore state the theorem broadly 
thus the change p? oduced in any interval by a small initial impulse of any 
type in the coordinate of any other {or of the same) type, in the direct motion, 
IS equal td the change produced in the same interval of the reversed motion in 
the coordinate of the first type by an equal small initial impulse of the 
second typef 

Example In elliptio motion under a centre of force m the centre, if a small velocity 
dv m the direction of the normal be communicated to the particle as it is passing through 
either extremity of the major axis, shew that the tangential deviation produced after 
a quarter-penod is tv, where y is the constant of force Shew also that a tangential 
velocity tv, communicated at the extremity of the minor axis, produces after a quarter- 
penod an equal normal deviation y (Lamb ) 


136 Jacobi's theorem on the transformation of a given dynamical system 
into another dynamical system 

It appears from § that if a Hamiltonian system of differential 


(r=l, 2, • ,n) 


dt’^dpr’ dt 

M transformed by change of variables, the system ol differential equations so 
obtained will still have the Hamiltonian form 

dQr 3^ ^ J'E 

dr“ap^’ dt “ dQr 

provided the new variables (Qi, Q», Qm Pi. • P») ®'*’® 

fPi8(JJi + P«SQ»+ .• + P»SQn 


(1* — 1, 2, • • , n). 


IS an 11 


p 

integral-invariant (relative 01 absolute) of the system 


• Journal /Ur Math. 0. (18861 

t Cl. Proe. Land Math Soe. xix ( 1898 ), p. 144 




W. D 


20 
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A transformatiou of this kind is, in general, specfial to the problem 
considered, le it transforms the given Hamiltonian system into another 
Hamiltonian system, but it will not necessarily transform any other arbitrarily 
chosen Hamiltonian system mto a Hamiltonian system Among these 
tiansformations however are included transformations which have the pro- 
perty of conserving the Hamiltoman form of any dynamical system to which 
they may be applied these may be obtained in the following way 

We have seen (§ 115) that 

r 91 

2 PrSqr 
Jr=‘l 

IS a relative integral-invariant of any Hamiltonian system Let (Qi, Qa* > Qn> 
Pi, , Pn) be a set of 2n variables obtained from (q^ Pu Pn) 

by a contact-transformation, so that 

^ Pj- — 2 p^ ^qr “ ^ ^ » 
r-l r=l 

where dW denotes an exact differential The equations which define the 
transformation may involve the time, so that (Qi, Q®, , Qm Pu •• » Prd 

functions of (ji, ga, , 9n, Pu 9 Pn, t ) , but in the vanation denoted by d 
in this equation the time is not supposed to be varied if t is supposed to 
vary, the equation becomes 

2 PydQr- 2 prdqr- dW Udt, 

r=l r«l 

where U denotes some function of the variables 

Now the vanation denoted by 8 in the integral-invariant is a variation 
from a point of one orbit to the contemporaneous point of an adjacent orbit ; 
if therefore we regard the vanables as functions of (ttj, o^, . . , a*n> "where 
(oi, Oa, , (hn) are the constants of integration which occur in the solution of 
the equations of motion, the variation S is one in which (oti, a^, , ,, Oan) 
varied but t is not varied we have consequently, as a special case of the last 
equation, 

2 P,SQ,- iprBqr^^BW, 

r=l r-l 

and thereloie f 2 PrBQ^ 

J 9^1 

IS a relative integral-invariant, so the transformed system of differential 
equations, in which (Qi, Qa, , Qn, Pi, , P^) are taken as dependent 
variables, will have the Hamiltonian form and can be written 

dt dPr' dt ^ dQr 

where K is some function of (Qi, Qa, Pi, . Pn, t) 


(r = 1, 2, n), 
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Hence a conta^t-traTisformation of the variables (q^ q 2 > > qn> Pi > > Pn) 

of any dynamical system conserves the Hamiltonian form of the equations of 
the system* In the case of an ordinary “change of variables*’ m the dynamical 
system, in which (Qi, Q^, . , Qn) are functions of (g,, q^, , qn) only, the 

contact-transformation is merely an extended point-transformation 
Eiiample Shew that the contact-transformation defined by the equations 
g' - (2§)i ^ cos P, p = 2§)4 sui P, 


changes the system 

dt dp* dt^~ Zq* 

where 


into the system 

dQ ZK dP ZK 
dt~ZP* dt~~W 

where 

K=hq 


137 Representation of a dynamical problem by a differential form 

The reason for the importance of contact-transformations m connexion 
with dynamical problems is more clearly seen by the mtroduction of a certain 
differential form which is invanantively related to the problem 

Let any differential form with (2n + 1) independent variables (^i, , 

^2n+i) he 

XidoSi + "h • “h -^aw+i^^2n4'i j 

we have seen (§ 127) that its bilinear covariant 

2 «+l 2n+l 

S S a^doo%tdcj, 

^0.1 

where denotes the quantity (dXijdWj — dXjjdx^), is invanantively rels^ted to 
the form If we equate to zero the coefficients of S^, , Sflfan+i, we 

obtain the system of (2^-f 1) equations 

2n+l 2n+l 1 

S andxi^O, 2 aiidxi^O, . 2 — 

iml xml i«l 

Since the determinant of the quantities a-,j is skew-symmetnc and of odd 
order, it is zero, and these equations are therefore mutually compatible 
They are known as the first Pfaff^s system of equations corresponding to the 

2»+l 

differential form 2 ^nd from the mode of their formation are in- 

rs=l 

vanantively connected with it , that is to say, if any change of variables is 
made, the new variables (yi, ya, ^ yaw+i) being given functions of (^i, oc^y , 
if I'he differential form be changed by this transformation to 

2»+l 

t Yrdl/r, 

r«l 

* This import^t theorem was first giyen by Jaoobi, .Oomptet HendxMy n (XS87), p. 61^ 

20-— 2 
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2»+l aWiTX 1 J r\ 

* and if 2 6uC?yi = 0, 2 »> 2 ^ 

1=1 1=1 »=i 

be the first Pfaff’s system derived from the differential form 

2»+l 

2 ir^dyn 

r«=l 

then this system is equivalent to the system 

2n+l 2n+l 2n+l 

2 “ Oj 2 “ 0, 9 2 2n+i ^ 

1=1 t=i t=i 


Consider now the special differential form 

in the (2n+ 1) vanables (g-i, g'j, . , $«, pi, , iJn, <). where H is any function 
of (?i, ja, - , S'*. ^>11 .i>n. *)• Forming the corresponding quantities 0^, we 

finH that the first Pfaff’s system of differential equations of this differential 
form is 

-dpr-^dt^O (r=.l, 2, . .,n), 

cqr 

dqr~dt=^0 (r = l,2, .. ,n), 

Opr 

dH~dt=0 


Of these the last equation is a consequence of the others and therefore the 
system of equations can be written 


^ 

dt ” dpr ’ dt " dqr 


(r«l, 2, .. ,n); 


but these are the equations of motion of a dynamical system in which the 
Hamiltonian function is H It follows that the dynamical system whose 
Hamtltomcua function is H is invariantively connected mth the differential 
form 

Pidqj+p2dq^+ • +Pndqn-IIdt, 


inasmuch as the equations of motion of the dynamical systemy in terms of any 
variables (a?i, .• , t) whatever^ are the first Pfaff*s system of the 

differential form 

jSlj dxi + X^dsc^ + • Hh ^mdx^n “f* Tdr 
which is derived from the form 


Pidqi H-jP2d?2 + ... ^Pndqn ~ Hdt 

hy the transformation from the vanables (gf„ g„ . q^.pi, . .,p», t) to the 
variables (c,. . ,as^, r) 
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138 The Hamiltonian function of the transformed equations 

The result of the last article famishes another proof of the theorem that 
the equations of dynamics 

dp,_dH , . - . 

dt dpr' dt dq, 0-1.2, ,n) 

conserve the Hamiltonian form under all contact-transformations of (qi, , 
QntPu >Pr^i s.nd moreover it enables us to find the Hamiltonian function 
K of the system thus obtamed, 

dt~dPr’ dt ~ dQr 0-A. A. 

For let the contact-transformation be defined by the equations 
/nr = 0 (r=l,2, 

an* 


n) 


, _dW ^ 

dQr ^ dQr 

, air 3ft, ^ aft* 


+ 


dQr 


(r = l, 2, 


, *), 
, n), 


(r=1.2, 


. »), 


9n» 


dqr ''^dqr -'^dq, 

where (ft„ ft*, . , ft*, TT) are any functions of the variables (gr,, g*, 

Qi> Qat • > Qni t) 

From these equations we have identically 

2^ Prdqr = 2^ PrdQr - 2^ dqr+ dQr) -2^ X, 2^ dq, -h ^ dQr) , 

and hence (the symbol d denoting a vanation m which all the variables, 
including are changed) 

31^ 7 ^ 7 TTr . ^ ^ 

7 TTr . ^ . 

r«l 


r»l 


2 Prdqr = 2 PrdQr + + ^ 


or 2 Prdqr - Hdt = 2^ PrdQr -{h- - 2^ X. dt - ciF 

The perfect differential dlF on the right-hand side can be neglected, 
since it does not affect the first PfafP’s system of the differential form and 
hence the contact-transformaticm transforms t/ie system of equations 


to the system 


whet'e 


dqr _ dH 
dt ~ dpr ’ 

dpr__dH 
dt dqr 

(»' = !, 2, 

,n) 

11 

dPr dK 

’ dt dQr 

(r=l. 2, . 


K^H- 

aF » . aft, 

■ dt ,=i * dt ’ 



$d i)i terms a/(Qi, Qj, , Qtu Pu 

• , Pn> 0 




(r-1, 2, .,») 


dP r dK n) 

dT^-m .n). 
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139 Transformations m which the independent variable is changed. 

The result of § 137 also enables us to determine those transformations of 
the whole set of ( 2 n + 1 ) variables (ji, , ^nj Pi> • j Pn> *) variables 

(Qi, Qa. .Qn,Pi,- , P„, T) by which any Hamiltoman system 

dqr _ dH 

Ht^dpr' dt~‘ dqr 

lb transformed into a system of the Hamiltonian form 

d^_dK 
dT'^dP/ 

For this IS the same thing as finding the transformations which change the 
differential form 

Vidqi + P2dqi + . + Pndqn 4- hdt, 

where the variables (q^ q^, , ?«» jPi, >Pn>t»h) are connected by the 

equation 

^ (?i> ?2> > Pit t Pm ^) + A = 0, 

into the differential form 

PidQi + PzdQ^ + + PndQn + kdT + a perfect differential, 

where the variables (Qi, Qg, , Qn, P^ Pa, , Pm Tt k) are connected by 
the relation 

(Qi, Qi, i Qn, Pi, 9 Pn, P) 4- & = 0, 

But any contact-transformations of the {2n + 2 ) variables (qi, Ja, ...» ^ 

Pi, , Pm h) to new variables {Qi, Qg, , , Qm T, Pi, Pg, . , Pm k) will satisfy 
this condition , when the transformation has been assigned, the function K is 
obtained by substituting in the equation 

?2, *, • ,pn, + 

the values of (yj, q^, , % Pi, , Pm h) as functions of (Qi, Qn, 2", 

Pi, • , Pn, 1), and then solving this equation for k, so that it takes the form 

^ (Qij Qi, > Q 71 , Pi, •, Pn, P) k ^0 I 

the requiied transformations are thereby completely determined 

140 JN'eiv fornmlation ofthb integration-prohlevi 

We have seen (§ 137) that if any change of variables is made in the 
dynamical system 

dq, _dH dpr dH i 9 x 

dt~dp/ H ~dq, n), 

the new differential equations will be the first Pfaff’s system of the fotm 
which IS derived fiom 

Pidqi +p2dg2+ ... pndqn — Hdt 


by the transformation 
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Supposing that a transformation is found, defined by a set oi equations 

9r“ <f>r (Qi» Qsj I Qnt -Pl> j 1 9 n) 

,Qn,Pi. , ^n, «)( ^ ^ 

which IS such that the above differential form, when expressed in terms of 
the new vanables, becomes 

■PidQi PsdQ2 "h 


where dT is the perfect difierential of some function of the variables 
(QuQi7- , Qn, -Pii ^ yPn>t); the corresponding first Pfafi’s system of 
equations is 


dQr = 0, 

dP. 

= 0 


(r = 

1,2, 

«). 

and the integrals of these equations 

are 






Qr- Constant, 

Pr 

= Constant 


(r = 

1. 2, 

, li). 

so the equations 







?r= ^>r (Qi, Q%y 

y Qn» 

Ply “ •> PflJ 

0) 

() = 

= 1, 2, 

, n) 

Pr^^riQiy Qa, 

y Qnr 

P 1 j * • * P n f 

t)S 

\' 

* J 

> / 


constitute the solufiou of the dynamtcal system^ when the quantities (Qj, Qi, , 
Qn> -Pii •• » Pn) regarded as 2n arbitrary covstants of integration 


The vntegration-problem is thus reduced to the determination of a ti ans- 
formation for which the last temi of the differential form becomes a perfect 
differentiaL 


Miscellaneous Examples 
L Shew that the transformation defined by the equations 

2XPi=arctan - arotau , P*=X arUan , 

IB a oontaot-tpausfonuation, aad that it reduces the dynamical system whose Hamiltonian 
ftmotion 18 i(p,*+Pi*4-X-»iri*d-X-*3j*) to thtf dynamical system whose Haimltonwn 
function is 

2, If ^^7 2 - » ^2»i) denote any functions of (q^ Piy > 

P\dq\ + + pndqi^^Xidxi-^'X^dx^’r + Xindx>^n\ 

if moreover «*, denotes 0 Jr*/aa*- 3 JfW 9 *», denotes the determinant fonned of the 
quantities (*„„ Aa, denotes the mmoi of m D, divided by D, and u and v denote 
arbitrary functions of the variables, shew that 

2 fhi 0t; cu ~ 5 4, Jill 

fAi Wr fc«l ^ 


(Clebsch ) 
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3 Shew that for any Hamiltonian system the integral -invariants 

III 

dud jfJ.JsQlSQl SPn, 

extended over corresponding domains, are equal if (g^i, q2i > S'u* Pij 
(^1, Q2, 9 Qn, A? j A) are connected by a contact-transformation 

4 Prove that the contact-transformation dehned by the equations 

( 2 §i)i cos Pi -I- X2 ” ^ (2 $2)^ cos P2 » 

“ Xi ^ (^$1)^ COS Pj • 4 -X 2 ^ (^$2)^ cos P2, 

1^1=^ (2Xi§i)i sin Pi+ J (2X262)^ sin Pg, 

1^2— ( 2 Xj^$i)^ sin Pi+^ (2X2^2)^ P2> 


changes the system 

where 

into the system 
whei’e 


dqr _ ^ ^ 

dt ~dpr* dt Bg',. 

■^=Pi^+i^2^+4V toi- 2'2)H4X2® {qi+q^T, 
dt 9P^* dt “bQ^ 


^=Xi§i-hX2§2 

Integrate this system, and hence integrate the original system 
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1 1>«) and 


(»-=l, 2), 


(r=l, 2), 
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141 Reduction of the order of a Hamiltonian system by use of the integral 
of energy 

We have shewn in | 42 how the Lagrangian equations of motion of a 
conservative holonomic system can be reduced in order by use of the integral 
of energy of the system We shall require the corresponding theorem for 
the equations of motion m their Hamiltonian form , this may be obtained as 
follows 

Consider a dynamical system with n degrees of freedom ior which the 
Hamiltonian function H does not involve the time explicitly, so that 

if+A = 0, 

where A is a constant, is the integral of energy of the system. 

Let this equation be solved for the variable jpi, so that it can be written 
K{pa,Pa, ,Pn,g.i> ,qn>h)+Pi = 0 


The differential form associated with the system is 
Pidqj + Pidqt + . +Pndqn + hdt, 

where the variables ( 31 , 32 , •• , qn, PuPt> > Pn, h, t) are connected by the 
last equation the differential form can therefore be written 

Psdqf¥ptdqt+ . +pndqn + hdt — K{pt,ps,-‘,Pn>qi> tqn>h)dqi, 

where we can regard ( 3 ,, 32 , •••> 3 »> Pk > ( 2 »+ 1 ) variables. 

But the differential equations corresponding to this form are (§ 137) 

dqr 3A dpr dK fr=s2 3 n) 

d^i dpr 

dt _ dh _Q 

dqi™ dh ’ dqi 

The last pair of equations can be separated from the rest of the system, 
since the first ( 2 ii - 2 ) equations do not involve t, and A is a constont 
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Ihe original differential equations own therefore he replaced hy the reduced 
system 


dqr _ dpr __ dK 

dqi dpr ' dqr 

which has only (n — 1) degrees of freedom 

This result is equivalent to that obtained in § 
direct transformation 


(r == 2, 3, , n\ 

42, as can be shewn by 


Emmple 


where 


Oonsider the system 

dqr ^ 0jg 
dt 


dt 


0F 

"dqr 


2), 


fi being a constant , these are easily seen to be the equations of motion of a particle 
which IS attracted to a fixed point with a force varying as the inverse cube of the distance ’ 
qi and qi are respectively the radius vector and vectorial angle of the particle referred to 
the centre of force. 


Writing Hms — h, and applying the theorem given abov<^, the equations reduce to the 
system 


where 


dqi'’dp2^ dqi~ 


j:= 

Since K does not involve the equation jr=Con8tant is an integral of this last 
system, and we can therefore perform the same process again writing K= —Jk, wo have 

and the system reduces to the single equation 


the integral of which 


^_dL_ h 
dq2 U V S's* 
(supposing /4<^) IS 


\ 

-24j , 


ja=(^-^)4 (-2A)-iseo (y.+e)|, 

wheie 6 IS an arbitrary constant This is the equation, in polar coordinates, of the orbit 
described by the particle 


142 Hamilton's partial diffeyential equation 

If follows from § 138 that if a contact-transformation defined by the 
equations 

p dW dW , _ 

where W denotes a given ftinotion of , j., ft, . , Q., 

performed on the variables of a dynamical system defined by the equations 

dt dpr ^ dt dqr 2, , r?), 
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the resulting system is 


where 


dP, ^ _ 8j[ 

df^dPr' dt dQr 
K^H^dW/dt 


(r = l, 2, ,?i). 


If the function K is zero, the system will be said to be transformed into 
the egu%l%hr%um~prohlerri Now the function K will be zero, provided TF is a 
function such that 


dt 


w (gi, 9a, 


j 9*»> •••* 32> 


> jPi> » ^ 


i.e provided W, considered as a function of the vaiiables (91 > 9 ^ 2 » 
satisfies the partial differential equation 




dW djw 



0 


, ?n. t), 


This IS called Hamilton’s partial differential equation associated with the 
given dynamical system It was published by Hamilton in 1884*, being the 
extension to dynamics of the partial differential equation which he had 
discovered ten years previously in connexion with optics 


Suppose that a “ complete integral ” of this equation, i e a solution con- 
t.flimng n arbitrary constants in addition to the additive constant, is known 
Let (a,, Bj. , «„) be these arbitrary constants, so that the solution can be 
Witten F(2,. «a. , «». 0 . and perform on the onginal 

dynamical system the contact-transformation from the variables (g,, ge, , ga* 
Px, , Pn) to vanables (a„ /8,. defined by the equations 


Pr = 


dqr’ 



(c-l, 2, .n). 


Since W satisfies Hamilton’s equation, the Hamiltonian function of the 
new system is zero, and consequently the equations of the system are 

^=0, ^ = 0 (r=l, 2, .,n), 

dt at 


so that (a,, «„ . , A, . , ^n) are constant throughout the motion It 
follows that if W denotes a complete integral of Hamilton’s partial differential 
equation, containing n arbitrary constants (a,, «j, . , »»), then the equations 




(r = 1, 2, . , n) 


constitute the solution of the dynamical problem, since they express the variables 
(?i>gai tPr^ in tomis of t and tn aibitrary constants •>«»> 


• PM Trans 1884, p 247, Ibid. WSS, V 
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Aj • , 1*1 "this way the soltition of any dynamical system with n degrees 

of freedom is made to depend on the solution of a single partial differential 
equation of the first order in (?i + 1) independent variables 

It should however be observed that the coniverse of this theorem — namely the theorem 
that the solution of a partial differential equation such as Hamilton’s depends on the 
solution of a set of ordinary differential equations (the differential equations of the 
characteristics), which in this case are of the Hamiltonian form, had been discovered by 
Pfaff and Cauchy (completing the earlier work of Lagrange and Monge) before Hamilton 
and Jacobi approached the subject from the dynamical side 

On the use that can be made of an incomplete integral of Hamilton’s partial differential 
equation (i e one containing less than n arbitrary constants besides the additive constant), 
cf Lehmann-Filhes, Aetr NacK CLXV (1904), col 209 

It may be noted that Hamilton’s partial differential equation is not applicable as it 
stands to non-holonomic systems for an extension to such systems, cf Quaniel, Palenno 
Itendioo7itiy xxn (1906), p 263 

The integration of Hamilton’s equation by separation of variables is discussed by 
F A Ball’Acqua, Math Ann Lxvr (1908), p 398 

^le. Consider the system 

dt dp ^ dt^ dq ’ 

and ^ IS a constant The Hamilton’s equation conresponding to this system is 

a complete integral of this equation may be foimd in the following way^ Assume 

where/and <ft are functions of their respective arguments then we have 

This equation can be satisfied by writing 

where a is a constant , which gives 

/(«)=pt/a, <l> (?)=(2fw)4arcsm(g/a)i+{2ji»g'(a-g’)/a}i 
Htja + {2iut)i arcsin + {2/ig (o - q)/a}i 

The solution of the original problem is therefore given by the equations -3 Wlda, 
p^dW/aq, where o and /3 are the two constants of integration 

143. Hamilton's integral as a solution of Hamilton's partial differential 
equation 

There are an infinite number of complete mtegrals of Hamilton’s partial 
differential equation and each one of them furnishes a contact-transformation 

* This theorem is due to Jacobi, CreUe't J. xxvii (1837), p 97 and LiouvtOyt J m (1837), 

pp 60, 161- * 
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from the variables i>i, , Pn) of the dynamical system to 

variables (a,. /3,. , y3„), (the transformation involving t\ such 

that the equations of motion of the system when expressed m terms of 
(«!, «2J > “«> A> > i®«) become the equations of the equilibnum-problem, 

le the quantities (oti, Oj, > «n> A) > ^») ^<*^0 constants 

Among this infinite number of transformations there is one of special 
interest , namely that in which the quantities («i, • » ®'n> Su • > ^») 

the valms of (ji, g,, , ?«, Pi, , i>«) respectively, i e their values at 

a time which is taken as an epoch from which the motion is estimated. In 
this case we can find in an explicit form the corresponding complete integral 
of Hamilton’s partial differential equation 

For consider Hamilton’s integral (§ 99) 



where L denotes the kmetic potential of the system. Suppose that S denotes 
a variation due to small changes Sots, , the initial 

conditions 


Then (§ 99) we have 

8 f Ldt = 2 ( PrSjr “ ^rS®r) 

Ju r-l 

It follows that if the quantity J Ldt, when the integration is performed, 

be expressed in terms of (g„ g,. . , g«, «„ • , «», <), (^e suppose this possible, 
le we assume that it is not possible to eliminate {fii, • > Pn, Pu Pn) 
from the relations connecting (oi, .,b„,A, , 2i, >3i»,Pi> •.!>»)> so 

as to obtam relations between (gi, g«, “i, • > “»)) function thus 

obtamed (which Hamilton called the Pnncvpad Function) be denoted by 
Tf(g„ g, g«, «i, ««> *)• *b6n we shall have 

dW_ ^ 

ddr dOr 





(r = l, 2, .. , n). 


and therefore* the trmsfortruxkon from 

(gi, 3«, • ,<ln,Pu • ,P«) ,“n, A, • ./8n) 

%a a oontact-transformatxm, and the integral of the kinetu: potential is tiie 
determining function of the transformation 


* Hamilton Phil Tran, 1884, p. 807. »Wd 1885, p 95 In hw earlieat dynamioa 
tioM, HamUton need a “oharaotoristio function” ctnotly analogous to fte 

ke had amnloved with sudi snooess in optics this function being the Action integral, 
L telS^f oMhe flnJ and mifal coordinates. He found 
whcn employed in dynamics, mvolYed the constant of energy, and bo substituted for it the 
“principal lonoticn” desonbcd alwve 
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Also we have 


dt ~~ dt r=l 


r- 

n 


or 


or 


r ^ 

L = -X, + S jPr9r> 
dt r*l 


and therefore the integral of the hnetvc potential satisfies the eqimtion 

3Tr / STT 31^ 0 

wAici IS Hamilton’s partial differential equation 

Some interesting developments ui connexion with Hamilton’s Principal Function aic 

pveu by Conway and M«Connell, i’loc R Irish. Ac XU (1932), p 

r. r T^* /_ - ffl- a, . a.) be the initial values (at time <*) of 

. S »■ £ ^ >v «» 

e(i\iations 


rff “0p,’ « “ 


(r=l, 2, . ,«) 


Suppose that from the relations connecting (cj, o*, . , On, As • * 

(g „ g», Pi, • , p,) it » P°«8i'>l® »A„Pi» • ,j»*)«iiti™y» ®<i 

that a* number (say ei) of distinct relations exist between (gi, jj, , g„ oj, , o») , et 
these be solved for (a„ a„ . , <i„). 

i^r=«/r (II, . ,?«.»»+ 1» ,«•»«)- «r-0 (r- 1, 2, . , »»/, 

and let F denote Hamilton’s int^pral 


/: 


Ldt 


for the system, expressed in terms of (gi, g'a, .. , 9», am+i> 
equations 


o,^). Establish the 


/3r«- 


0F m ^ J5/; 




where (Xi, X 2 , , X^,) are arbitrary , -and shew that tiie function 


Tf « F+ S Xfc/fc 


IS an integral of the xiartial difierwitial equation 

I irf en A-nft 

’^’7 

141. The oonneaion of integrals witii infinitesimal traruformatums 
admitted hg the system, ^ 


da„ dH dpr 


dH 
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be the equations of any dynamical system, and let 

4> (Sn 2s> > 9»» •* ’ -P*’ ~ Constant 

denote any integral of the system , we shall shew that the knowledge of this 
integral enables us to find a particular solution of the variational equations 

(1 112) 

For the variational equation for Bq^ is 




but we have 
d>H 

BqiBpr Bpi 


8«g diP _ B^__ _ B<p 

BqnBpr 9p» ^i^Pr BpnBpr 


0 / » % 0^ s ^ _ S — + I — 

“ \ 4-1 dt dpt *-i dt BqJ t-i 9?* dptdpr 4=1 Bpt Bqtdpr 

0 / d<t> d<p\ (^\ 

“ 3p,. V“ d« 0t / \dprl 9i v92),./ 

— ^ 

^ dt V0Pr/ ' 


and hence the vanational equations for (Bqi, Bq^, . Bqn) are satisfied by the 
values . , ^ , 

^2r = «sr> (»-=l. 2, ,n). 


where e is a small constant Similarly the vanational equations for 

(Spi, 9pa> •> ^pn) 

can be shewn to be satisfied by these values, and hence m equations 

where e %8 a 'snuUl cmstant and «#» is an integral of the original equations, 
constitute a solution of the vanational equations 

This result can evidently be stated in the form. The infinitesimal con^t- 
transformation of the vanables (gi, 3s, , 3n, Pi. • ■ • > P«)> which is defined y 

the equations 


iqr-e\ 


s U 


(r = l, 2, a), 


transforms any orbit into an adjacent orbit, and therefore transforms the 
■whole family of orbits into itself Adopting the language of the group- 
theory, we say that the dynamical system admits this infinitesimal contact- 
transformation We have therefore the theorem that integrals of a dynamical 
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system, and contad-transforrrwMons which change the system into itself, are 
substantially the same thing, any integral 

<f> (3i, qi, qn, Pi. — . Pn, 0 * Constant 
cm responds to an infinitesimal transformation whose symbol (§133) is the 
Pmsson-bracket (fiif)- 

It will be observed that the ignoration of coordinates anses from the partioulM 
case of this theorem m -which the integral is p,=Constant, where j, is the i^orable 
coordinate , the corresponding transformation is that which changes without changmg 
any of the other variables 

146 Poisson’s theorem 

The last result leads to a theorem discovered by Poisson* in 1809, by 
means of which it is possible to construct from two known integrals of a 
dynamical system a third expression which is constant along any trajectory of 
the system, and which therefore (when it proves to be independent of the 
integrals already known) furnishes a new integral of the system 

Let <t> (Si, 3a. . qn, Pi. • . Pn, *) = Constant 

and (Si> 3»» ••>3». Pi> • . Pn. 0 “ Constant 

denote the two integrals which are supposed known Consider the m- 
Wtesimal contact-transformation whoso- symbol is the Poisson-bracket 
(/, fi), since ^ is an integral, this (§ 144) transforms every orbit into an 

adjacent orbit 

The increment of the function ^ under this transformation is e((p, 
where e is a small constant; but since <f) is an integral, (f> has constant values 
along the onginal orbit and along the adjacent orbit the value of (<f>, fi) 
must therefore be constant throughout the motion We thus have Poisson’s 
theorem, that if ^ and f are two integrals of the system, the Pmsson-hracket 
{i>i constant throughout the motion 

If ^), which IS a function of the vanables (g^i, jg* » Pi,^ » Pn, 
does not reduce to merely zero or a constant, and if moreover it is not 
expressible in terms of and such other integrals as are already known, 
then the equation 

(<j>, yjr) = Constant 

constitutes a new integral of the system'^ 

The following example will shew how Poisson’s theorem oan be applied to obtain new 
integrals of a dynamical system when two integrals are already known 

* df V Nicole poly t vin (1809), p. 266 

t A discussion of this theorem is given by Bertrand m Note VH to the third edition of 
Lagrange’s M€c Anal (1863) of Oeuvres de Lagrange, i xi p 484 

On the extension of Poisson’s theorem to non-holonomie systems, of DautheviUe, BulU de la 
Soe math de France, xxxvii, (1909), p 120. 
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Consider the motion of a particle of unit mass, whose rectangular coordinates are 
(s'!? 9 ^ 2 » S's) whose components of velocity ai*e {pu P29 Pz\ which is free to move 
in space under the influence of a centre of force at the origin The integrals of angular 
momentum about two of the axes are 


and 


— ^zP2 = Constant, 
Pi 9^3 " S'li^s ~ Constant 


Let these be taken as the two known integrals and ^ , the Poisson-bracket (<#>, >/<■), 
which IS 

3 dyj/' dyfr d(l> \ 

r=l ~ ^pJ ’ 


becomes m this case 
and in fact, the equation 


P2qi-q2Pi9 


p 2 ^i 9.2P1 “ Constant 


is another integral of the motion^ being the integral of angular momentum about the 
third axis 


146 The oonetancy of Lagrange^ $ bracket-expressions 

The theorem of Poisson has, as might be expected, an analogue in the 
theory of Lagrange’s bracket-expressions 

Let %Lr = ar 1) 2, •, 271) 

denote 2n integrals of a dsmamical system with n degrees of freedom, con- 
stituting the complete solution of the problem the quantities Ur being given 
functions of the variables {qi, ja, Jn, Pi> quantities 

bemg arbitrary constants By means of these equations we can express 
(2 i»S2, >qn,Pu >Pn) as functions of (ch, « 3 , , Oa^, 

Lagrange’s bracket-expressions [ar> where ar and a, are any two of the 
quantities (oi, aa, . , a^) 

Since the transformation from the variables {qu q^f > qm Pd > pn) at 
time t to their values at time dt is a contact-transformation, we have (§128) 

^ i^(A3,Sp,-83.Al>r) = 0, 

where the symbols A and S refer to independent displacements from one 
trajectory to an adjacent trajectory If now we take the symbol A to refer 
to a ■Variation in which <i{ only is varied, the rest of the quantities 

(ttij (ht > 

remammg unchanged, and take 8 to refer to a variation in which aj only is 
varied, the last equation becomes 

^ 5 /?2r9£i_?2r§Pr\=o 

r-l 00; 90*/ ’ 


w D 


21 
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or ^ 

which shews that the Lagratige-bracket [a,, o^] has a constant value dvnng the 
motum along any trajectory , this theorem was given by Lagrange in 1808 

Lagrange’s result, unlike Poisson’s, does not enable us to find any new 
integrals, for we have to know all the integrals before we can form the 
Lagrange’s bracket-expressions 

147 Involution-systevis 

Let (lii, «*, , <> denote r functions of 2n independent variables 

(?l> ?n> Pij >P«)> 

if it IS possible to express all the Poisson-brackets (m„ mj,) as functions of 
(Ml. Ms, ,0, the functions (m,.m,. are said to form & function-group*. 

Any function of (m,, Ms, .,Ur) belongs to this group 

If the quantities (u^, «*) are all zero, the functions (ui, Ma, . «,) are said 
to be in involution, or to form an involution-system. 

Now suppose that (m^, u,, , m,) are functions in involution and let 

v = (i and M) = 0 be any two equations which are consequences of the 
equations ^ . 

Wi = 0, Wj ^ 0, f Uf 0 j 

we shall shew that v and w satisfy the relation (v, w) = 0 

For since («i, «*, ■ , Mr) are in involution, each of the equations 
Ui = 0 , Ma = - 0 , Mr =0 

admits each of the r infimtesimal transformations whose symbols are 

(Mi,/)» (”»,/)> •'» (Mr,/); 

and consequently the equation v = 0, being a consequence of these equations, 
must also admit these transformations , that is to say, we have 

(it*, m) = 0 (fc = 1, 2, . , 1 ), 

and therefore each of the equations 

141 = 0, Mj = 0, ,,,ltr = 0 

admits the infinitesimal transformation whose symbol is (v,/) Since the 
equation w = 0 is a consequence of these equations, it follows that the 
equation w = 0 must also admit this transformation, and therefore we have 

(v, w) = 0, 

which estabhshes the result 


♦ Lie, MM Ann vm (i875) p 216 
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Hence we see that ^(wi, , tt,) are in -involution, and, the equations 

Vj = 0, Vg = 0, i Vr^O 

are comeqtmces of the equations 

t«2=0, ,iv = 0, 

then the functions (Wj, Vg, , Vr) are in involution 


148 Solvtion of a dynamical problem when half the integrals are known* 

The result which was established for systems with two degrees of freedom 
in § 121 can now be extended to systems with any number of degrees of 
freedom The theorem may be thus stated* If n distinct integrals 

^ ,PnJ)=^Clr (r = 1, 2, - n), 

where , a«) are arbitrary constants, are known for the dynamical 

system 

djrJH (^=1 2 ») 

dt dt dqr ^ ’ ’ ’ ’’ 

where H is any gi%en funotion of (qi, f the 

functions (^i, </)a, are m involution, them on solving these integrals for 

{pulh> ^0 to obtain them in the form 

Pr “/r (? 1 . 2». . Si». « 1 . «S. •• . o»< 0 = 1. 2, , n) 

andaubsHtiOing .,/«) respectively for (pi,pt, ,Pn) expresmn 

Pidqi +Ptdqt H- +Pn.dqn - Sdt, 
ike latter eoopressnon becomes a perfect differential, denotmg it by 
dV (ji, . , 9», Oi, 0,2, Ons t)f 
the remainmy integrals of the system are 

(r=l, 2, .. , m), 




ii'here {bi,bt, ...,bi^ are arbitrary constants 

For since the functions ^i—ai,<f)a“~fh, > <f>n~ (hi ®re in involution, it 

follows by the last article that the funotions pi —fi, Pi~fa> • > P»~fn 
in involution, and therefore 

( Pr -fr. P,-fd^^ (r, « = 1, 2 n), 

dqr dq. 


or 


(r, « * 1, 2, , n) 


* Tliii thsoiem is eawnttsUy the spphostwnto Haimlton’s partial diflerential eqnation of the 
well known method for finding a Complete Integral of a non-lmw partial Merentnd e,^n 
of the first order. Aa a djnamicai theorem it is due to Lioanlle, Journal do Math n (1855), 

p. m. 
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Also 


and consequently 


dH _ dpr _ dfr 

dqr ^ dt dt 
^‘dfr I 

»=i 02» dt 

^3^ , I 3/. 

3< »-i 3^, ^Ps ’ 

dfr_ dS 


dt 


dqr 

dqr’ 


<=1 


dps dqr 


where Si stands for the function H when expressed in terms of the arguments 

(3l> q2> > 3n* 

The equations 

dqr "" 03r ’ 

shew that /i dqi -k'fg.dq^ 4 - . +/ndg» — Sidt 

IS the perfect differential of some function F(2i»2s, •*>qn)<h> 
which establishes the first part of the theorem 

If now the symbol d denote the total differential of the function V with 
respect to all its arguments, we have therefore 

dV 

d V —Jidqi + J%dq2 -f 4- fndqn Sidt 4* 2 . 

In this equation replace the quantities ar by their values <}>r^ we thuCs 
obtam an identity m (ji, q^, , qn» Pi> Pa, , Pn, t), namely 

dV 

dF- 2 ^ d<f>r ~ Pidqi 4- p^dqi 4- 4-pnd?n - Sdt, 

r OCtr 

where on the left-hand side of the equation we suppose that in dF and 
dV 

the quantities (oi, Oa, dn) are replaced by their values (^, ^ 2 ) •--> <^n)- 
This equation shews that the differential form 

pidqi +p2dq2 4 - .. +pndqn - Hdi, 

when expressed m terms of the variables (ji, q 2 , , qn, <f>i> <l> 2 > > t), 

takes the form 

- 2 ^dil>r'\-dr, 

and hence the differential equations of the original dynamical problem are 
equivalent to the first Pfaff’s system of this differential form, namely 

d (dV/da,) - 0, d<l>r^ 0 (r - 1, 2, . , n) 
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The expressions dVjdOr are therefore constant throughout the motion, le 
the equations 

dVjdar—hr (^= 1 , 2 , . , n), 

where (6x, , 6n) are new arbitrary constants, are integrals of the system , 

this completes the proof of the theorem 

Example In the motion of a body under no forces with one point fixed, let (^, <^>, a//*) 
denote the three Eulenan angles which specify the position of the body relative to any 
fixed axes OXYZ at the fixed point, (A, B, C) the principal moments of inertia of the 
body at the fixed point, a the constant of energy, the angular momentum about 
the fixed axis and the angular momentum about the normal to the invariable 
plane and let denote 3273^, dTld^^ dT/dsIt respectively Obtain the 

equations 

6 « arctan {( 02 *'* - " arotan {(a 2 ® — 

|-^=arotan{«i (a,«-V.iJ-tfi*)-i}+arotan | 1 


Hence shew that 




18 the perfect 
system are 


differential of a funotion V, and that the remaining int^rals of the 







= 62, 


where 6 , 6 a are arbitrary constants 


(Siacci ) 


149 Levi-Oimta's theorem 

Levi-Civita^ has established a connexion between the integrals of a 
dynamical system and certain femilies of particular solutions of the equations 
of motion* 

Consider first a system in which some of the coordinates are ignorable 
Let (3i, g*, ....gm) ignorable and (gm+i. ?») *^^® non-ignorable 

coordinates g and let L denote tbe kinetic potential 

The integprals corresponding to the ignorable coordinates are 

dL/dqr *= Constant (r =* 1, 2, .,m), 

and oorreapmding to these miegrals there emsts a class of particular solutions 
of the system, namely those steady motions (§ 83) m which (q^. g*, , g») 

have constant values which can be chosen arbitrarily, while (g»+i, qm+t. g») 

have constant values which are determined by the equations 

dL/dqr^O 0 -w + 1, m + 2, 

there are oo "• of these particular solutions, smce the m constant values of 
* Rend. deU’ Ace det Liiteet, x (1901), p. 8 Of hurgatti, ibid xi (1902), p. 309 
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id </a ?») “id the m initial values of (gi, qt, • , ?») arbitrarily 

aUgn’ed. ’ The theorem of Levi-Oivita, to the consideration of which we 
shall now proceed, may be regarded as an extension of this result 

T * dg,_aff (r = l, 2, ,n) 

Let dt~dp/ dt dqr V ’ ' 

be the equations of motion of a dynamical system, the function H being 

supposed not to involve the time exphcitly. 

Let FMuq., .. • m|>«) = 0 (r=:l,2, .,m) (A) 

be a system of m relations, which when solved for • .,pm) take 

Pr = fr (?i. ?s> > ?«> “Pm+l, ••.!>«) 

and which are invariant relaMons with respect to the Hamiltoman system, 
le. which are such that if we differentiate the relations (A,) with respect 
to t. we obtain relations which are satisfied identically m virtue of the 
Hamiltonian equations and of the equations (Ai) themselves These 
invariant relations mclude, as a particular case, mtegrals of the system 
in this case, they will involve arbitrary constants 

Since the relations (A,) are invariant relations, we have 

s (r=l,2, 

dqr dt 


and writing 


this becomes 


^ ^ i-«+i Wi ^2/ ^9!/ ' 


|^+ [H,fr] + ^ 0 = 2, . ., m) ...(1) ; 

^oqr ^ ' $.\opt oq, 

this equation becomes an identity when for each of the quantities 
{pi,Pt, •• ,pm) we substitute the corresponding function/,. 

Moreover, we shall suppose that the relations (A) or (Aj) are in involution 
among themselves This condition is expressed by the equations 

||-^^+{/r./.} = 0 ir.8^1, 2, ...,m) ...(2) 

Let K denote the function obtained firom JET on replacing (pi, p*, ... , p#*) 
by their values (/i,/j, so that 


I 

ZpZ dpr ,-l^.0Pr' 
dqr dqr »-i dpt dqr ) 

dJSJK_ 2 djazf, 

dqr dqr A dp, dqr 


(r>=m + l, m + 2, .. ,«)... (3) 


(r«l, 2 to) ...(4). 


and 
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From (3) we have 

m P) JT 

= [K, /;} + S ^ \fr,f>] (r= 1, 2, , m), 

tf=l oPs 

and combining this with (4) we have 

If + /'I - If + + ,1. g [- 1 +(/'./•); 

Substituting in (1) this value of dHfdqr + {If, and using (2), we obtain 
the equations 

^^+{K,fr} = 0 (r- = 1.2, ,m) (5> 

We shall now shew that the system of equations 

[ Pr =/» ( , Pn. , ?«) 0 = 2, , m) 

I 1^ — 0, = 0 (r = ??i+l, «H-2, ,7 i).(B) 

I, dpr 

IS invariant with respect to the Hamiltonian equations, i e that 

a© a© ,«) 

are zero m virtue of equations (A), (B), (1), (2), (3), (4), (6) 

We have from the Hamiltonian equations 

d fdK\ („dK] . S d^K dH\ 


d fdJK\ ^{rjdKl 2$ d^K dH\ 

dt\dpj \ ’dpr] ,^idprdq,dp, (r^m + 1, . ,n) (6), 

dt °° I ’ S?*- ) .=i 99r93« ?P* . 


and (6) gives on differentiation, using (B), 


4.M /l-o 
fUo 

dqr'iqi IS?*- ’ *i 


} = 1, 2, , m, r = m+ 1, m + 2, ,n) (7), 


now taking account of (B), we have from (3) 

dS^_ I 

»=x'dp,^Pr (r=m + l, m+2, , b) 

dqr^ ,=idp,dqrj 
and hence equations (6) become 

fU] 

dt \92),/ ,-i dp, [dprdq, Vlir I J ^ (r = to + 1, m + 2, . . , 


d {dK\ a agr d‘K {dK X 

ItWr) “ .-iSpT Idqrdq, ^ [dq/ •"! J 
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01 by (7), 

= 0 ') = 0 (r = ni + l, m + 2, ,n), 

dt\jipr) dtXdqrJ 

which proves that the system of equations (A) and (B) is invariant with 
lespect to the Hamiltonian equations 

Now from the equations (A) and (B), let the variables 
(Pi> P*> • > JP"' 9»»+i» > S") 

be determined in terms of (j., ?». , g™) from the invariant chai-acter of 

(A) and (B) it follows that on substituting these values in the Hamiltonian 
equations, we shall ohtam m independent equations, namely those which 
express (dqjdt, dq^jdt, . , dq^ldt) in terms of (ji, g*. , gj. the others bemg 

identically satisfied and the general solution of this system, which will 
contain m arbitrary constants, will give oo” particular solutions of the 
Hamiltonian equations. The solution of this system can, by making use 
of the integral of energy, be reduced to that of a system of order (m - 1) 
and thus we obtain Levi-Cmta’s theorem, which can be thus stated To any 
set of m mvarwmt relations of a Hamiltoman system, which are tn involution, 
there corresponds a family o/ ao particular solutions of the Hamiltonian 
system, whose determination depends on the integration of a system of order 
(m-1) 

If the invariant relations (A) are integrals of the system, they will contain 
another set of m arbitrary constants and hence to a set of m integrals of a 
Hanxiltonia/n system, which are in involution, there corresponds in general 
a family of <x>^ particular solutions of the system, which are obtained by 
integrating a system of order (m — 1). 

Example Tor the dyuamical system defined by the Hamiltonian function 

Pi - q^p^ - ag'i® + hq^, 

shew that the Levi-Oivita particular solutions corresponding to the integral 

(P 2 - ^2)1^1 = Constant 

are given by the equations 
where € is an arbitrary constant. 


150 Systems which possess vitegvals linear in the momenta 


We shall now proceed to the consideration of systems which possess 
integrals of certain special kinds 


Suppose that a dynamical system, expressed by the equations 


dqr _ ^Pr 

dt dt 0g, 


(r-1, 2, 


7l), 
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has an integral which is hnear and homogeneous in (pi, p,, , p„), say 

fiPi+fsPi-^ • +/nPn = Constant, 
where (/i,/*, . ,/„) are given functions of (91, g*, . ,gf„). 

Consider the system of equations 

f\ fi fa 

which IS of order (n — 1) , suppose that the (» — 1) integrals which constitute 
its solution are 

Qriguqi, , g„) = Constant (r=l, 2, 
and let be a function defined by the equation 




where m the integrand the variables (ga> ffs? •» 3») supposed replaced 
by their values m terms of (^i, Qu ^2* > Qn-i) before the integration 

IS earned out. 

Then if the variables change m such a way that {Qu Qi, , Qn-i) remain 
constant and Qn vanes, it follows from the above equation that 

Ji J2 fn 

so that if (Qi, Q„ .... Qn) are regarded as a set of new variables in terms of 
which (g„ g*, .. , g.) can be expressed, we shall have 

^qk/dQn’=‘fk = 2, ., n) 

Suppose then that we consider the contact-transformation which is the 
extension of the point-transformation from the variables (g,, 92, , g.) t® the 

variables (Q„ Q», Qn), so that the new variables (P„ P*, ... P«) are 
defined (§ 182) by the equations 




(r = l, 2, . ,n) 


By this transformation the differential equations of the dynamical system 
are changed into a new set of Hamiltonian equations 

dt dPr’ dt <^Qr 

and the known integral becomes 

P„ = Constant 

Since dPJdt - 0, we have dK/dQn = 0, so the function K does not mvolve 
explicitly and thus we obtain the result that when a dynamicd system 
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possesses an integTal which is linear and homogeneous in (j?i, > Pn)} there 

exists a point-transformatim from the variables (q^ qi, > 3n) io variables 
(Qi> Q 2 , , Qn), 'i^hich w such that the transformed Hamiltonian function 

does not involve Qn The system as transformed possesses therefore an 
ignorable coordinate, and we have the theorem that the only dynamical 
systems which possess integrals linear in the momenta are those which possess 
ignorable coordinates, or which can be transformed by an extended point- 
transformation into systems which possess ignorable coordinates 

The conveise of this theorem is evidently true 

This result might have been foreseen from the theorem (§ 144) that if 
<t> [qu g' 2 , > S'nj Pu > Pn, «) = Constant 

IS an integral of the system, then the differential equations ^ of motion adnait the 
infinitesimal transformation whose symbol is (<^, /) For when ^ is linear and homogeneous 
in (/>i, jog, , this transformation is (g 132) an extended point-transfoi mation if 
this point-trausformation is transformed by change of variables so as to have the symbol 
9//3§nj it IS clear that the Hamiltonian function of the equations after transformation 
cannot involve Sn explicitly 

Considering now m particular systems whose kinetic potential consists 
of a kinetic energy ga, , 3n, qu ‘ , 3n) which is quadratic in the 

velocities (gi, ga, - , g») and a potential energy V (gi, ga, , gn) which is 
independent of the velocities, we see that in order that an integral linear in 
the velocities may exist the system must possess an ignorable coordinate, 
or must be transformable by a point- transfer mation into a system which 
possesses an ignorable coordinate But in either case the functions I and V 
evidently admit the same infinitesimal transformation, namely the trans- 
formation which, when the coordinates are so chosen that one of them is the 
Ignorable coordinate, consists in increasmg the ignorable coordinate by a 
small quantity and leaving the other coordinates and the velocities unaltered , 
and conversely, if T and V admit the same infinitesimal transformation, then 
there exists an integral linear in the velocities This result is known as 
Livy's theorem,, having been published by L6vy* in 1878 

Eouample 1 Shew that if the differential equations of motion of a particle admit an 
integral linear m the components of momentum, the line of action of the force must 
belong to a linear complex, 

(Cerruti, Collect math %n mem D Chelini of P Grossi, Palermo Rend xxiv (1907), 
p 25) 


Exarwjfde 2 If the equations 


d 

Zt 



(r=l, 2, , 


Comptes Mendti9t lxxxvi 
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whore and where (^, § 2 , , an, cs, 2 , , a**) are given functions 

(S’!) ?S) •••) ?»)> possess an integral of the form 

Cl q\ + Oj j 2 + + Cii2'n+ Constant, 

where ((7i, ^ 0^, 0) are functions of (g'j, j ^»)j shew that it is possible to 

<li8plao6 an invariable system in one direction &om any one of its positions in the space 
defined by the form 

« n 

d^= t 2 a^dqidqic 

1=1 fc=:l 


Bhew that for this a necessary and sufficient condition is that the can be trans- 
formed in such a way that one of the variables becomes absent from the coefficients 

(Cerruti and L^vy ) 


161 Determination of the forces acting on a system for which an 
integral is kno'um 

Before proceeding to discuss systems which possess integrals quadratic 
in the velocities, we shall obtain a result due to Bertrand*, namely that 
in the motion of a dynamical system of given constitution, for which however 
the acting forces are unknown (it bemg supposed that the forces depend 
solely on the coordinates of their points of application, and not on the 
velocities of these points), we can discover the unknown forces provided one 
integral is known Moreover, this integral cannot be chosen at random, but 
must satisfy certain conditions 


Let (g,, g#, qn) be the n independent coordmates of the system, T the 
kinetic energy, and (Qi, Q«, . , Qn) the unknown forces, which are supposed 
to depend only on (?i, ?a, .. ,gn), so the equations of motion are 


d /ar\ ar 

dt \dqj dqr 


= Qr 


(r-1,2, . ,n) 


Let ^ (gu q^t •••> in» ga» **> Constant 


be an integral of the system ; 

* a^ 

r-l9gr 


n differentiating it, we have 


Substituting in this equation for (g„ . , q„) their values as given by 

the equations of motion, we have a relation mvolvmg (Qi, Q», Qn) linearly. 
This relation, as it contains only the quantities (q,, qs, .. , q«, qi, , 3n, 0» 
all of which we can assign arbitrary independent values, must he an identity 
we can therefore differentiate it with respect to (qi, q*, , q»). and so form 

n new equations which, likewise containmg (Qi, Q», , Qn) Imearly, vnU 

suffice in general to determine these unknown qmnMm. The integral will 


* JotmaiSe Math (i)xTn (1862), p.121 
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relate to an actual eystem only when these values of (Qi, Qa, 
the equation 

n 
2 
r-1 

the cases in which the equations for the determination of (Qi, Qa, Qn) 
not independent, so that (Qi, Qa, - Q») are mdeterminate, are those in 

which the integral is common to several distinct dynamical problems 

Example If an integral of the equations of motion of a point in a plane is common 
to two different problems, shew that it is of the form 

iT, y, <)«Constant, 

where (j?, y) are rectangular coordinates and <i> is the denvate with respect to t of 
a function <^)(a?, y) which, equated to a constant, represents the equations of a set 
of straight lines (Bertrand.) 


93r r*l9Sr ot 


162 Apphcahm to the case of a part%cle whose equat%ons of mot%on 
possess an integral quadratic in the velocities 

As an application of Bertrand’s method, let it be required to find the 
nature of the potential energy function V m order that the equations of 
motion of a particle which is free to move in a plane under the action of 
conservative forces, 

dV .. dY 
dy*' 

may possess an mtegral (other than the integral of energy) of the form 
+ Qdiy 4* + Sy + Pdb + jBl = Constant, 

where P, Q, JJ, 5, T, K are functions of x and y. 


Differentiating the last equation, and substituting for ± and ^ from the 
equations of motion, we have 



Equating to zero the terms of the third degree in x and y, we have 




dR 




.0 ?«+?5.o 

dy^dx 


from which it 18 readily deduced that the terms of the second degree in the 
integral must have the form 

(oy* + 6y+c)«*+(<M!* + b'a?+c')^ + (— 2o®y— 6'y — 6® + Ci)«y, 
where (o, h, c, V, o', c,) are constants 
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Equating to zero the terms of the second degree in & and y in equation 
(A), we have 

9 ^“"’ dx dx^Zy ’ 
from these equations we deduce 

/S=«uc+j), T~ — my + q, 
where (m, p, q) are constants 

Equating to zero the terms mdependent of x and y m (A), we have 


or 


|r(ma, + j))-|?(«iy-3) = 0 


This equation shews that if (m, p, q) are different from zero, the force is 
directed to a fixed centre of force, whose coordinates are - p/m and g/m ; we 
shall exclude this simple particular case, and hence it follows that the con- 
stants (m, p, q) must each be zero, so that the mtegral contains no terms of 
the first degree in x, y 

Equating to zero the terms linear m x and y in (A), we have 

_ 2 P®r_o 9 j:+?^=o, 

dx ^ 0y dx 

_2a|r.Q|ZH.5^.o. 

(. dy dx ay 
Differentiating the former of these equations with respect to y, and the 
latter with respect to x, and equatmg the two values of thus obtaxned, 
we have 

dy'^^ df^dy dy ^^dxdy^ dxdy^dxdx da^ 
and replacmg P, Q, B by their values as found above, we have 

(^ - g) (- + «.) + 2 ^ + ‘S' - 


+ ^(6«y+ 3J) + ^(-6o«-3i')i=0 


Darboux* has shewn that this partial differential equation for the function 
V can be integrated in the following way 

* Avchivet N'i0rl<jL7id<it$€Sf (ii) p 871 (1901)* 
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Excluding the particular case in which the constant a is zero, we can 
always by change of axes reduce the given integral to the simpler form 
i "h 4- ^ = Constant, 


which amounts to supposing that 

a = ^, 6 = 0, 6' = 0, Ci = 0, 

if moreover we replace c — c^hy ^c®, the partial differential equation for V 


becomes 


xy 


[da^ 




S*F - 97 _ 07_. 
x 4” 3 V 3*r "T — 0 

dxdy ^ dx dy 


To integrate this equation, we form the differential equation of the 
characteristics 

ajy (dy® — (Z®*) + (a>* — — c^) (tody = 0 


If in this equation we take and y^ as new variables, it becomes a 
Clairaut’s equation we thus find that its integral is 

(m4- 1) (nux^— y*) — mc® = 0, 


where m denotes the arbitrary constant. By a simple change oi notation, we 
can write this integral in the form 


^4. 

0® 


1 , 


where the arbitrary constant is now «. This form puts in evidence the 
inter^stmg fact that the charactenstic curves of the partial differential 
equation are two families of confocal conics. 

Taking then as new vanables a and y8 the parameters of the confocal 
ellipses and hyperbolas, so that 

G G 


it IS known firom the general theory that the partial differential equation will 
take the form • 


9>y 

9a9y3 


da 



where A and B are functions of a and )8, in fact, on performing the change of 
vanables we find 


dV dV 


which can be immediately integrated, giving 

where f and ^ are arbitrary hinctions of their arguments It follows that ike 
only cases of the matton of a parHtde in a pkme, mder the acHon of conservodAoe 



335 


152 , 153 ] Dynarmcal S^f stems 


forces, which possess an integral quadratic in the velocities other than the 
integral of energy, are those for which the potential energy has the form 

jr f(<^)-4>W) 

where a and ^ are the parameters of confocal ellipses and hyperbolas 
Since by differentiation ve have 

^ + = + 
the kinetic energy is 

and an inspection of the forms of T and V shews that these problems are of 
L%ouv%lle’s class (§ 43), and are thei efore tntegrable by quadratv/res. 


153 Oeneral dynamical Bystems possessing integrals quadratic in the velocities 

The complete determination of the explicit form of the most general dynamical system 
whose equations of motion possess an integral quadratic in the velocities (in addition 
to the integral of energy) has not yet been effected. It is obvious from § 43 that all 
dynamical systems which are of Liouville^s type, or which, are reducible to this type by a 
point- transformation, possess such integrals ^ and several more extended types have been 
determined*. 


Example! Let {k,l^\y% , w) 

be w* functions depending solely on the arguments indicated, and let 


kml 


(?=1, 2, . n) 


denote the determinant formed by these functions Shew that if the kinetic energy of a 
dynamical system is reducible to the form 

n A 
Jb-l 

and the potential energy is «ero, there exists not only the integral of energy, 

but also (w"-l) other integrals, homogeneous and of the second degree in the velocities, 
namely 

kml 

where (aji, * , a„) are arbitrary constants: and that the problem is soluble by 
quadratures (Stitckd ) 

ExanpU 2 Let the equations of motion of a dynamical system with two degrees of 
freedom he 

■where 3"”'i(«^i®+2A^ig's+68's*), 


* Of G di Hwo, Amah di Mat. xuy (1896), p, 816. 
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and (a, A, 6) are any functions of the coordinates (?i, qt) and let this system possess an 

int^p»l a'3i*+2A'ji<?«+6'Sa*=Oonstant, 

quadratic in the velocities and distinct from the equation of energy, where (a', A', 6') are 
fonctions of the coordinates. If A and A' denote (oi-A*) and (a'A'-A'*) respectively, 
and if 2 

(a'?i'-*+2A'2xV +6V). 

where y,' stands for dqrldi, shew that the equations 


^/sr'\_0r Q 
d(\Zq^) 0?,“ 


(r=l, 2) 


defme the same relations between the coordinates (^i, qi) as the original equations 
of motion, and that one set of equations can be transformed to the othet by the trans- 
formation , , , , 


Miscellaneous Ex amples 
1 A dynamical system is defined by its kinetic energy 


(ql 

+^+. 


\*ii 

♦a 

*nl 

^11 

012 

0l» 

^21 

022 •* • 

02n 

^«1 

0n2 • 

09MI 


in which the elements of the /rth line are functions of qit only, and denotes the minor of 
6tj), and by its potential energy 

where 

and the quantity denotes a function of qjg only Shew that a complete integral of the 
Hamilton-Jacobi equation 

0Tr 


0« 


-“©VI- 


IS Tfs=— 2 

a»l J 

where (ai, ag, ,, on) are arbitrary constants (Goursat ) 

2 If ^^nyPu , Pn, 0=Constant 

IS an integral of a dynamical system which possesses an integral of energy, shew that 

^—Constant, — Constant, etc, are also integrals 
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3 A system of equations 
dq, 


(?lJ 2'2> > Vxt J 

^- = Br(qi,q2t » jpn» 0 
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(r==l, 2, ,n) 


IS such that if <f) and yjr are any two integrals whatever, the Poisson-hraoket (</>, yjr) is also 
an integral Shew that the equations must have the Hamiltonian form 


dq^ dpr_ 

~di ~ dpr * dt dqr 


(rr»l, 2, yn) 

(Korkineo 

aj— Constant, 02 — Constant, , ajk = Constant, 

^1 = Constant, ft := Constant, , ft = Constant, 

ai*© any 9h integrals of a Hamiltonian system of differential equations, the variables being 
(S'!) 3^2> - > S'nj Pu > shew that 


4 If 


s s+|2i.|fl 1^1^ ^=ConBta,nt 


is also an integral 

6 Let the expression 


(Laurent ) 


(ft XT Tr\^ ^ 0(gi, 

{Hxy , ifn)- 9 ^ > 

where , F, are funotions ot the «i» vanables 2, , « , t=l, 2, v) 

be called a Pmson^hraeket oj the nth order If tfi, (?j, , (Jak *•' fhnotidns of 

yu, yu, . , yAv , ^u, * 12 , , , « 1 . « 2 , . «».. where (A+A=«), and if 

P,{(3-) (^=l,2, •.(*')) 

denotes all the Poisson-braokets formed from every n ftinotions Q, shew that 

P,((?»)=0 • ’ ( tO) 

represents the necessary and sufficient conditions that the functions 

^ia> > ^ » ^i> , A , 2, . , v) 

ansing from the equations hv) 

shall satisfy the simultaneous partial differential equations of the first order 

P*(y»,i^)=0, (»=1.2, ,(*;)) 

where Pi(y\ -f) denotes the expression which is obtained when we replace A of the 


functions F m P<(P’") by as many ^s 


(Alb^giani ) 


6 A particle of unit mass whose coordinates referred to fixed rectangular axes are 
(«, y) IS free to move in a plane under forces denvable from a potential-energy function 
/(», y), the total energy bemg A Shew that if the orthogonal trajectories of the curves 

(e t |l) »»-Oo»U.t 


W D 
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are orbits, the differential equations of motion of the particle possess an integral linear and 
homogeneous in the velocities (a?, y) 

7 The equations of motion of a firee system of m particles are 

^=X, (»=1,2, ,3w) 

If an integral exists of the form 

3Ni 

S Constant, 

8=1 

wheie /i, / 2 , , fsm functions of Xi, ^.nd (7 is a constant, shew that this 

integral can be written 

Constant, 

8=1 », 8=1 

where the quantities and aie constants (Pennacchietti ) 

8 Two particles nio\e on a surface under the action of different forces depending 
only on their respective positions if their differential equations of motion have in 
common an integral independent of the time, shew that the surface is applicable on 
a surface of revolution (Bertrand ) 
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164 Introduction 


The most celebrated of all dynamical problems is known as the Problem 
of Three Bodies^ and may be enunciated as follows 

Three particles attract each other according to the Newtonian law, so that 
between each pair of particles there is an attractive force which is propoiinonal 
to the product of the masses of the particles and the inverse square of their 
distance apart they are free to move in space, and are initially supposed to be 
moving in any given manner , to determine their subsequent motion. 

The practical importance of this problem arises from its apphcations to 
Celestial Mechanics the bodies which constitute the solar system attract 
each other according to the Newtonian law, and (as they have approxiiH|p.tely 
the form of spheres, whose dimensions are very small compared with the 
distances which separate them) it is usual to consider the problem of deter- 
mining their motion m an ideal form, in which the bodies are replaced by 
particles of masses equal to the masses of the respective bodies and occupying 
the positions of their centres of gravity^ 

The problem of three bodies cannot be solved in finite terms by means 
of any of the functions at present known to analysis This difficulty has 
stimulated research to such an extent, that smce the year 1750 over 800 
memoirs, many of them bearing the names of the greatest mathematicians, 
have been published on the subjectf In the present chapter, we shall discuss 
the known integrals of the system and their application to the reduction of 
the problem to a dynamical problem with a lesser number of degrees of 
freedom 


* The motions of the bodies relative to their centres of gravity (in the consideration of which 
their sizes and shapes of course cannot be neglected) are discussed separately, e g in the Theo^ 
of Precession and Nutation In some cases however (e g, in the Theory of the Satellites of the 
Major Planets) the obUteness of one of the bodies exercises so great an effect, that the problem 

cannot be divided in this way „ , , 

t For the hletory of the Problem of Three Bodies, of A. Gautier, Emt U 

wtAHnu dit troU eJpi (Pane, 1817) B Grant, Hutory of Phyiteal Aitrammyfrom the earlieet 

progren of the solution of the Frohkffi of Three Bodies (Brit. Ass Eep 1899, p 121) and 
1 0. Lovett, Quprt Journ Math, xlu (1911), p 262, trho disoneeee the memoirs of the period 

1898-1908 
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166 The differential equations of the problem 

Let P, Q, R denote the three particles, (wij, ni^, »Js) their masses, and 
Oa, Jn. Ui) their mutual distances Take any fixed rectangular axes Oaiys, 
and let (?„ q„ q-,). (q„ 3.. q>)> 38. 3»). be the coordmates of P, Q, B, respec 

lively The kinetic energy of the system is 

P = ( 3i“ + 32’ + < 1 ») + + 3 «®) + i’Ws (37° + + 39“) . 

the force of attraction between wij and wi* is ®, where is the 

constant of attraction we shall suppose the units so chosen that is unity, 
so that this attraction becomes and the corresponding term in 

the potential energy is — The potential energy of the system 

IS therefore 

y THgWa _ OTjTOi _ WiWlg 

~ J-ja r,i rus 
= -'msmj{(3i-37)’ + (3,-3g)* + (3«-3»)*} ^ 

- m,»ii {(57 3 i)* + (?« ~ ?*)“ + (?• “ ^ 

- Wi mis {(3x - ?«)* + (?* “ + (?« “ S'*)*} ~ ^ 


The equations of motion of the system are 

«ijj3r = — 9 yj'bqr (r =1,2, , 9), 

where k denotes the integer part of i(r + 2) This system cpnsists of 
9 differential equations, each of the 2nd order, and the system is therefore 
of order 18 


Writing 

and 


wi*3r = Pr 


V 41 ^ 

ir= 2 ^ + F, 

r«l 2m* 


(r^l, 2, ,9), 


the equations take the Hamil toman form 




dt ”” dpr dt dqr 


(r«l, 2, ,,9), 


and these are a set ot 18 differential equations, each of the 1st order, for the 
determination of the variables (qi, q^, . , q^i Pi fjht 


It was shewn by Lagrange* that this system can be reduced to a system 
which IS only of the 6th order That a reduction of this kind must be possible 
may be seen from the following considerations 

In the first place, since no forces act except the mutual attractions of the 


* Becuetl de^ piices qm ont remjpoiti lt$ pnx de VAcad de Paru^ ix (1772), Lagrange of 
course did not reduce tbe systen to the Hamiltonian form. Of Bohlm, Kongl $v Vtt -Bandl, 
XLU (1007), No. '9, for an inaproTed Lagrangian reduction 
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particles, the centre of gravity of the system moves in a straight line with 
uniform velocity This fact is expressed by the 6 integrals 

■ 4- Jt)5 ” ^3 > 

( wiigi + ^^5(4 4- ““ 4“ P4 4- Pi) ^ = Cfc2, 

^^238 + (a 4* Pa 4- Pa) ^ = 0 ^ 4 , 

H- + ^8?9 — (Ps +P6 4-p9) < == «6 » 

where (h,<h, . »» are constants It may be expected that the use of these 

integrals will enable us to depress the equations of motion fiom the 18th to 
the 12 th order 

In the second place, the angular momentum of the three bodies round 
each of the coordinate axes is constant throughout the motion This fact 
18 analytically expressed by the equations 

3 i/>s - 3al>i + ~ + 37^8 - <liP7 = "r> 

■ 32 ?)s - 3»P2 + 3»1'» - 3«1>» + 38P» ~ 3oP8 = ‘*8 . 

.3s Pi - 3iPs + 3»P4 ” 34 P 8 + 3»P7 “ 37P» = “» > ^ 

where Oy, Og, cij are constants By use of these thiee integrals ive may 
expect to be able to depress further the equations of motion from the 
12th to the 9th order But when one of the coordinates which define the 
position of the system is taken to be the azimuth 0 of one of the bodies 
with respect to some fixed axis (say the axis of z), and the other coordinates 
define the position of the system relative to the plane having this azimuth, 
the coordinate is an ignorable coordinate, and consequently the coiie- 
sponding integral (which is one of the integrals of angular momentum 
above-mentioned) can be used to depress the order of the system by txuo 
units j the equations of motion can therefore, as a matter of fact, be reduced 
in this way to the 8th order This fact (though contained implicity in 
Lagrange’s memoir already cited) was first explicitly noticed by Jacobi* in 
1843, and is generally referred to as rhe elitnmahon of the nudes 

Lastly, it IS possible again to depress the ordei of the equations bj 
two units as in § 42, by using the integral of energy and I'liimnating the 
time So finally the equations of motion may be reduced to a system 0 / the 
Qth order 

* Journ Jllr Math xxvi p 116 From the poiut of view of the theoi} of Paitial differential 
Equations, we may express the matter by saying that the integrals of angulai iiiomentuia give 
rise to an involution-system, consisting of two functions which are in involution with each other 
and with H and hence the Hamilton-Jaoobi partial differential equation with 6 independent 
variables can be reduced to a partial differential equation with 6 - 2 01 4 independent lauahles 
this will be the Hamilton-Jaoobl partial dlfleiential equation for the reduced system ^ 
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156 JaaoWi equation 

Jacobi* in oonsidenng the motion of any number of free particles in space, which 
attract each other according to the Newtonian law, has mtroduced the function 




where »!< and are the masses of two typical particles of the system, r,y is the distance 
between them at time t, M is the total mass of the particles, and the summation is extended 
o\ er all pairs of particles in the system This function, which has been used m researches 
concerning the stabihty of the system, will be called Jaeobit fumettm and denoted by the 
symbol 

We shall suppose the centre of gravity of the system to be at rest , let zi) be the 

coordinates of the particle Wt referred to fixed rectangular axes with the centre of gravity 
as oiigin The kinetic energy of the system is 


and consequently we have 


(2nii) X -l-yi-® +«<*) 


But 


(SmO X 

I i i itJ 


wheie the summation on the nght-hand side is extended over every pair of particles in the 
system and we have Smi«i=0, m virtue of the properties of the centie of gravity 


Thus we have 


“aW; 

1 


2 MiTiy yif + {h - 




where Vjy denotes the velocity of the particle mi relative to m 
In the same way we can shew that 

i smy (%* +y,^ + = ♦ 

If now 7 denotes the potential energy of the system, the arbitrary constant in 7 being 
determined by the condition that 7 is to be zero when the particles are at infinitely great 
distances fiom each other, we have 

V 

tij ’>1 

The equations of motion of the particle are 

07 07 07 

0^,» «****= 

Multiply these equations by x„ yi, zt, respectively, add them, and sum for all the 
particles of the system since 7 is homogeneous of degree - 1 in the variables, we thus 
obtain 

'2m,(xiVi+yiyi+ZiZi)^ V, 

i 


This IS called Jacobis equation 


dt^ 


-237+ F 


Vorlmingen Uher Dyn , p 22 
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167 Bsdwkon to the mh order, by use of the integrals of motion of tits 
centre of gravity 

We shall now proceed to cany out the reductions which have been 
described* It will appear that it is possible to retain the Hamiltonian form 
of the equations throughout all the transformations 

Taking the equations of motion of the Problem of Three Bodies in the 
form obtained m § 165, 

(r=l,2,. ,9), 

dt dpr 

we have first to reduce this system from the 18th to the 12th order, by use 
of the integrals of motion of the centre of gravity Tor this purpose we 
perform on the variables the contact-transformation defined by the equations 

where Tf = +P»q,' +Ptqi' + + Peq,' + (^ +Pi+Pi)qi 

+ (jJa +Pi +P») qi + (P» + P* 

Interpretmg these equations, it is easily seen that (g/, qa, q{) are the 
coordinates of relative to m., (g/, q^, ?«') are the coordinates of wi* relative 
to m,, (g/, qi, g.') are th? coordinates of irit, (p/, p»,pa) are the components 
of momentum of wii, (p/, p,'. Pa') are the components of momentum of m*, and 
(Pr'. P«'.P»0 the components of momentum of the system. 

The differential equations now become (§ 138) 

^ = ^ S (r = 1.2.. .9), 

dt dpr 3g). 

where, on snbstatution of the new variables for the old, we have 


' (2m, ^ 2ms 




+ ^ {P.'P/-I- PaV ■t-P«W+ 'P^' 

- Pi {Pt + Pi) ~ P> (P> 

- {q,'> + g.'* + g.'“} ■ * - mam, {gx'* -H g*'“ + g."] " ^ 

— OTivna {(gi' — g/)* + iqa — q»y + (g» — SnO*} ^ 

. The oontaot tomstormataon need m § 167 xs da* to Poinoard, O B oxxin (1896) . that ewd 
m 8 168 IB due to the author, and was onginally published rntho first edition of this work (1904). 
It TOueara worthy of note from the fast that it is an extended pomt-trauBformation, which shews 
tLuhe leduotion could be performed on the equationB m their Lagrangian (as op^siid to their 

SamSln^£orm.bypurepoxnt transformations The second transformation in the alternative 

reduction (8 160> is not an extended pomt-transformation Another reduction of the Problem 0 

iutinguishedPunotions, of Lie, Hath Am vin p 282. Of also Woronetz, Bu» Vmv Xitf, 
1907 , and Levi Civita, Attl del B. I»t Vemto, ixm\ . (1916), p. 907 
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Since ^ 7 ', ga^ ^9 altogether absent from H, they are ignorable 
coordinates the corresponding integrals are 

p/ =r Constant, pi == Constant, pi = Constant 
We can without loss of generality suppose these constants of integration 
to be zero, as this only means that the centre of gravity of the system is 
taken to be at rest the reduced kinetic potential obtained by ignoration of 
coordinates will therefore be derived from the unreduced kinetic potential 
by replacing pi, ply pi by zero, and the new Hamiltonian function will be 
derived from H in the same way The systeyn of the l^th order y to which the 
equations of motion of the problem of three bodies have now been reduced, may 
th&refore be written (suppressing the accents to the letters; 

dqr _ dlS d^ _ _ dH 

dt dpf dt dqr 

where 


(r = l, 2 , . , 6 ), 




- mtm, {j/ + + 34 ^ - ni, {5,* + + 5^4 " ^ 


+ — (PiP4 + 1>2P.+P,|>.) 


- WHwis {(3i - 9,)“ + (9, - 9,)» + (9, - 3,4 i 

This system possesses an integral of energy, 

JT = Constant, 

and three integrals of angular momentum, namely 

r ?2Pl - qsP2 + “ 58^5 = A 

s izPi - qipz + g 6 i >4 - q^Pz = ^2 
I 21 P 2 ~ q%Pl 4- 24^5 - 2fljP4 = ^8 
where A^, A^, A^ are constants 


168. Reduction to the Sth orders by use of the integrals of angular 
momentum and elimination of the nodes 

The system of the 12 th order obtained in the last article must now be 
reduced to the Sth order, by using the three integrals of angular momentum 
and by eliminating the nodes This may be done in the followmg way 

Apply to the variables the contact-transformation defined by the 
equations 


where 




, 6 ), 


^=P\ ( 3 / cos 3 »' ~ 3 a' cos 9,' sin + /)* ( 3 / sin 9/ + 9, cos 9* cos 9/) +^,9*' sin 9,' 
+ 1>4 ( 3 / cos 9 b' - 94 ' cos 9/ sin 9,') + jj, (9,' sin + 9/ cos 9,' cos 9,') +^69/ sin 9*' 

It is readily seen that the new variables can be interpreted physically as 
follows 
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In addition to the fixed axes Oxyz^ take a new set of moving axes , 

Ox' IS to be the intersection or node of the plane Oxy with the plane of the 
three bodies, Oy' is to be a line perpendicular to this in the plane of the 
three bodies, and Oz' is to be normal to the plane of the three bodies Then 
(?i » 32 ) coordinates of relative to axes drawn through w ?3 parallel 

to Ox', Oy' , (q/y q^) are the coordinates of relative to the same axes, q^l 
is the angle between Ox' and Ox , is the angle between 0/ and Oz * pi 

and pi are the components of momentum of m-i relative to the axes Ox , Oy ' , 
pi and pi are the components of momentum of relative to the same axes ; 
pi and pi are the angular momenta of the system relative to the axes Oz 
and Ox' respectively 

The equations of motion in terms of the new variables are (§ 138) 


dt dpi^ dt dqi 


(r = l,2, ,6), 


where, on substitution m H of the new variables for the old, we have 


H 


+p»q/ cosec q,' +p^q»T 

+ (i + 2^ -i'>V+P.V-y.V)5.'co‘s/ 

H-p. cosec g,' + 


Ws 




(qt^i ~ 9iq*y 

{(jPiV —Pt'qi+Ptq* - Pi qt) q* cot g,' +J)j'g/ cosec qi+p»ql] 
{(Pi V -• PaV + P»qi - Pt'qt) 2»' cct g/ + Ptq» cosec g,'+ p/g/} 


- (g,'* + g;*) " * - m,mi (g,'* + g* *) ^ Kffi' - 2s')‘ + (?*' “ sO*} ” ^ 

Now qi does not occur in H, and is therefore an ignorable coordinate , the 
corresponding integral is 

pi = ky where A? is a constant 

The equation dqijdt^dHjdk can be integrated by a simple quadrature 
when the rest of the equations of motion have been integrated , the equations 
for qi and pi will therefore fall out of the system, which thus reduces to the 
system of the 10th order 

(r = 1,2, 3, 4, 6), 

dit 0jPf dt dqp 


where pi is to be replaced by the constant k wherever it occurs in H 

We have now made use of one of the three integrals of angular momentum 
(namely pi « k) and the elimination of the nodes : when the other two 
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integrals of angular momentum are expressed in terms of the new variables, 
they become 


i (PaV-K?*' +l’ 4 ' 2 a'“J“aV)sing'/ cosecg.'-Asmg/cotg.'+ii/cos qt=A^, 
t~ -i>i'2a' +P^q.t-Ps<li) cos qi cosec g,' + k cos qi cot g,' +pe' sin g,' = At 
The values of the constants Ai and A^ depend on the position of the fixed 
axes Oxyz , we shall choose the axis Oz to be the line of resultant angular 
momentum of the system, so that (cf § 69) the constants Ai and A^ are zero 
the special asy-plane thus mtroduced is called the invwnothle plane of the 
system The two last equations then give 

k cos gg' =pa'gi' - pi'g*' +p*'g,' - piqt. 

These equations determine gg' and p,' m terms of the other variables, and 
so can be regarded as replacmg the equations 

dp,' dB 


■ dt dp,” dt dqi’ 
m the system The system thus becomes 

^ = ^ 9-g 

dt dpr" dt 9g/ 


(r = l,2,3,4), 


where 


^ iinh 2to,) {q^q^ - q^q^f 

-Pa9x + P»9i* - Pt9») cot g,' + k cosec g,'}‘j 

(2^ 2^,) (g.'g,'-gx'g;)* 

{(PiV -PsV +P»q* -Ptq») cot g,' + k cosec g,'}‘^ 
Kpi^i -Pt'ii +P*'q*-Ptq3) cot q,' + k cosec gg'}»J 


- (g,'» + g/>) i - m,nH (g/* + g,'“) ^ - m,m, {{q^' - g,')» + (g*' - g/)>} “i , 

and where, after the denvates of H have been fanned, q,' is to be replaced by 
its value found from the equation 

k cos g,' = p/ qi - p^'q,' + p,'q,' - piq' 

Now let H‘ be the function obtamed when this value of g,' is substituted 
in H , then if e denotes any one of the variables g^', gj', g,', g/, p/, p,', p,', p/, 
we have 


ZH' dH 3g8g.' 
ds da ^dq,' da ' 
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But since = 0, we have dH/d^t ~ p/ — 9, and therefore 

ds ds ’ 

in other words, we can make the substitution for g'« m S before forming the 
derivates of E, and thus (suppressing the accents) the equcdions of motion of 
the Problem of Three Bodies are reduced to the system of the 8th order 

dqr_dH 

dpr * 


dt 


(r = 1, 2, 3, 4*), 


where 




+ (K+P/) + -(PxP.+P«p.) 


+ (2a33 - |(2mi 2mJ (2m!, 2wis) , 

— ipaqi - Pi9a + P4?3 -P3?4)*} 

- + 94 *)" ^ - rn,rrH(qy^ + qf)~^- *)” + <2“ " 

Many of the quantities occurring in E have simple physical interpretations 
thus {q,q -3194) 18 twice the area of the triangle, formed by the bodies and 


2mimamg f( JL + —] q* + 

Mil + TO* + in, 1\2 oti 2inJ 


( 2 mis irriiJ 




nh 


9a94 


18 the moment of inertia of the three bodies about the line in which the 
plane of the bodies meets the invariable plane through their centre 0 

gravity 

It w also to he noted that this value of IT differs from the value of ^ when i is ^ ^ 
terms which do not involve the variables py, p„ p„ Pi th^ terms in h 
regarded as part of the potential energy, and we can say that the system diffem from the 
doLsponding system for which k is zero only by certain modifi<»tions in the ^tential 
energy It my easily be shewn that when k is zero the motion takes place in a plane 


169 Reduction to the 6th order 

The equations of motion can now be reduced further from the 8th to the 
6th order, by making use of the integral of energy 

E = Constant, 

and eliminating the time The theorem of § 141 shews that in performing 
this reduction the Hamiltonian form of the differential equations can be 
conserved As the actual reduction is not required subsequently, it will not 
be given heie in detail 

The Eamiltmim system of the 6th order thus obtaimd is, in the present 
state of our knowledge, the ultimate reduced form of the equations of motion of 
the geuBTfil PTohlem of Three Bodies^ 
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160 Alternative redvcUcn of the problem fro'fn the ISth to the 6th order 

We shall now give another reduction* of the general problem of three 
bodies to a Hamiltoman system of the 6th order 

Let the original Hamiltonian system of equations of motion (§ 156) 
be transformed by the contact-transformation 

/ 9 TF d W / 0 O'! 

= (r-l,., ...9), 

where 

= Pi (?4 - qi) + Pi (?» - + Pi (?« -.?») 

mi + wij j V mi + mg / 

+ p> (q» P'' 

+ i)e' (whiffs + H-2’9' (Mil 9 s + ™s9« + W’i>9») 

The integrals of motion of the centre of gravity, when expressed in terms 
of the new variables, can be written 

9 / = W = 9s' =2»r' = P» = Pa = 0, 

and consequently the transformed system is only of the 12th order* sup- 
pressing the accents in the new variables, it is 

^ ^ <r=l,2, .6), 

dt dpr dt dqr 


where 


and 


if (K+l>.*+i>s*) +^(P4* +P.* +Pi‘) - rrhMii^ +9»* + 

- rrhm» |g«*+ ?,• + 9 / + 9s9» + ?s9«) 

+ + ?»*>} 

— m,m3 jg/ + 9 j’ + 9«* — j^^^*^(9i94 + 9»?» + 9'»?s) 

m, (mi + mj) 


n ■ 


mijreg ' , 

h-=—~ r^ . H- 

7lti "b Wig 


mii + mj + ms 

The new vanables may be mterpreted physically in the following way 
Let 0 be the centre of gravity of mj and mg Then (ji, q^, g») are the 


Due to Badau, Annalea it V^le Norm Svp v (1868), p, 811 
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projections of on the fixed axes, and (g' 4 , Jj, 2 «) are the projections 

of Onii on the axes Further 



(r = 1. % 3), 


and 



Pr 


(t = 4, 5, 6) 


The new Hamiltonian system clearly represents the equations of motion 
of two particles, one of mass at a point whose coordinates are (qi, q^, qt'), 
and the other of mass f at a point whose coordinates are (qt. q„ qt) , these 
particles bemg supposed to move freely in space under the action of forces 
derivable from a potential energy represented by the terms in JI which 
are independent of the p’s We have therefore replaced the Problem of 
Three Bodies by the problem of two bodies moving under this system of 
forces This reduction, though substantially contained in Jacobi’s* paper of 
1843, was first explicitly stated by Bertrandt m 1852. 

We shall suppose the axes so chosen that the plane of xy is the invariable 
plane for the motion of the particles. and le so that the angular 
momentum of these particles about any line m the plane Oxy is zero 

Let the Hamiltonian system of the 12th order be transformed by the 
contact-transformation which is defined by the equations 


?r = 


zw 

dpr’ 


, dW 


(r = l, 2 , .,6)f, 


where 

W = (p, sin qi + Pi cos qi) q( cos g,' + sin q^ {(p* cos 5 ,' - p, sin g/)* +p,*}5 
(p, sin qt + Pt cos qt) qi cos qt + qt sin g/ {(pt cos qt — pt sm 5 /)* + p,®}^ 

The new variables are easily seen to have the following physical inter- 
pretations 18 the length of the radius vector from the origin to the 
mrticle p, is the radius from the ongin to p', q» is the angle between q^ 
and the intersection (or node) of the invanable plane with the plane through 
two consecutive positions of 3 / (which we shall call thepiane of instantaneous 
motion of p), qt 18 the angle between 3 / and the node of the invariable plane 
on the plane of instantaneous motion of p', 3 .' is the angle between Ox 
and the former of these nodes, 3 .' is the angle between Ox and the latter of 
these nodes, Pi' is is fqt,p»' is the angular momentum of p round 

the ongin, Pi' is the angular momentum of p' round the oripn,p, is the 
angular momentum of p round the normal at the ongm to the invanable 
plane, and p,' is the angular momentum of p round the same Ime 

The equations of motion m their new form are (§ 138) 

dqr 9 ^ 

dt dt dqr 


(r-1,2, ,6), 


* Journal fUr Math xxvi p 116 


t Jcyu/mal de math, xvn p 89^. 
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where H is supposed expressed in terms of the new variables Let this 
system be transformed by the contact-transformation 


where 




dW 

dq/'^ 



(r=l, 2, ,6), 


V = q/' (p/ - Pe) -h 9/ (p/ + Pe) + qi'pi + 92 + 9/>4' 
The equations of motion now become 

dqJ'^dH dpr"_dH , 5 

dt ^dpr"^ dt “ dqr" ^ ’ 


, 6 ) 


But H does not involve as may be seen either by expressing H 
m terms of the new variables, or by observing that q^' depends on the 
arbitrarily chosen position of the axis Oa?, while none of the other coordinates 
depend on this quantity We have therefore 

pe" = - 3^/396" =0, sope"=fc, 


where A; is a constant , this is really one of the three integrals of angular 
momentum Substitutmg k for pe"" -ST, the equation 

q,"^dHldk 


can be integrated by a quadrature when the rest of the equations have been 
solved so the equations for pa" and q^' can be separated from the system, 
which reduces to the 10th order system 


dt dpr'* dt "" dqr^ 


(r=l,2, . ,6) 


We have still to use the two remaining integrals of angular momentum , 
these, when expressed in terms of the new variables, are readily found to be 
represented by 

?/=90^ Ap/' = ps"*--p;^ 


no arbitrary constants of integration enter, owing to the fact that the plane of 
asy IS the mvaiiable plane 

The system may therefore be replaced by these two equations and the 
equations 


dqr"_^ 

dt dpr'" dt dqr 


(r = 1, 2, % 4), 


where, in this last set, y/' can be replaced by 90° before the derivates of H 
have been formed, and p/' is to be replaced by {p^'^ --p^*^)lk after the 
denvates of H have been formed Let denote the function derived from 
E by making this substituti6n for p/', and let a denote any one of the 
variables 5^/', q^^ q^', q^'? Px\ p^\ Pz \ p/' j then we have 

dH dpi _dH dH 

ds 9fi 0p/' 8^ 06 05 da * 
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and it IS therefore allowable to substitute for ps" in H before the derivates of 
H have been formed The equations of motion are thus reduced to a system 
of the 8 th order, which (suppressing the accents) may be written in the form 

9^ 


dA dpr 


dqr 


(r = l, 2, 3, 4), 

where, effecting in H the transformations which have been indicated, we have 


The equations of motion may further be reduced to a system of the 
6 th order by the method of § 141, using the integral of energy 

H = Constant 

and eliminating the time As the reduction is not required subsequently, it 
will not be given m detail here 

161. The problem of three bodies in a plane 

The motion of the three particles may be supposed to take place in a 
plane, instead of m three-dimensional space, this will obviously happen if the 
diiections of the imtial velocities of the bodies are in the plane of the bodies 

This case is known as the problem of three bodies in a plane we shall 
now proceed to reduce the equations of motion to a Hamiltonian system of 
the lowest possible order 

Let {qi, 3 *) be the coordinates of m,, ( 33 , 34 ) the coordinates of Wj, and 
( 33 , 3 .) the coordinates of »i„ referred to any fixed axes Ox, Oy in the plane 
of the motion, and let pr^m^qr, where k denotes the greatest integer in 
^ (■,. + 1 ) The equations of motion are (as in § 165) 

dqr ?S[ dpr _ dH 


where 


dt 


dt 


dqr 


(»=1, 2. .,6), 


- WaOTi {( 3 , - 3i)“ + (3« - 9*)‘) ~ 3a)’ + (9a “ 94)*1 " ^ 

These equations will now be reduced from the 12 th to the 8 th order, by 
using the four integrals of motion of the centre of gravity Perform on the 
variables the contact-transformation defined by the equations 


or 

dpr 


p.'= 


9Tr 

dqr' 


(r = 1, 2, , 6), 
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where 

^ -Piqi +p»q» + P4qt + (pi +P3 +Ps) qs + (pj +^4 +p.) q,' 

It IS easily seen that (qi\ q^) are the coordinates of relative to axes 
through parallel to the fixed axes, (g's', q{) are the coordinates of 
relative to the same axes, q^) are the coordmates of m3 relative to the 

original axes, are the components of momentum of mj, (jps^p/) are 

the components of momentum of 7/I2, and (jps', p^) are the components of 
momentum of the system 

As in § 157, the equations for q^, qi, Ps', disappear from the system , 
and (suppressing the accents in the new variables) the equations of motion 
reduce to the system of the 8th order, 

(r = 1 2 3 4) 

dt dpr dt dqr ^ 

where 

2 ^ i) + ( 2 k 2^3 

- m^irii {qi + qi) “ ^ - JTijin, {q^ 4- qi)~^ + TOiTTIj {(g-j - g,)» + (g-, - “ i. 

Next, we shall shew jbhat this system possesses an ignorable coordmate, 
which will make possible a further reduction through two units 

Perform on the system the contact-transformation defined by the equa- 
tions 

dw , dw 


qr'^ 


where 


dpr 


Pr = 


dqr 


(r=l, 2, 3, 4), 


W ^p,q,' cos qi'-^-p^qi sing/-f j)s (g* cos g/ - gs' sm g/) +i>4 (ffa'sm g/ -h gs'cos g/) 


The physical interpretation of this transformation is as follows ’ q^ is the 
distance mi mg , q 2 and q^ are the projections of mam* on, and perpendicular to, 
^4 is the angle between m^mi and the axis of x, p/ is the component 
of momentum of mi along m^mi , p^ and ps are the components of momentum 
of mj parallel and perpendicular to m^mi , and p/ is the angular momentum 
of the system 

The differential equations, when expressed in terms of the new vanables, 
become 

where 

- m,migi'-i - {(g/ - g,')* + g,'*) “ 4 


dqr ^dH dpr dH . 

dt ~dpr'’ dt ~~d^' (r- 1 , 2 , 3 , 4 ). 
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Sance is not contained in if, it is an ignorable coordinate , the corre- 
sponding integral is p/ = A, where A; is a constant , this *can be interpreted as 
the integral of angular momentum of the system The equation qi—dH/dp^' 
can be integrated by a quadrature when the rest of the equations have been 
integrated , and thus the equations for j?/ and gr/ disappear from the system 
Suppressing the accents on the new variables, the equations can therefore 
be written 


where 


dqr __ dpr _ ^ dH 

dt dpr ’ dt dqr 


(r = l,2, 3), 



+ 



2^ {?.’ + ^. (ft?. -P.3. - *)■} + (2^ + s;) (ft’ +ft’) 
PiP» - *)| - (qi + 33 *)“^ 


- {(g, - g,)® + g4 

This IS a system of the 6th order , it can be reduced to the 4th order by 
the process of § 141, making use of the integral of energy and eliminating 
the time 


162* The restricted problem of three bodies 

Another special case of the problem of three bodies, which has occupied a 
prominent place in recent researches, is the restricted problem of three bodies , 
this may be enunciated as follows 

Two bodies S and J revolve round their centre of gravity, 0, in circular 
orbits, under the influence of their mutual attraction A third body P, 
without mass (1 e such that it is attracted by S and /, but does not influence 
their motion), moves m the same plane as S and J, the restricted problem 
of three bodies is to determine the motion of the body P, which is generally 
called the planetoid 

Let nil and be the masses of S and J, and write 

^^SF^JP 

Take any fixed rectangular axes OX, OY, through 0, in the plane of the 
motion, let (A, Y) be the coordinates, and (U, F) the components of velocity, 
of P* The equations of motion are 

d^X ^ d^Y_^ 

d^^dX^ dt^~dY^ 

or m the Hamiltonian form, 

dX dH ^ dS 

dt^W^ dt'^dV^ dt^ dX^ dt 37* 

whore iT = ^ (£7* + F*) - P 


W D 


23 
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Since ^ IS a function not only of X and Y but also of t, the equation 
H = Constant is not an integral of the system 

Perform on the vnxiables the contact-transformation which is defined by 
the equations , _ 

dW „ BF dW dW 


Z _^urr tt _ u rr 

5T7 ’ I — 


W “"0^’ '’"ay’ 


where F = tT (<» cos 9i« - y sin nt) + V{x sin nt + y cos nt), 

and n is the angular velocity of 8J The equations become 
d(c_dK 

~ ~ ■ ’■ dv ’ dt dx’ dt ~ dy ’ 

dW 


dt du ’ 


dt 

where (§ 138) K^H — ^ 

= v^) + n {uy — vx) - F, 

it IS at once seen that x and y are the coordinates of the planetoid leferred 
to the moving Ime OJ as axis of x, and a Ime perpendicular to this through 
0 as axis of y F vs now a function of x and y only, so K does not involve t 
exphcitly, and 

K = Constant 

IS an integral of the system , it is called the Jaoobtan integral* of the restricted 
problem of three bodies 

Another form of the equations of motion is obtained by applying to the 
last system the contact-transformation 

dW 0F 0F _dW 

^ dv ’ dqi’ dq,’ 

■where W = qi(u cos qt + v sin q^) 

The new variables may be defined directly by the equations 

q, = OP, q, = FOJ, = p.^OP^^^iPOX), 

and the equations of motion become 

dqr _dJS ^ — S') 

dt~dpr’ dt~ dqr '■ ’ 

where if = i (pi^ -1- ^ — F- 

Another formt is obtained by applying to these equations the contact- 
transformation „ 

0F , dW 




0gr 


qr * 


dp: 


(r-l, 2), 


whei*e 


* Jacobi, Comptes JRendus^ m (1836), p- 59 

t Adopted by Poincar^ in hia i^omelle^ m^thodet de la Mic CiU^te, 
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where u denotes a current variable of integration These equations may be 
written 


« 1\4 

V Si Pi'V ’ 


Jk=P2, 


_ 1 

1 { P/* 

V p/^ PiV ’ 

22'= 32 — arc COS H 



1—4 

1 

1 


Ifi-eiY 

Pi'V i 



1.1 p,V 1 


3, = arc COS 


and it 18 easily seen that qi is the mean anomaly of the planetoid in the 
ellipse which it would describe about a fixed body of umt mass at 0, if 
projected from its instantaneous position with its instantaneous velocity , 

IS the longitude of the apse of this ellipse, measured from OJ, pi' is a^, and 
jp,' 18 (a(l —6*)}^, where a is the semi-major axis and e is the eccentricity of 
this ellipse H does not mvolve t explicitly, so H — Constant is an mtegral 
of the equations of motion, which are now 

dpr dE 


dt dpr 


dt 


03/ 


(r = l, 2) 


If we take the sum of the masses of 8 and J to be the umt of mass, and 
denote these masses by 1 - /:* and respectively, we have 


i? = i (pi* + np, - ^ 


/II 

"Pi 


This IS an analytic function of p/, pi', 3/, 32', p, which is periodic m j/and q^, 
with the period 2'7r. Moreover, to find the term independent o{ pm H, we 
suppose to be zeroj, since 8P now becomes qi, we have 

Thus finally, discarding the accents, the equations of nwtion of the restricted 
problem of three bodies map he taleen in the form 

^ ^^E d^ _ ^E 

dt 0pr ’ dt dqr 

vih&'e E can he expanded as a power-senes in p in the form 

E “ Eft + pEi -t- f^Ei - 4 - , 


(r=l, 2). 


and 




while El, Ei, are periodic m qi and 32, with the penod 2'7r 

The equations of this 4th order system may be reduced to a Hamiltonian 
system of the second order by use of the integral if* Constant and elimina- 
tion of the time, as in § 141. 


23—2 
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163 Extension to the problem of n bodies 

Many of the transformations which have been used m the present chapter 
in the 1 eduction of the problem of three bodies can be extended so as to 
apply to the general problem of n bodies which attract each other according 
to the Newtonian law In their original form, the equations of motion of 
the n bodies constitute a system of the 6nth order , this can be reduced to 
the (6n — 12)th order, by usmg the six integrals of motion of the centre of 
gravity, the three mtegrals of angular momentum, the integral of energy, the 
elimination of the time, and the elimination of the nodes 

The reduction has been performed by T L Bennett, Meis, of Math (2) xxxiv (1904), 
p 113 


Miscellaneous Examples. 


1 If m the problem of three bodies the units are so chosen that the energy integral is 

where r-^ is the distance between the bodies whose velocities are Vi and 'V2> if r is a 
positive constant, shew that the greatest possible value of the angular momentum of the 

system about its centre of gravity is ■§ ^/2r 

(Camb Math Tnpos, Part I, 1893 ) 


2 In the problem of three bodies, let ^ be Jacobi’s function, let Q be the angle 
between any fixed line in the invariable plane and the node of the plane of the three bodies 
on the invariable plane, let i be the inclination of the plane of the three bodies to the in- 
variable plane, and let rj be the area of the tnangle formed by the three bodies Shew that 

’ 

1 di M ni 

Sint £1?^ ’ 

where k is the angular momentum of the system round the normal to the invariable 
plane. Gasparis ) 


3 Let the problem of three bodies be replaced by the problem of two bodies /a and 
as in § 160 let qi and be the distances of ft and from the origin let and ^4 
the angles made by qy and q 2 respectively with the intersection of the plane through the 
bodies and the invariable plane let py and p 2 denote jiqy and yx'g'2 respectively , and let 
and p^ be the components of angular momentum of /x and /*' respectively, in the plane 
through the bodies and the ongin Shew that the equations of motion may be written 


dt dt dqy. 


(r=l, 2, 3, 4), 


where Constant is the integral of energy 


(Bour ) 


g'x 
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4 Apply^ the contact-transformation defined by the equations 

“ {(9^4 - + (^s - + {qt — 

?2'= {(27 - 2i)“+ (28 - 22)®+ (2» - 23)*}^ 

23 = {(21 - 2*)* + (22 - 2o)® + (2s - 2«)*}^> 

24=61 (ji +tS'2)+62(24 + 75„) + 63 (27 + 128;) 

2** = ®i2s + ®228+®s29i 
2e=«h2i+»i224+»‘327) 

27' = »ll28+«l226+7Ks28) 

28'=«ll2s+»l226+>»329) 

, ai(2i+s22)+a2(24+8 27 )+«3(27+»28) 

** 6i(yi+tg'2)+62(24+»25)+6s(27+»28)’ • 

Pr= S pt (j =0, 1, 2, .. , 8), 

fcssO ^qr 

(where i stands for and ai, a%y a^y 6i, 62, are any nine constants which 

satisfy the equations 

^i4-<3t2+0S3=»O, 6 i4-&2+^3=0, Ci+C24-C3=0, < 12^3 "• ^3^2= i)» 


to the Hamiltonian system of the 18th order which (§ 155) determines the motion of the 
three bodies 

Shew that the integrals of motion of the centre of gravity aie 
ge - qi - = jPe'^p/ =P8' =0 

Shew further that when the invanable plane is taken as plane of Ay, the \ariable is 
ssero, and that the integral of angular momentum round the normal to the invariable plane 

IS 

p^qi^ly where I is a constant 

Hence shen that the equations i*educe to the 8th ordei system 

dt Iq: 

where 

qiqr 2 mi 


(, =0, 1, 2, 3), 


+S^^{l5o'(ai- 6 i 2 o')+^ 6 i} ("3 - 6320'^-^- (0^-6220')} 

Reddoe this to a system of the 6th order, by the theorem of § 141 (Bruns ) 



CHAPTEE XIV 

THE THEOREMS OE BRUNS AND POINOARil 

164 Bruns' theorem 

(i) Statement of the theorem 

We have seen (§ 155) that the problem of three bodies possesses 10 known 
integials namely the six integrals of motion of the centre of gravity, the 
three integrals of angular momentum, and the integral of energy , these are 
generally called the classical integrals of the problem Each of them is an 
algebraic integral, i e is of the form 

/(9i> P^> P^> • » Constant, 

where / is an algebraic function of the coordinates (ji, g^a, , > P 9 ) 

and of t 

Efforts have frequently been made to obtain other algebraic integrals of 
the problem of three bodies independent of these (1 e not formed by combina- 
tions of them), but without success; and in 1887 Bruns* shewed that no 
such new algebraic integrals exist , in other words, the classical integrals are 
the only independent algebraic integ'tals of the problem of three bodies 

It may be remarked t that the non-existence of algebraic integrals does not necessarily 
imply great complexity in a system One of the simplest of differential equations, namely 
the linear differential equation with constant coefficients 

^ - (ftl + /i2) ^ 

has no algebraic integral except when is a rational number, in which case th*e first 
integral 

Constant 

can be transformed into an algebraic integral 

(u) Expression of an integral in terms of the essential coordinates of the 
problem 

We shall now proceed to a proof of Bruns’ result, considering first those 
integrals which do not involve t explicitly 

* Benchte der Kgl Shells Ges der Wiss 1887, pp 1, 55, Acta Math xx p* 26, Of, also 
Forsyth, Theory of Dtffei ential Equations, Yol. in. (1900), Ch. xvn 

t Of K Bohhn, Astron lakttageUei ocli Vnders & Stockholm Ohserv xx (1908), N*" 1 



164‘1 The Theorems of Bmtis awl Poincare 359 


The equations of motion of the problem may (§ 160) be wntten in the 
form 

(r = l,2, ,(5)..(1). 

at dpt dt dqr 

where 

T = g- (Pi‘^ + Jia“ + pf) + ^ {pi + pi + pi)> 


U = (gi® + qi + gj®)” - 


+ mimq 
+ ^27713 


|?4® + 38Hg6® + 
|34Hg5^+g«®- 


2771a 

mi+ma 

2y77>i 

?71i + 77l2 


(«i'i?4+323i>+2j9'e)+(^;^^5p^) (3i"+32“+?a‘)| ' 
(2ig4+M»+3.?«)+(„^^!J:-3 (3 i“+92’+2/)| . 


H-ms ) 

mi + m^ ’ ^ “ mi + mi2 + 


We shall write 
so that 


Mi=/^=/* 3 ==M) 

T= 


Pi = Pi = = 

V 

1=1 2/4, 




Let the coordinates of the thpee bodies be (gx', g^', g0> (?/; ?/)> { 9.7 > 

and let Trijfcg/ = jp/, where A; denotes the greatest integei contained m ^ (7 4- 2) » 
the integrals whose existence we propose to discuss are of the foiin 

^(91 J ?2> > ?9 > JPl > 

where a is an arbitrary constant and is an algebraic function of its 
arguments The formulae of § 160 enable us to express the variables 
(?i'. 32 » » 9.9 > P 17 * » jPeO as linear functions of (gi, gg, , gA, Pu • > P^) ^ve 
shall therefore, on making these substitutions m the integral, obtain an 
equation 

f{9u9^> M 26, i>i, • (2) 

If the integral ^ is compounded of the integrals of motion of the centre of 
gravity, f will evidently reduce to a constant , if not, f will be an algebraic 
function of the variables (gi, , ge, 2>x, , pd* We have to enquire into the 

existence of integrals, such as (2), of the equations (1), 


(ill) An integral must involve the momenta 

We shall first shew that an integral such as (2) must involve some of the 
quantities p, i e it cannot be a function of (gi, g^, , q^ only. 

For suppose, if possible, that the integral, say 

f (fh’ 32 , , Ss) “ 

does not involve (puP^, . , Pn) Differentiating with lespect to t, we hp,ve 

r^ioqr imioq, Pi 
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and therefore the equations 

^ = 0 (r = l, 2, . , 6) 

must be satisfied identically , that is, f does not involve (ji, q^, , qt), and 

so IS a mere constant 

(iv) Only one xrrationahty can occur %n the ^nteg‘^ al , 

As the mutual distances of the bodies are irrational functions of 
(3i. 32 > qt)< the function IT will be an irrational function of these 
variables Denoting by a the sum of the three mutual distances, it is easily 
seen that the mutual distances can be expressed as rational functions of the 
seven quantities (qi, q^ , 32, s) , m other words, the irrationalities involved 
in the mutual distances are all capable of being expressed by means of the 
irrationality of s , we may therefore suppose that U is expressed as a rational 
function of (31, 3s, , 3,, s) 

Now the function / is algebraic, but not necessarily rational, in the 
variables (q^, , q,, pi, ,pe), let the equation (2) be rationahsed, and let 

the resultmg equation be arranged in powers of a, so that it becomes 

(31,32, ,q«,px, ,p<,) + a'^4>fqx, ,qt,pu ,p,) + 

+ <l>m (3i. » 36. Pu , p.) = 0 . .(3), 

where </>„ 4>a> > are rational functions of (g^, , qg, p^, , pg) If this 

equation is reducible in the variables (ji, , q„ p^, , pg, s), 1 e if it can be 

decomposed into other equations, each of the form 

a^+a'->f,(3i, ,qg,pu ,?»,«)+ +-fi(3i. • ,qi.Pu .,p,.s) = 0 (4), 

where i/ri, i/tj, are rational functions of (gi, ,qg,px, , p,, s), then one 
of these last equations will give the value of a which corresponds to equation 
(2), and we shall consider this equation instead of (3) As the type of 
equation represented by (4) includes the type represented by (8) as a 
particular case, we sliall suppose a to be given by an equation of the form (4), 
irreducible in (91, , qg, p^, ,p,,s) 

Differentiating with respect to f, and using equations (1), we have 

+ + . = 0 . ( 6 ), 

where (yfrr, S) denotes as usual the Poisson-bracket of a]r, and IT 

We shall first suppose that the expressions (i/r,., E), which are rational 
functions of (q^, , qg, p^, , p„ $), axe not all zero. Then equations (4) 

and (5) have one or more common roots o, and consequently equation (4) is 
reducible in (gi, q^, . , q„ p^, . , p„ s) , but this equation is irreducible, and 

therefore this hypothesis is inadmissible, and the quantities E) are all 
zero This implies that all the coefficients {a|r^, -fg, , aj^) m equation (4) 
are integrals of the equations (1) and hence the mtegral f can he com- 
pounded algebratoally from other integrals, which are rational functions of 
(3i. . 36. Pu , Pi, s) 
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(v) EiX^Te$8%07i of the integral as a quotient of two real polynomials 
We need therefore henceforth only consider integrals of the type 

/(3i, ft, ,qe,Pi> ,P6yS)==:a (6), 

where y* is a rational function of the argfuments indicated The form of yean 
be further restricted by the following observation If in the equations of 
motion we replace qr, Pr, t by prhr\ and tk^, respectively, where k is any 
constant) the equations are unaltered If therefore these substitutions are 
made in equation (6), this equation must still be an integral of the system, 
whatever k may be 

Now y IS a rational function of its arguments it can therefore be ex- 
pressed as the quotient of two functions, each of which is a polynomial in 
(iif ft> ft, JPi, -• ,P«, When m these polynomials we replace qr, Pr> s 
sk^y respectively, the function f will (on multiplymg its 
numerator and denominator by an appropriate power of k) take the form 

-4o^ “1" 4* . 4“ A.p 

4 . 4-Bg' 

where Ai^ Bq) are polynomials in (qi, qe, pu ,Pe, Smee 
df/dt IS zero, we have 

-(A,ki^ + A,kP-^+. = ® 


Now jfc is arbitrary, so the coefhcients of successive powers of fc m this 
equation must be zero, and therefore 




dAQ 

dt 





dA^ 

dt 




^0 

dt 


" dt 




These (q +J> + 1) equations are equivalent to the system 

1 dAt 1.^ __L^4£=-L^= 

A,~df“Ai dt Aj, dt If. dt " ~ B, dt ' 

from which it is evident’ that each of the quantities 

Ai Af Ap Bn Bg 
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IS an integral and thus we have the result that any integral s^ich as f can he 
compounded from other integrals, which are of the form 


6^2 (gl, 

Gi(gi, ,ge,Pi, 


= Constant, 

, s) 


where each of the functions O2 is a polynomial in its arguments, and is 
merely multiplied hy a power of k ivhen the variables qr, pn s are replaced 
respectively hy q^k^, prk^^, sh^ We need therefore only consider integrals of 
this form 


It may further be observed that the functions and 6^2 without loss 
of generahty, be taken to be free from imaginaries For if P and iQ denote 
the real and imaginary parts of an integral 

P + = Constant, 


we have 


^ i ^ = 0, identically 


Since the differential equations are free from imaginaries, it follows that 
dPjdt and dQjdt are free from imaginaries and so dPjdt and dQjdt must be 
zero separately Hence P and Q are themselves integrals, and every complex 
integral can be compounded from real integrals We shall therefore hence- 
forth assume that G1/G2 is free jfrom imaginanes 


(vi) Derivation of integrals from the numerator and denominator of the 
quotient 

It may be the case that the function is resoluble into a product of 
irresoluble polynomials in (pi, jps? • the coefficients in these polynomials 
being rational functions of (^1, 52, > ge^ L®t be such a polynomial, and 

suppose that it is repeated \ times in G^ and let % denote the remaming 
factors of (?i, so that 

When Oi is irreducible, we shall of course have Gi — and y == 1 


The equation 

0 

II 

gives 

\dx 1 „ 

^ dt^ dt^ 

or 

dt ^\\Gi dt Xx dtj 


Now dyftfdt IS polynomial in {pi, , pe), and yjr is also polynomial in 
(pi> of order less by unity than the order of dy^jdt Also, has no 

factor in common with O2 or %. Hence we see that 

1 dG. 1 dx 
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must be a polynomial m (pi, ,p^, of order unity denote this polynomial 
by G) then we have 




dt 


= 6 )'»/r 


It may be shewn in the same way that each of the other irreducible factors 
of Gi satisfies an equation of this kind. Denote the various factors of by 
ylr' ilr", , SO that 

and let the equations they satisfy be 

1 dyfr' _ , 1 ,, 

dt~^' dt “ 

then we have 

A — fL 4- — 4- 

Or dt ~ylr'dt yfr" dt 
where a is a polynomial in (pi , . , pe)> of order unity, and rational in 
(31. . Se. s) Thus &r satisfies the equation 


= /jico' +• v(o" +. =00 say, 


dOr_ 


dt 


= a>Gi, 


and therefore (since GifQt is an integral), 0 ^ also satisfies the equation 


dt 




As 0 i and Ot satisfy the same differential equation, we shall in future use 
^ to denote either of them so ^ is areal polynomial in (pi, ipe>^i> 
which satisfies the equation <f> = axp 

Now (f> 18 merely multiplied by a power of k when q^, p„ s aie replaced 
respectively by qrkl‘,p, k~'-, sk?-. since 

^~^dt rti>j>\dqrP' dprdqj’ 

we see that w is multiplied by k~* when this substitution is made. It follows 
that ® cannot contain a term independent of (pi, ••,Ps), since such a term 
would be multiplied by an even power of A, w is therefore of the form 
0) » a>iPi 4* 4" - • + ^ep^f 

where each of the quantities ®r is homogeneous of degree - 1 in the quantities 
(^i) »■ > 3 fl» 

Further, let one of the terms in ^ be of order m in (p„ . .. ,p«) and of order 
n m (g„ • . 2 *. «)• while another term is of order m' in (p„ . , p«) and of 
order n' in (q^ . qt, s) since these terms are multiplied hy the same 
power of k when the above substitution is made, we have 

~-m + 2n = — m' + 2n', 

so m—m' IS an even number Hence <f> can be arranged in the form 

^ = ^0 + ^9 + ^4 + > 
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where denotes the terms of highest order in (jpi, . , pe), <^3 denotes terms 
of order less by two units in (p^, . than these, and so on and each of 
the quantities <#>r is a polynomial in (pi, ,pe, , q^, s), homogeneous in 
(pi, . . , Pa) and also in (gi, , g®, s) 

We shall now shew that when <f>o does not involve s, ^ can he made into an 
integral hy mvMiplying it by an appropriate rational function of , ge) 

For suppose that <f>o does not involve s the equation 



or 


^ ” (^iPi + 4 - • . + ©ePe) (^0 + <#>2 + ) 


gives, on equating the terms of highest degree in (pi, . .jpa), 

2 ^ = (oiPi + ... + (OfP,) 

r=*l /^r Oqr 

Now ^0 ^^7 contain p^ as b, factor in order to take account of this case, 
write (f 3 iQ=pf(l>o, where (f>o does not contain p® as a factor, and where as a 
special case we may have A = 0, (f>Q = (f>o Substitutmg p6*<^o^ 4>o ^ ^Jke 

differential equation, it becomes 

2 — = (<»iPi + • + ©ePe) 

r»l Hr 

Let denote those terms in which do not mvolve p ^ ; equating the 
terms which do not involve p^ on the two sides of this equation, we have 

2 — = (6>iPi 4- + (^ap^ fpo' 

r-ii/^T oqr 


It may be that <l)f 

IS a mere function of ji, g., 

..., Jb, say equal 

to 12 , in 

this case we have 

1 912 « 




Hr Oqr 

(r = l, 2, 

. 5) 

or 

1 dR 

(r = l, 2, 

.5), 

and therefore 

3 

II 

(r, s = 1, 2, 

,5) 


Supposing next that <f>o^ does involve some of the quantities (pi, ..-jPs), 
it may involve pa as a factor to take account of this case, we write 
where 4)o^' does not involve ps as a factor. The equation now 

becomes 

2 ~ (®iPi + • + ^sPs) 4 ^ 0 ^'* 

r=l Hr oqr 
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Let denote the terms an which do not mvolve equating the 
terms which do not involve j>5 on the two sides of this equation, we have 

2 — = (WljPl + + ®4P4) 

Proceeding in this way, we ultimately arrive at the alternatives, that 


either 




or else a function ^jr exists, which is polynomial in 2i> ^ Ssf Pi >Pi> homo- 

geneous in ) ?6 also in pi, p2, und is free from any factors which are 
mere powers of pi and p2} and which satisfies the differential equation 

oqi 9?2 

Now let yjr = ajpi^ + bp^^ -f C'pi*'"^p2 + , 

equating coefficients of and on the two sides of the last equation, 
we have 

_ I ^ ^ 

The quantities a, b, o, are polynomials m (gi, gj, , ^o) they may have 
a common polynomial factor Q, so that 

a = a! Q, 6 = h'Q, etc. 

Let •f' = a'p^ + Vpi + + , 

so that = Q'^ 

Then 


II 

jl M ^ 

Va*! 3gi (h 9ga> 

' Q 9gi 

H-i 0 g 2 , 


/ 1 . 

/ 1 

l 2>2 

““ 


r* Qp^dqJ 

= 

(OiPi + oftPa, say, 




1 0 a' , _ 

2_w 


<»a' = 

fiju' 0gi ’ 

/X 26 " dq ^ ' 


£, 0^ _l_ p, ^ ^ (®/pi + ®,>a) ir' 

/*i ogi fh ogj 



where 


so 

The left-hand side of this equation is a polynomial in (gi, •> g»i 
Pit i>s) > ^^t if a' contains gi, then «/ contains a', or some factor of it, as 
a denominator Hence ir' must contam a', or some factor of it. as a factor 
But this IS inconsistent with the supposition that a', b', . have no common 
factor Hence a' cannot involve gi, and therefore is zeio Similarly 
0),' 18 zero 
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m,. 1 aQ 1 a<3 

Thm "‘-feSJ’ 

0 0 

and therefore (jH «i) “*)> 

which IS the same as the alternative previously noted so this equation is 
true in any case 

Similarly we can shew in general that 
and hence we may write 

1 aiJ 

a?/ 

where R is some rational function of , q^) 


Thus we have 


<^lpl + <>^ 2^2 + 


+ 


C^6JP6 = 


6 

2 


r=l 


1 dR 
fir R dqr 


or 

and tljierefore 


« 1 0 B^ 

r^l R dqr dt ' 


1 ^= 2 . 

<f) dt R dt " 

~ = Constant 


Thus <f) can he transformed into a constant^ hy multiplying it hy an 
appropriate rational function of qu q^, . , ?6> namely l/JS, which is the 
required result 

If therefore the terms <^o in Ox and 0 ^ do not involve s, we can transform 
Ox and (?2 into integrals, by multiplying them by appropriate rational functions 
of (qi, 3a, , 36) j nnd hence, if it can be shewn that the terms m Ox and (?« 

do not involve we shall have the result that any algebraic integral of 
the problem of three bodies can be compounded from integrals which are 
polynomial in (pi,jp2, ,pd nnd rational in 31, 3a, , 36, 


(vii) Proof that <f>o does not involve the irrationality s 

The case in which <f>Q involves $ is not included in the above investigation 
We shall however now proceed to shew that no real function ^0, which satisfies 
an equation 

2 ^ = (®ijPi + + ^eP^) 

♦ ~1 rr 

can involve s , and hence that the functions <f>o occumng in our problem do 
not mvolve s, so that the above result is quite general 
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Fur suppos6 that a function 0o exists, which involves b and satisfies the 
above differential equation When the 8 values of s are substituted suc- 
cessively in </>o, ^0 will take a number of distinct values, let these values be 
denoted by j they satisfy equations of the form 

^ T7 "57" — ® 9o . 2, — — =zeo (bo , . , 

77=1 /^r dqr fir 9?r 


where (i>\ are the values of &> when the values of s corresponding to 
respectively are substituted in it 


Let 

Then we have 


^ r=l r=l / 

= ft)^ + 0)^^ + 

where H is a linear function of {pup%y , the coefficients being rational 
functions of (jj, ga, ge) 

Now 4>, from the manner of its formation, is a rational function of 
(^ 1 ) ?a> • • • » ?«)» involving s and it is clearly a polynomial m (pi, pa, , pe) 

So wo can apply to 4> the results already obtamed, which shew that (on 
multiplying ^ by some rational function of gi, ga, , ge) is zero, and 
therefore that * satisfies the equation 

^ £r9'*’ = o 

rml p-r 9yr 

This is a partial differential equation for <E> there are 6 independent 
variables, and 6 independent solutions can at once be found, namely the 

quantities It follows that 4> is a function 

only of the quantities 

(m-Mi), ,(9j&_2!a),p.,y., ,p. 

\ /h thl \lh l*tJ 

Now the factors of 4> differ from each other only in that different roots « 
are used m their formation so when such a relation exists between 
(?i. 9t» •••» ?«) these 'roots s become equal to each other, then 

two factors of 0 will become equal to each other , hence if 4>= 0 be regarded 
as an equation in pu at least two roots will become equal to each other 
When this relation 

/(2i, 32. ..3e) = 0 

exists between (3», q» q*), "we shall therefore have 34)/^ = 0; and smilarly 

d^/dpt , .... d^ldpt will each be zero 
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Since <E> is homogeneous in (_pj, jia, , pe). the equation 


34) 34? , 




IS equivalent to <I> 0 so ^ = 0 does not constitute an equation independent 

of the equations 0^/9pi = 0, , d^jdpe = 0 

If small variations are given to the vanables which satisfy the equation 
4> = 0, their increments are connected hy the equation 




but if (qu ?2, , 26, Pu - , Pe) satisfy the equations d^/dpr = 0, this equation 

becomes 

6 0<f) 

2 = 

r*l 

and this relation between the mcrements Sqr must therefore be equivalent to 
the relation 

i ^85,-0 


r=l 


dqr 


Hence the equations 


dfidq i _ df/dqt _ ^ 3//3g« 
d^jdqi 94>/3?a d^Pjdq, 

6 ny 

are consequences of the equations 34>/9j?r = 0, and so, since 2 — 5- *- is zero, 

rmi cqr 

we have (for sets of values of q^, • •, ?6, Pi> , Pe which satisfy these 

equations) 

i £-' 1^-0 

> =1 P-r Oqr 

The equations /= 0 and 2 ^ 0 are therefore algebraically derivable 

from the equations 9O/0p^ = O Now the actual values of (ji, .. , are 
of no importance in this algebraical elimination, so we can replace qr by 
(jr -^-pr^lpr) all the equations and thus we see that the equations 


/(a+gt .s.+^<)=», 


are algebraical consequences of the equations 

(?.. • .. 3.. Pu . P.) - I 


quPi, ..Pe) = 0 

(r=1.2, ,6). 
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Hence the result of eliminating t between the equations 


’ 

f\ 



= 0. 



V Ml 

Me / 


0 

it 



j 3« + 

Me J 

= 0. 


must be an algebraic combination of the equations 

. ,2a. Pi. .2.. Pi. , p.) = 0 

(*•=1,2, ,6) 

Now one such algebraic combmation of these equations is 
4>(2 i. ,2a. Pi. .Pe) = 0, 

for it can be denved by multiplying the equations by (pi, , p,) m tuin, and 
adding them. We shall shew that it is the ehminant which has just been 
mentioned 


For let the ehminant in question be denoted by T' , then the equation 
» /a’F . . 34^ . N . 


must be a combmation of the equations 

and I If Sp,+ i i &.^(s 2 . + iSp. + ^'8t) = 0 

r-l Pr 92r r-1 «=1 \ /*« ^ 

Since the latter equation myolves it, we see that it cannot enter mto the 
combinat'ion • aad so we have 

3>F/^ 0^. ^^2a 2 g. 

S//32i “ 9.//92* ” Pr 82 »- - - ’ ^ 

The identity of these equations with those which have already been found 
for <I> shews that the equations <I> = 0 and 4^= 0 are equivalent Hence <J>= 0 
i« the ehminant of the equations 




Now the equations /(5x» Ja* > ?«) which are the conditions that the 
equation for $ may have equal roots, can easily be written down and this 
result enables us then to find all possible polynomials and hence, by 
factorisation of <1>, to find all possible polynomials </>o 


w» a 


24 
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The eight roots « are the eight value* of the exprewion ir,tr,± r,. 
whore r„r„r, denote the mutual dwtanew- wt we may have two nnita « 
inuul as a result of any one of the uquationa 
/•,-0. r,-0. r,-0, r,-±r,. r,-±r.. 

The equation e, - 0 gives 

yi' + 9t' + 9i*-0t 

and the oHunnant of 


and 


Ih 


r,-±r,j 


wi the value of 4> arising in this connexion is 

4 , . _ Ml)* + - M^)* + (M> ^ 9^)* , 

this expression is not resoluble into real fiwtors, and theralbre no mal poly- 
nomials ^ can arise fixun this source. 

A similar result can be deduced in oonnexion with the equaliotts r,«iO 
and r,"»0. 

Consider next the equation 
it can be written in the form 
7/ + 7.* + (7.?« + 7.9.+ 9.9.) + (j^,> *J’<9.* + 9.* *» 9**) 

- 9/ + 9.* + 9.' - m^,^<9i9.+ 9.9. + 9.9.) + 

or 2 (7,9, + 9t9. + 9^9.) ” ^ 9** + 9»*) • ®* 

lieplaoing qr by (7, -I- and forming the disoriroinant with iwqpeei 

U> t of the equation thus obtained, we find 

« . Is + w+ »•)) 

I Mijs* fhlhJ fa,4-m,V/i,* mVl 

Im. /*! f*t l** #*• #%"H + »»iNM* Pt #%/) 

This expansiim oannot be fiMrtorised into polynomiale 4s> liMOii’ tn 
ipujh |b)i *0 no fbnetiona ^ oan ariee ftoro Ab aornoa. 
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Simlarly it may be shewn that fio polynomials can anse in connexion 
with the equations r, = ± rj , rj = ± r, 

Lastly, the xationalised form of the equations 

*'i±»'a±n = 0 
(»•»*- »”s* + ri“)*-4rsVi» = 0 

When rj is zero, this case reduces to that which was last discussed and 
since the polynomial is not resoluble m this special case, it cannot be 
resoluble in the general case 

Thus finally, no real polynomials involving s, cwn eanst 

Snmmansirig the results obtained hitherto, we have shewn that any 
algebraic integral of the differential equations, which does not mvolve t, is 
an algebraic function of integrals <f>, each of which can be written in the 
form 

^0+ ^ + ^4+ . ., 

where d>, is a homogeneous polynomial m the variables p, say of degree k, 
and a homogeneous algebraic function of the variables q, say of degree I - 

IS a homogeneous polynomial in the variables p, of degree and 

a homogeneous algebraic function of the variables q, of degree (1-1), ’ is 
a homogeneous polynomial in the variables p, of degree (jfc-4), and a 
homogeneous algebraic function of the vanables q, of degree (1-2), and 
SO on. ’ 


(viii) Proof that is a function only of the momenta and the xntegrals 
of angular momentum. 


We shall now proceed to shew that an integral characterised by these 
properties, is an algebraic function of the classical integrals 

The equation 



gives on replacing ^ by ^4 + .. 


I ^ ?Sb£r 

r-l Sji* fh ’ 


, and equating terms of equal degree, 


0 


5 B4>aPr .3^tdU 
r-l^ ftr^^dqr’ 




rmtd^r pT ^pr Sjr* 
r-l oPr O^r 


24—a 
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The first of these equations is a linear partial differential equation for <#>o 
which can at once be solved, and gives 

<i>,=fo(P2,Ps> ,P»Pi>P^’ 

, P_2r£}_Mi (r=2, 3, ,6) 

ivheie (ir 

Let the expression of «/>, m terms of the variables qi, P„ . P„ px. , Po 
be ^t—fiiflx^Pi>Pi> > Pb> P i> >P^’ 

dqi dqi r=2 92r 9?i 
_d<f>2 , ^ 9^ M'lPr 

dqi y=s2 

Pi — 4 £r — 2 ^ ^ 

Ml 3?! Mr 33r ^Pr ^ffr 


we have 


01 


so 


Integrating we have a .. orr 

/a = % (•P 2 J Ps j » -PfiJ Pi» > P®) I dq^ 

there can be no logarithmic terms m [zd^i, where 

V- ^ 4 ^ , expressed m terms of qu Pz* ^ Pfi>Pu 

r-l9jp»3?r 

\9j9i ^ t^idPg Ml/ 3?1 r«2 \^Pr 3Pr Mr/ 3?r 

- 4 ^ 4 . 4 

r=l 3pr Sfff r=2 3Pr \Mi Mr 39r/ 

If F denotes the expression of U in terms of the variables 

Jij Pit • > Ps) P\> » P#’ 

?£.&£>: (r>l) and 

,. 7\T> ' 9ji 05fi r»23i r Mr 


> P«» 


v^re have 


dqr Ml 3 Pr 

The terms in X which may give nse to logarithmic terms in Jxdq, me 
now seen to be 

4 9/0 jP!£4.Mi 4 + 

r -2 3 Pr iMrPi MrPi <*2 3 P « M» A^Ml 3 PrJ 
SO the terms which may be logarithmic m j'x dqi are 

1 Pl. % frd,. + i 1 ji Lvi^ 

r *2 Mrpi 9 Pr J r= 2 «w 2 9 P r prP*aPi dFgJ 

4. V _Hj §- fo Vda 

r .2 9 i^r /ar/ai 9 A J ’ 
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Now F IS a sum of three terms, each of the form {A + Bq^ + Oq^y^ 

laking each of these terms separately, we have for the transcendental part 
of the last expression 

r=2 dPr flrPi V — C (£» - 4^ 0)^ 

_ V V 3/« PrP, 1 dB 2Cq, + B 

^ ^ — 7 ==^ — arcsin — 33 ' 

r=2 »=2 ap, 2G\/-C 3P, (P> - 44(7)i 

-i¥o Jl. _1__ arcsm + ^ 
r=2 3P, 2C‘/-GdPr G)i 

Thus for each of the fractions {A + Bqi + Gqi‘yi, we must have 

C 2 - 2 2 P»-y* 1 _ 4 ^ _Pl. 1 M. _ n 

rmidPrfirPi r=2 *=2 9-Pr ® 9-P* r =2 9Pr Mr/*! * 0Pr “ 

Now for the first of these fractions, namely (ji“ + we have 

+ = + C=l + f^ + tLPi, 

Pi PiPx PsPi* PiPx^ P^Pi^ 

so the first of the three equations will be 

(i + + tiM) 4 ^ _ s ^ ^ , px^pa 

V /*t*Pi* r~i^rf*rPi r-^i^Pr PrPiVptPi^'*' fJh?PiV 

_(^tlPi.^ PiPs\ r. 

\9Ps H-?Pi 9P, 


<»I (since /4j a* /Aa » /[As) 


4 y« Pr ( ¥» MiPa , 9/o M^Pz 
r"2 SPrPr V9Pb /Is* 9P, p/ . 


4 „ n 

2 .pr^ = 0 


■)- 0 , 


luid on solving this equation we see that /« is a function of 

Pi) jpsi "•» P«> Ps> Ps> (PsSs “ PtJs^j and (,Ptq»~ p»q^ 

Since the three expressions {A + Pg, + Gq^) are linear functions of the 
three quantities (?,* + ga* + V>> (jiffs+ffses + gsys), (? 4 * + e.’ + 3«*), we can foi 
onr present purpose replace them hy these three quantities so the second 
expression (i + Bq^ + Gq^^) may be taken to be (?ij« + jijs + js?*), or 

//iP, MU (ftis + Mj] f + (P'?- +m] (Pis + pm] 

\ Pi fPi J V Pi Pi/Vpi /a'p, / V P, PiAp, /I'p,/’ 
w) for this expression we have 

n /tP4 , /tP,p» , m“PsP. , pP.p, , M*PaP6 

Ju* a® " **» A / A ————— — j-r / * ~ ) 

Pi Pi* PPi* Pi® PPi* 

r* s PP* j- pPsP^ 4. PP^P’ ' 

p'pl /<? * PPI ’ 
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1 

or — - — 

Pi dpi 

2 {(ffsjpi - qiPtY + (qtPi - qiPsY + iqt,P2 - q^ptY} 


The last fraction must therefore represent a polynomial in pi.ps, • , p 
so the denominator must be a factor of the numerator 


Now (? IS a polynomial in L, M,N, so (^ — and ^ ) 

^ \dph /hPidpJ \dpt fj^pidpJ 

are polynomials in L, M, N and involve q^, q^, q, only by means of L, M, N , 

so either they contain no terms in q^, q ^ — in which case the denominator 

cannot be a factor of the numerator — or else they contain some terms free 

from qx,qi, q ^ — ^m which case also the denommator caimot be a factor of the 

numerator The condition can therefore only be satisfied by supposing that 

SO’ MiPa — 0 — Q 

dpi PiPi 3pi ’ dpi fispj^ dpi 


As might be expected from considerations of symmetry, the conditions 
aiising from the other sets of values of A, B, C give 

d& Ml nr dG 


_dii£r _ 

PrPi dpi 


= 0 


ir=i, 5, 6) 


The function G therefore satisfies these five equations, which are evidently 
a complete system of five mdependent equations with six independent 
variables, and consequently possess only one independent solution, this 
solution IS easily found to be 


I Pl. 

sti 2m,’ 


or T 


The functim G therefore tnvolves {pi, ,p,) only by means of the ecept'ession T . 
and since G is polynomial in (p,. , p,), it must also be pol3momial in T 

Since IS homogeneous in (y,, q^, , q,), and also in (p,, p„ , p*), and 

the expressions (X, M, JST) are each linear in (g-,, , q,), while T does not 
involve (gi. . , g,) and is of degree 2 in (p„ ,pe), it is clear that if T is 
involved in at all, it must be as a factor so we can write 

<fi, = h{L,M,N)T”', 

wheie A IS a homogeneous polynomial in its arguments 


(x) DedmUon of Bruns' theorem, for vntegrals whvsh do not tnvolve i 
The equation which determines the function is 

.-P,, Pl, ,p,)- 




Pl 3pi 
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But we have 


fii dQ _ dG dT 
Pi dpi~fi^ 


= mh{L, M, N) T”*-\ 


and therefore 

/s=X(Pj. ,Pi,Pu- ,pi)-mh(L,M,N)T”^^V' 

Thus 

i> <l>t + <}>» + + 

= h(L, M, N')(^T”^-mT”>^^U) + x(P3. ,P*,Pi> , p») + ^4 + <l>t + 

The integral <j> can therefore be compounded from two other integrals, 
namely 

1® the integral h (L, M, N) (T — CT)**, which is itself compounded from 
the classical integrals, 

and 2® the integral d>', where 

^ + • . 

and <#)o' = X (Pi> > P^> > ?•)» 

h (£, M, N) T«-» U*, 


But IS an integral of the same character as except that its highest 
term, is of order two degrees less m (pi, . ,^ 0 ) than the highest term, 
<l>n,o{ <f>. Now we have shewn that <}> can be compounded from the classical 
integrals together with the integral Similarly can be compounded 

from the classical integrals together with an integral which has the same 
character as but is of order less by four units than (f) in the variables p 
Proceeding m this way, we see that <j> can be compounded of the classical 
integrals together with an integral whose order m (pi, - ,p^)^ either 
unity or zero. If is of order unity m (pi, » , peX then m the equation 

we must evidently have Jfc = 0, in this case, therefore, is compounded of 
the classical integrals If is of order zero in (pi, . , pe), it is a function 
of (ffx » * ® - ) S«) already shewn that such integrals do not exist 

and so in any case </> can be compounded algebraically from the classical 
integrals Hence we have Bruns' theorem, that every algehatc integral of 
the differential equations of the problem of three bodies, which does not involve 
the time^ can be compounded by purely algebraic processes from the classical 
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(xi) EcctensKm of Bruns' result to integrals which involve the time 
We now proceed to consider those algebraic integrals of the problem of 
three bodies which involve the time explicitly 

For this purpose we shall take the equations of motion as a system (§ 166) 
of the 18th order we have therefore to investigate integrals of the form 

where /is an algebraic function of its arguments, and a is a constant 

The function / is not necessarily rational m its arguments Let the last 
equation be rationalised, so far as the variable t is concerned, so that it may be 
arranged m the form 

+ + >q9>Pi> + 

+ , q9>Pi> . .,JP9, t)^0, 

where the functions 0 are rational functions of t and algebraic functions of 
their other arguments (qi, , q^, pi, , p^) This equation may be supposed 
irreducible m i e such that it cannot be factonsed into other equations which 
are of lower degree in a and are rational m < • for if it is reducible, we can 
suppose it replaced by that one of its irreducible fectors which corresponds to 
the ongmal equation f^a 

Differentiatmg with respect to t, we have 


Now the quantities d^rjdt^ when expressed in terms of (yj, jg, 

Pif •> 1 > 9 j are rational functions of t • so that the previous equation would 
be reducible in t if this equation did not vanish identically It follows that 
this equation does vanish identically that is, 

dt 


^=0 


(rw 1, 2, w). 


The expressions are therefore themselves integrals; and hence the 
integral f can be compounded frotfi other integrals which are roMonal 
functions of t and algd)raic functions of (ji, .. , q^yPi, .. ,pg) 

Let such an integral ^ be resolved into factors Imear in t so that it may 
be written 


where (P .. - ,'^r) are algebraic functions of (gx, . .q^fPif*, Jp^). 

Smce this expression is an integral, we have 
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W ’ W ’ ■ ’ replaced by their values (P, H), 

(^i> S), , (•yfri, H), this equation must become an identity but this can 

happen only if 

‘^■^ = 0 , l _^* = 0 l _^'-0 1 ^^^-0 

dt ^ di ’ 




1 e if each of the expressions 


dt 


dt 


P, t ^ <6i, t — ^2, . , t — <l>jc, t — i t — 'sjri 

IS an integral Hence any algebratc integral of the •problem of three bodies 
which involves t can be compounded (1) of algebraic integrals which do not involve 
t and (2) of integrals of the form 

♦ 

t — <h— Constant, 

where ^ is an algebraic function of{qu jpi, , p^) 


Now it IS known that 


^_2h3i±^Mt±2M^ = Constaiit 

Pi+P*+Pt 

is an integral hence any algebraic mtegral of the problem, which involves t, 
can be compounded of 

(1) algebraic integrals which do not involve t , 

(2) integrals of the form 




»ligi + ”tag4+ w»g7 

Pl+Pt+P7 


= Constant, 


where ^ is an algebraic function of (ji, . , qa, pi, . , p,) , and 


(3) the classical integral 

^ OTigi-P wi3g4 + m,g7 
Pi+Pi+Pr 

But the integrals in classes (1) and (2) axe algebraic integrals which do 
not involve the time, and hence, by the result already obtained, they are 
combinations of the classical mtegrals. 


rhus finally every algebroiW integral of the differential equations of the 
proUem of three bodies, whether it involves the time or not, cm he compounded 
from the classical integrals. 

Bruns’ theorem has been extended by Painlevd*, who has shewn that every mtegral of 
the problem of » bodies which mvolves the velocities algebraically (whether the coordinates 
are involved algebraioally or not) is a combination of the classical integrals. 


I 


• BuK .4*lr XV (1898), p 81 
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166 Poincard's theorem 

We shall next establish another' theorem on the non-existence of a certain 
type of integrals m the problem of three bodies, which is in many i aspects 
analogous to that of Bruns, and was discovered m 1889 by Poincar^* 

(i) The equations of motion of the restricted problem of three bodies. 

In the restricted problem of three bodies, the equations of motion of the 
planetoid can (§ 162) be written in the form 

dq^ 9 JjT dpf 9Zjf /* _ i <■> n 

' dt ^dpr' dt dqr 

where I{^JB[o + + , 


£ro=- 



and fig, are periodic in ji, q^y with period 2'7r 
The Hessian 


3»H. 



3jpi323a 

_^o 

3»H, 

dpidpi 



IS evidently zero , as this circumstance would prove mconvenient m the proof 
of Pomcard’s theorem, we shall modify the form of the equations so as to obtain 
a system for which the corresponding Hessian is not zero 


Write = and let H — hhe the mtegral of energy, then we have 
It " 24 dp, * dt'^ 2h dqr ^ 


and therefore, taking a new function H equal to Kj^h, we can write the 
diflFerential equations of the restricted problem of three bodies m the form 


dqj _ dH dpr _ __ dH 
dt dp, ’ dt dqr 


2 ), 


ivhere for sufficiently small values of p, H can be expanded as a powei -senes 
in the parametei p, 

ifo + pBi + -f , 


md 2*^.- l,+^+«V. 

the Hessian of is not now zero, and (Hi , H,, ) are penodic in g,, q^, with 

period 27r 


* Acta Math xm (1890), p 259, Nomi Mfth de la me Cel i (1892), p 283 
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(ii) Statement of Poincare's theorem 

Let <E> denote a function of (q^ Pn 1>2> r) which is one-valued and 
regular for all real values of q^ and q^, for values of //- which do not exceed 
a certain limit, and for values of pi and which form a domain D, which 
may be as small as we please , and suppose that <1> is periodic with respect to 
qi and having the penod 27 r Under these conditions the function O can 
be expanded as a power-senes in /a, say 

where Oo, <l>a, 4 >a, are one- valued analytic functions of (gi, quPuP^> periodic 
in and q^ Pomcar6^s theorem is that no integral of the restricted problem 
of three bodies eansts {except the Jacobian integral of energy and integrals 
equivalent to it)^ which is of the form 

= Constant, 


where w a function of this character The proof which follows is applicable 
to any dynamical system whose equations of motion are of the same type as 
those of the restncted problem of three bodies 

The necessary and sufhcient condition that = Constant may be an 
integral is expressed by the vanishing of the Poisson- bracket (J?, ^), so that 

{u„ <&,) + M K-ffi, *.) + (■S'o. *x)} + ^i) + + = o> 

and therefore (-ffoi *^*0) = 

(ir,.<E)o) + (fi,.<l'i) = 0 


(iii) Proof thxt %a not a fun(^n of 

We shall first shew that cannot be a function of fi« For suppose a 
relation of the form 4 >, = (jffo) to exist From the equation = Et(pu pj) 
we have on solving for Pi an equation of the form and 6 will 

be a one-valued function of its arguments unless dH^jdp^ is zero in the 
domain D Replacing pi by its value 6 in the function d>o (ji, Jj, pi, Pa), we 
have an equation of the form 

(31. 2a> J>1« Pa) “ ■®«’ P*) ’ 


and as <l>« 18 a one-valued function of its arguments f will be a one-valu^ 
function of (3., g,. -ff.,Pa), but by hypothesis, the function ^ depends o^y 
on if, It follows that is a one-valued function of lf„ so long as tbe 
variables p„pa remain in the domain !>, and provided Sifo/Spi is n^ zero m D, 
or more generally provided one of the derivates dHoIdjh and 0 flo/ 9 pa is not 
zero in D. a condition which is evidently satisfied in general Since ^ is 
a one-valued function, the equation ^ (if) = Constant wfll be a one-va u 
integral of the differential equations, and therefore f (if) - Constant 
will also be a one-valued integral, and will be expansible as a power-senes 
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in it will moreover be divisible by /i, since < 1 >q — i/r {E^ is zero. Tf then 
we write 

the equation = Constant will be a one-valued analytic integral writing 
0)' = <!>/ 4 - -h + , 

the function <I>o' will not in general be a function of Hq if however it is a 
function of So, we perform the same operation again, thus arriving at a third 
one- valued analytic mtegral, whose part independent of fi will not m general 
be a function of So, and so on It is evident that in this way we shall 
ultimately obtain an mtegral which does not reduce to a function of So when 
fjb is zero, unless is a function of S, in which case the two integrals S and 
are not distmct 


If, therefore, there exists an mtegral <I> which is one- valued and analytic 
and distinct from S, but which is such that O® is a function of So, we can 
always denve from it another integral, of the same character but such that 
it does not reduce to a function of S© when vanishes. We can therefore 
always suppose that ^o is nof a function of Sq 

(iv) Proof that 4>o cannot involve the variables qi, 

If the function 4E>o involves the variables yi, jj, then since it is periodic in 
these variables we can wnte 


where and are positive or negative integers, i denotes the 

quantities are functions of pi, pj, and f represents the exponential 

co-factor of Since So does not involve q^, q^, we have 




8p, dpi dqt 


But we have d^oldqr— S so the equation (So, 4>o)'fi»0 

becomes 






dEo 




> Spi ^ dpj 
and therefore (as this equation is an identity) 


?:=o. 




Hence we must have either 


dE, dE,\ 


= 0 or midEt/^+madEt/^^ = 0, 

but the latter alternative is possible only when mi and m* are both zero, or 
when the Hessian of is zero, which is not the case. It follows that all 
the coeflScients are zero, except and consequently 4 >o does not 

involve the variables qi and 5 ,. 
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(v) Proof that the earistence of a one-valued integral is inconsistent with 
the result of (iii) in the general case 
Consider now the equation 

(JBTx, ^o) + (flo, <E>i)-0, 

or 

r- ^Pt oqr r=l Opr dqr 

As the functions Si and Oi are periodic with respect to q^, they 
be expanded in senes of the form 


can 


Bi 

Ml tin 

^.= 2 0 , 


S 5 eiK 9 i+»»* 9 »)= 2 5 ^,^r,say, 

9 ^ 1 , Ms 


7/i|| 


where mi and are positive or negative integers, and the ooeflGlcients 
and 0 ^ ,^ depend only on pi, p. We have therefore 

V- ^ w‘‘ ^ 

iny,mi " ^ »»i»W8 

4 aOoaSi 4 ds^d^i . 
so the equation 2 2 -5-^ -5— '=0 

r-l 0JJr 9?r r«l 9jPr 9?r 

or (since this equation is an identity) 

/ 90 , , 90 o\ « / 9 if,.^ 9 F,\ 

This equation is valid for all values of pi, p, and therefore for values of 
p, and p, which satisfy the equation 

ZHo , dEt - 

mx- 5 -- +ma- 5 — -0, 

9 pi 9 pj 

we must have either 

“®m„ 1(1* ^ 90o/9pi + m* 90o/9ps = 0 

We shall say that a coefficient ^®®ome8 secular when p„ p, have 

values such that midHtldpi + ms 9 J?o/^a =»0 

As JET IS a given function, the coefficients are given. In the general 

rtf an of dynamical systems expressed by differential equations of the kmd we 
are considering, no one of these coefficients will vanish when it becomes 
secular, and we shall take this case first so that the equation 

mi 90 ,/c!pi + m* 90o/ap, = 0 

18 a consequence of the equation mi dHtldpi + dHJdpi = 0 

Now let fc„ h be two mtegers suppose that we give to pi and p, values 
such that the equation 

oHq dxZo 

kidpi~k»^ 


^ V_ 
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IS satisfied We can find an infinite number of pairs of integers to* such 
that mi^i + OTsifca is zero and for each of these systems of integers the 
expression mj dHJdpi + dHt/dp2 is zero, and consequently 

nil d^ejdpi + nia d^o/^Ps 

IS zero Comparing these two equations, we have 

dHqjdpi _ dHJdpa 

03>o/0pa’ 

so the Jacobian d{Hi,, 4>o)/S (pi, Ps) is zero for all values of pi, pa for which 
dHal^pi and dSajdpa are commensurable with each other Thus in any domain, 
however small, there are an infinite number of systems of values of pi , pa for 
which this Jacobian is zero as the Jacobian is a contmuous function, it must 
therefore vanish identically, and consequently 4 >o must be a function of 
But this 18 contrary to what was proved in (m), and therefore the tunda- 
mental assumption as to the existence of the integral <E> must be erroneous , 
that IS, the Hamiltonian equations possess no one-valued analytic integral 
other than H—h, provided no one of the coefiScients ^ vanishes when it 
becomes secular 

(vi) Removal of the resbncbiom on the coefficients -8^1, wj 

We have now to consider the case in which at least one of the ooefificients 
B vamshes when it becomes secular We shall say that two pairs of 
indices (mi, and (wh', m,') belong to the same class when they satisfy the 
relation mijm^ = majm^ , and that m this case the coefficients and 

belong to the same class 

We shall first shew that the result obtained m (v) as to the non-existence 
of one- valued mtegrals is true provided that in each of the classes there is at 
least one coefficient B^ ,^ which does not vanish on becoming secular For 
suppose that the coefficient B^ .^^ is zeio, but the coefficient B^ ,^ is not 
zero If pi, P b have values such that mj dH^ldpi + niadHa/dpa is zero, we have 
wfdHaJdpi + ma'dHa/dpa — 0, and consequently 


Wla 


f aOo , 94>,\ . 


B. 






a<i>o . 3<i>o\ ^ 


and although the relation d^aldpi -k m2d<t>o/dp2 - 0 cannot be inferred from 
the former of these equations, it can be inferred from the latter the proof is 
in other respects the same as m (v) 

Now a class is completely defined by the ratio of the indices mj, Wj, let 
X be any commensurable number, and let C be the class of indices lor which 
mi/wia — \ We shall say for brevity that this class G belongs to a given 
domam, or is in this domain, if a set of values of jpi, can be found in this 
domain such that 


dffo . dH, 
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We shall shew that the theorem is still true if in every domain S, however 
small, which is contained in D, there are an infinite number of classes for 
which not all the coeflicients of the class vanish when they become secular 

For take any set of values of pi, such that for these values we have 


9 ^ ^0 

0Pi 9P2 


= 0 


Suppose that X is commensurable, and that for the class which corresponds 
to this value of X, all the coefficients of the class do not vanish when they 
become secular the preceding reasonmg then applies to this set of values, 
and so for these values of pi and pa the Jacobian 9 (jffo, <E>o)/9(Pi» Pa) is zero 
But, by hypothesis, there exists in every domain 8, however small, which is 
contained in D, an infinite number of such sets of values of pi, pa The 
Jacobian consequently vanishes at all points of D, and therefore <I>o is a func- 
tion of J?o ; so, as before, there exists no one-valued integral distinct from fl 


(vii) Deduction of Pomca/rd's theorem 

In the four preceding sections, we have considered equations of the t 3 rpe 

dt dpr ’ dt dqr ’ 

in which JET can be expanded in the form 

Zr= + + > 


where the Hessian of with respect to pi and p^ is not zero, ffo does not 
involve and jj, and Hu ffj, . are periodic functions of qu qu and we have 
shewn that no integral of these equations exists, which is distinct from the 
equation of energy and is one-valued and regular for all real values of qi and 
qt, for values of /* which do not exceed a certain limit, and for values of p, and 
pg* which form a domain D, provided that in every domain, however small, 
in JD, there are an infimte number of ratios wij/m, for which not all 
the corresponding coefficients when they become secular 

This result can be apphed at once to the restricted problem of three 
bodies: for we have seen m (i) that the equations of motion in this probletn 
are of the character specified, and on determining the function H^ by actual 
expansion we find lihat the last condition is satisfied Pmncari's theorem, vs 

thus established^ 


Poincare’s theorem estobhsheethe non-existenoe of integrate «nt/wm w* * 

the Keplenm vanMee, which implies uniformity m the neighbourhood of ^ 
ieotorioM^ch have the earns osculating ellipse This however doM not exclude the 
Krtenoe of integrate which are uniform in domains of a different character Gt Levi- 

Clvita, Aota Math xxx. (1906), p 306 , . , u-j 

The theorem has been extended by Pomcatd to the general probl^ of 
of. Jo«r MitKdelaMiomiV 283 , it hae also been extended by Painlev6, C R. oxix 

(1900), p* See also Cherry, Proc Camh Phil Soc xxii (1924), p 287 


W. 1) 


95 
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(so that the symbol 8 denotes an increment obtained m passing from G to O'), 
we have 


S/ = ll(da!y + S{ii- 7(«, y)}^ +f(i^-V (^, y)}^ S {(&)<* + 


But we have 


find 


8 (h - V(a!, y)}i = -i{k-V(^, y)}-^ Sy) 

— i {A - y)}-^ (U cos 7 + sin 7) Sp, 

S l(da,y + (dy)^}i = ap d7 = + (dyy}i, 


whore p is the radius of curvatuie of the curve G at the point (^, y) 
Thus we have 

{h^V(iv,y) 


8/= J l(chy+(dyy]i{h-V(a!,y)}-^l^ 


, dV , 3 F 1 

Jcos 7 -^- 48 in 7 -^, 


Sp. 


This equation shews that if the quantity 

h—V(a;,y) . dV , dV 

lb negative at all points of G, then SI is negative, and so the integral I has 
its value diminished when any curve surrounding C and adjacent to 0 is taken 
instead of G as the path of integration 

Now suppose that another simple closed curve D can he drawn enclosing 
G, and such that at all points of D the quantity 


A-F 


1/ 9F^ dV\ 

lb positive Then, in the same way, it can be shewn that the integral I is 
diminished when any simple closed curve D\ enclosed by D and adjacent to 
jD, is taken instead of D as the path of integration 


When, therefore, we consider the aggregate of all simple closed curves 
situated in the ring-shaped space bounded by G and D — which is assumed to 
contain no singularity of the function V {x, y ) — it is clear that the curve 
which furnishes the least value of / cannot be G or D, and cannot coincide 
with 0 or jD for any part of its length There exist, therefore, among the 
simple closed curves of this aggregate, one or more curves K for which the 
value of I is less than for all other curves of the aggregate. Since K does 
not coincide with C ot D along any part of its length, it follows that the 
curves adjacent to K are all members of the aggregate in question, and hence 
that the curve K furnishes a stationary value of I as compared with all the 
curves adjacent to it The curve K is therefore an orbit in the dynamical 
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system Wo have thus ai rived at the theorem 
enclosed hy mother closed curve, and if the quantity 


If one closed curve he 


/i- V {ijc, y) 




be negative at all points of the inner curve and positive at all points of the ontei 
curve, then in the nng-shaped space between the two curves the) e erists ape) iodic 
orbit of the dynamical system, foi which the constant of erne) gy is Ir, As the 
quantity 

A-Ffey) , dV , dV 

oan bo calculated immediately for every point on the curves G and /), de- 
pending as it does only on the potential-energy function and the cuives 
themselves, this lesult fiunishca a means of detecting the picsence of peiiodic 
orbits 


169 Asymptotic solutions 

It sometimes happens in dynamical systems that motion in one orbit is 
asymptotic to motion m another, le, continually appioachos moie and moie 
closely to coincidence with it as the time increases, ]ust as a paiticlo dcsciibing 
the cm VO whose equation in polar coordinates is 

6 

continually approximates to motion in the circle r =a, as 0 increases indefinitely 
In particular, wo may have orbits which arc asymptotic to periodic oibita, so 
that the motion, which originally bears no resemblance to periodic motion, 
approximates more and more nearly to periodic motion as the time tends to 
infinity* Such a motion is called an asymptotic solution* 

Wo can of course have also a second kind of asymptotic solution which 
differs widely from a periodic solution when ^ + oo , but approximates to it 

for i - 00 in fact, if a periodic orbit is unstable, the path of a particle which 
is slightly disturbed from the periodic oibit will evidently be an asymptotic 
solution of this kind. * 

As we shall see in the noxt article, solutions also exist which belong at 
the same time to both of the classes of asymptotic solutions, \ e , they aie veiy 
nearly periodic when and cjo, but differ widely from poi iodic 

orbits in the meantime These are called doubly -asymptotic solutions^ 

170* The orbits of planets in the relativity-theory 

Excellent illustrations of periodic and asymptotic oibits aiepiovidcd by 
the paths which small particles (“planets”) describe in the gravitational field 

* Of. Poincar^, Nouv i Ch. vii Picard, Treuti iVAmhjse, in Ch vii 
t Poincar^, Acta Math xm, p 225 Meth Nouv iii Ch xxxui 
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due to a single attracting mass (the “sun”), when the Newtonian law of gravi- 
tation 18 replaced by the more accurate and philosophical laws belonging to 
the general relativity-theory 

A very full discussion of the&e orbits has been published by Y Hagibara, </«//> Jonni 
of Ast and Geoph viii (1931), pp 67-176 

Take the origin of coordinates at the sun, and let the position of the planet 
in the plane of motion be specified by two coordinates (r, 6) which may be 
plotted as ordinary polar coordinates (though strictly speaking the distance 
of a point from the origin is represented not by r but by a certain function 
of r) Denote the time by t, and let dsF be defined as equal to the quadratic 
differentnal form 

where c denotes the velocity of light in free space and a is a constant de- 
pending on the mass of the sun. Let 




l-= 

r 


where accents denote denvatives with respect lo « then it is shewn in 
treatises on Relativity that the equations which determine the orbit of the 
planet arc the Lagrangian equations 


(dfdl 

T\ dT - 

ds\3i 


dfd'. 

F\ dT ^ 

' dAjdi 

y]~ 


V\ dT . 

^ da\dt 

i^) dt~^ 


The last two of these equations give at once = Constant and Constant, 
or 

ds 

/l_a\ dt_ k 

\ r) d8~ c* 

where k and /9 are constants 

Substituting from these equations in the equation 

ds* = c» ^1 _ dP _ 


wc have 


dr» 


-/Sr* -h . 


(? 


l- = 
r 


-r* 
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BO writing M for 1/r, the differential equation of the orbit of the planet is 

Since the expression on the right-hand side is a cubic pol 3 momial in this 
differential equation may be integrated in terms of elliptic functions putting 


the equation becomes 


where 






4 ’ 


1 aU-= 

^'“216’^ 24 16c= 


The integral is thciefore 

where (7 denotes a constant of integration, so the equation of the orbit in tenns 
of the coordinates r and 0 u 


a 

4r 




Among these orhits we shall consider specially the following 


(i) Quasi-elliptio orbits 

When gt and gi are real and the discriminant A = y2‘-27^fs= is positive, 
the three roots e^, e», e*, arc all real let them be arranged in the oidci 
fli >«,>«». Then 

sx f 18 purely real, 

and — 1 IS purely imagmaiy 

J-o. (is’-giS-gif 

Under those circumstances, for the orbit whose equation is 




wo have 


when^eO, jj;==i^ + e.i> 


a ^ 

and when » = “n ^ 


12 

1 


= 0, 

(i“ /] 

;)<o, 

= 0, 

d^ /] 

;)>o, 


so there is a peiicentre at ^ = 0 and an apocentre at (? = wj, provided ,Jj + 

is positive, a condition which is readily found to he equivalent to 

For such orbits, the rrniius vector i oscillates between the two fixed finite 

values — and , so that the planet’s orbit is compiLscd between 

I* + 4ej( i 
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two concentric circles whose centres are at the siin the motion of the planet 
in fact has a general resemblance to elliptic motion iindei the Newtonian law, 



except that there is a progiessive motion of the apsides between the con- 
secutive pericontres or apocentres, the increment in the angle 6 is not 27r as 
It IS under the Newtonian law, but 26>i, which differs from 27r In our actual 
planetary system, however, the difference 2 g)i — 27r is too small to be observed 
except in the case of the planet Mercury 

Evidently these quoM-elliptic orbits'* as we may call them, are periodic 
whemver is commensurable with ir. Thus we obtain a family of oo ® periodic 
orbits which have a pencentre on the line 0 = 0, or taking account of the fact 
that rotations round the origin transfer orbits into orbits, we have oo ® penodic 
01 bits of this class 

(ii) bits doubhj-asymptotic to circles 

Suppose now that the constants k and ^ (which depend on the initial 


393 


170, 171] The General Theory of Orhits 

conditions) are such that the discriminant A is zero, so that two of the roots 
arc equal Let e "be the repeated root, so the other root is - 2e, when 
e IS positive, putting 3 e = n\ we find readily that the differential equation is 
satisfied by 

4r"l2'*'3 cosh^Ti^ 

There is an apocontre at = 0 if this gives a positive value for r, that is, if 
1, a cohdition which is ro<\dily found to be equivalent to 
Whene increases or decreases indefimtely, the orbit approaches spirally to 
the asymptotic circle 

a _ 1 

which IS interior to the oibit As n® lies between 0 and the ladius of the 
^isymptotic circle lies between 3 a and 2a 

(lii) Circular periodic 07 hits 

If in the quasi-elliptic oibits we suppose the aphelion distance to be equal 
to the ponholion distance, wo obtain a circulai orbit In this case 62= 
whore e^ and are the smaller roots of the cubic the disciiminant A is zero, 

a 1 

and tho repeated root of the cubic is negative, so ^ J9 » andtherefoio, tlie 

radius of the ctrcular orht, tf %t %s a hmihiig case of a quasnrelhptio 01 hit, must 
be > 3 a. 

Wo can however have a different class of circular orbits, for which the 
radius is <3«, namely the ciiclcs to which the asymptotic orbits discussed 
under (li) are asymptotic for these the repeated root of the cubic is positive 
These circular orbits for which r< 3 a ate unstable, since oibits exist which aic 
spirally asymptotic to them 

171. The motion of a particle on cm ellipsoid under no eastemal forces 
As a second example illustrating the general theory of orbits, we shall 
consider the motion of a particle on the surface of an ellipsoid under no ex- 
ternal forces. As we have seen in § 54 , the particle describes a geodesic on 
tho surface, so tho theory of the orbits is simply the theory of the geodesics 
on an ellipsoid, and the periodic solutions are simply those geodesics which 
are closed curves Now foi a geodesic on an ellipsoid wo have Joachimstal’s 

where p denotes tho porpondicular from the centre of the ellipsoid on tho 
tangent-plane at the point, and d is the diametei parallel to the tangent to 
the geodesic at the point Tho same equation holds for the lines of curvature 
on the ellipsoid; so that every geodesic may he associated with a line of 
curvature, namely, that line of curvature for which pd has the same value as 
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it has for the geodesic. We shall speak of the geodesic as "belonging to” 
the line of curvature There is only one line of curvature having a prescribed 
value for pd, but there is an infinite number of geodesics having this value 
for pd, so that an infinite number of geodesics "belong to” each line of cur- 
vature Now the line of curvature consists of two closed curves on the ellipsoid 
(being in fact the intersection of the ellipsoid with a confocal quadnc) the 
region between these two portions of the line of curvature is a belt extending 
round the ellipsoid and all the geodesics which belong to this linebf curvature 
are comprised within this belt*, and touch the two portions of the line of 
curvature alternately The matter is represented schematically m the diagram, 
where ABCDEF and PQRSTU are the two portions of the line of curvature, 



and AJRKELPMCT is an arc of one of the geodesics belonging to xt, touching 
one of the portions of the line of curvature at A, C, E, and touching the other 
portion at R, P, T 

In order that the geodesic may be closed, it is necessary (as in all ponstic 
problems) that a certain parameter (depending in this case on the value of 
the constant pd of the line of curvature) should be a rational number the 
geodesic is unclosed if this parameter is an irrational number If it is closed, 
then there are oo ^ other geodesics which belong to the same line of curvature 
and which are also closed, but if it is not closed, then no other geodesic 
belonging to this particular line of curvature can be a closed geodesic f 

Now consider the connection between the cx) ^ members of the family of 
geodesics which belong to the same line of curvature It is known (§ 144 ) 
that if 

^ Pu Pn) = Constant 

Ignoring the exceptional case of those geodesics which pass through an umbilicus* 
t This is obvious in the case when the ellipsoid is of revolution for then the two portions of 
the hue of curvature are parallel circles on the surface, and the oo i geodesics which belong to 
this line of curvature -are obtained from each other by mere rotation about the axis of 
symmetry. 
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IS an integral of a dynamical system, then the infinitesimal contact-trans- 
formation which IS defined by the equations 

. d<f> ^ d<j) ^ d(f> 

(where e is a small constant) transforms any trajectory into an adjacent curve 
which IS also a trajectory If we apply this theorem to the motion on the 
(dlipsoid, we find without much difficulty that the infinitesimal transformation 
which corresponds to the integral 

pd = Constant 

transforms any geodesic into another geodesic which belongs to the same line 
of curvature. 

Summing up, we see that the oo ^ ovhits of a particle Moviug on a/n ellipsoid 
under no external forces may he classified into families, each family con- 
sisting of oo ^ orbits i the members of any one family are either all closed or all 
unclosed, and a oertatn continuous group of transfoi moMons, which is closely 
associated mth the integral pd = Constant, transforms any orbit into all the 
orbits which belong to the same family 

172f Ordinary 'and Singular periodic solutions 

Still considering the motion of a particle on an ellipsoid undoi no external 
forces, we now observe that besides the geodesics which can he arranpd m 
families, there are on the ellipsoid three other closed geod^ics, pmely, t e 
three pnncipal sections of the ellipsoid These have quite a different chapter 
they are solitary, instead of belonging to families and the infinitesimal trap- 
formation which has just been mentioned transforms them not 
geodesics but into themselves— that is, they are mvarian im er ® 
formation. This last property suggests a resemblance mth t ^ 

•‘singular solutions” of ordinary differential equations of the first 
a differential equation of the first order admits a parpular 
transformation, then this infinitesimal transformation conges the 
mtegrul-curves into each other, hut it leaves invariant the 
TTon account of this resemblance a V-noiro .olntion^ 

Bvstem with two degrees of freedom) is called* ordinary i i 

oLmuo«8 tolly J « ' for »hicb tho 

has the same value, and which are tiansformed into each other by the in 

the oondifioo "foi tho 

* wviitt.fl.WAi'. Pjoc It 8 Edinhurghy xxxyih (1916), p 95 
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constant of energy has the same value If we suppose the constant of energy 
to vary, an “ordinary’’ periodic solution of a dynamical system with two degrees 
of freedom is in general a member of a continuous family of oo ® periodic 
solutions, over which the penod varies continuously, being constant over 
singly-mfinite sub- families A "singular” periodic solution is a member of a 
family of oo ^ periodic solutions*, over which the period varies continuously. 

In the problem of the motion of a planet about a single attracting mass 
in general relativity (§ 170), the periodic "quasi-elliptic” orbits are “ordintxry” 
periodic orbits, while the circular periodic orbits are “singular” 

There are marked diflferences between the properties of “ordinary” and 
those of “singular” periodic solutions For instance, the “asymptotic solutions ” 
of § 109 can exist only in connection with singular periodic solutions, and 
not m connection with ordinary periodic solutions an illustration of this is 
again afforded by the theory of geodesics on quadrics, for the only asymptotic 
solutions among the geodesics of quadrics are those geodesics which wind 
round and round the hyperboloid of one sheet, becoming ultimately asymptotic 
to the principal elliptic section of the hyperboloid and this elliptic section is 
a KSingular periodic solution 

The words “ordinary” and “singular” suggest that the “ordinary” periodic 
orbits occur most frequently, while the “singular” orbits arc exceptional, and 
indeed we find this to be true, so long as we confine ourselves to studying 
the soluble problems of dynamics It is therefore with some surprise that wo 
learn— what was first shewn by T M. Cherry in 1927— that for Hamiltonian 
systems with two degrees of freedom %n general there are no “ordinary” 
periodic solutions all the periodic solutions are “singular” The explanation 
of the apparent paradox is that a Hamiltonian system is in general insoluble, 
and for insoluble systems the periodic orbits are of the “singular” type 

The paradox may be compared to a familiar one m the theory of partial difforoutial 
equations If a partial differential equation of the first order 


IS given, the student is told that by eliminating p and q between the three equations 


/-o, 


-=0 


■ 

he will obtain in gcnonil an equation F{% y, ;e)=0 which represents the singular solution 
of the partial differential equation and he finds that, for the particular partial differential 
equations which aro given in toxt^books, this stetement is true Nevertheless, as was 
shewn m 1883 by Darboux, a partial differential equation of the first order %n general does 
not possess a singulai solution the equation F{Xy y, z)=0 in general represents the locus 
of the cusps of the characteristics The apparent contradiction between the student’s ex- 
penenco and D<irboux’s theorem is explained by the circumstance that the equations given 
as examples in the text-books have mostly been manufactured by starting with a complete 

* The case of motion on a surface under no external forces is exceptional, as m it the value of 
the constant of energy is immaterial 
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integral which represents a family of surfaces, and eliminating the two arbitiary constants 
and a partial differential equation formed in this way does in general possess a singular 
solution, namely the envelope of the surfaces represented by the complete integral 

Cherry’s theorem on penodic orbits and Darboux’s theorem on partial differential 
equations alike warn us not to take the properties of the more familiar “soluble” systems 
as representative of the properties of systems in general 

173 CharactensUc exponents 

The stability of types of motion of dynamical systems may bo discussed 
by the aid of certain constants to which Poincar6 has given the name oha7 ac- 
teristxo exponents^ 

Consider any set of differential equations 


dx^ 

dt 




(t = l, 2, ,n), 


where (Xu X*, , X„) are functions of (xu x,, , a„) and possibly also of t, 

having a period Tint, and suppose that a periodic solution of these equations 
is known, defined by the equations 

0 }^ = <jbi (t) 2, , n), 

where 4>ft + T) = <l>ft) (i = l. 2. .,n) 

In order to investigate solutions adjacent to this, we write 

“ (j>i (f) + ~ 

whore (f,, , f«) aie supposed to be small, and are given by the variational 

equations (§ 112) 

(- 1 . 2 . ■“) 

dt k^i OXje 

As those are linear differential equations, with coefficients periodic in the 
independent variable t, it is known from the geneial theory of linear differential 
equations that each of the variables will be of the form 

I e“**^,*, 

A!»1 

where the quantities flU denote periodic functions of « with the, period T, mid 
the n quantities «* i^re constants, which are called the charactmsho expomnts 
of the periodic solution. 

If all the characteristic exponents arc purely imaginary, the functions 
(ft ft. .... fn) can evidently be expressed as sums and products of purey 
Sriodic terms, while this is evidently not the case if the cha^tenstic 
Lponents are not all purely imaginary Hence a mmsary congou > 
rfaWiiy of the penodio orhvt %s that all the cJmractenstio exponents must be 

Toulow (2), IX (1907), p 208 
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We shall now find the equation which determines the characteristic 
■exponents of a given solution 

In one of the orbits adjacent to the given periodic orbit, let (A> 
denote the initial values of (fi, , fn) + be the value of 

after the lapse of a period the quantities (^|r^, > i^n) ^^re one-valued 

functions of (/Si, j 3 a, , / 3 n), which are zero when (^i, ^2, , ^n) are all zero, 

we have by Taylor's theorem (neglecting squares and products of , ^2, , , 

If Uk IS one of the characteristic exponents, one of the adjacent orbits will 
be defined by equations of the form 

so that /9, + i/pt = e“*^Sii(0) = e®*^iSi (i = l, 2, , , n), 

and consequently a set of values of J 3 i,j 8 a, , / 8 n exists for which the equations 

(i = l, 2, ,n) 

are satisfied- the quantity aji must therefore be a root of the equation in a 

= 0 


3^1 

8A 

+ 1 - 

8^1 

8^, ' 

9^1 

” 8/3„ 


dyjra 

aySi 

Opa 

• M ♦ • • • 

8^, 
■■ ” dl3„ 


Sfn 

••• * »i 

^^|r„ 

> • • 


Wx 

8/3, 



The charactmstvo eceponents are therefore the roots of this determmantal 
equation* 

174 Charactensho esoponents when t does not occur eaplioitly. 

When t IS not contamed explicitly in the functions (Zi, Z„), it is 

evident that if 

= (i=l, 2, 

is a solution of the equations, then 

®,= ^.(« + e) (i = l, 2, 

18 also a solution, where e is an arbitrary constant. The equations 

0 

= + 0 (i-1,2, 


♦ Ot H. F. Baker, Proc. Oamb Phil Soc xx. (1920), p. 181, 
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therefore define a particular solution of the variational equations, but as 
d^i {t + €)/9€ IS evidently a periodic function of ty it follows that the coefficient 
6®** reduces lu this case to unity and hence when 1 1 $ not contained explicitly 
in the original differential equations, one of the characteristic exponents of every 
periodic solution is zero. 

176. The characteristic exponents of a system which possesses a one-valued 
integral. 

Suppose next that the system possesses an integral of the form 
FixiyX^y. ,a?w) = Constant 

where jP is a one- valued function of (a?i, x^, , and does not involve t In 

the notation of the last article, we have 

F {<#^t (0) + A + = -P’ {<l>^ (0) + A} 

where for brevity F (x<^ is written in place of F (^Ui, ^ 2 > > ^n) Differentiating 

this equation with respect to we have 

11 ^ 1 +^!.^+ +|£^=o ' (1=1,2,. 

dxi d^i 3®j dfit 

where in dFjdaiu dFfdxt, etc , the quantities {xy, ®s. • . «») are to be replaced 

by <^(0), ^(0), ;<Pn{0) From these equations it follows that either the 

Jacobian ^ quantities . -^are all 

ssero when t««0 

Now if the latter alternative is correct, we see that (since the origin of 
time 18 arbitrary) the equations 

( 1 ) 


ZF . 


n 


r=» 

OXn 


must be satisfied at all points of the periodic solution This actually happens, 
eir in the case of the circular periodic orbits of a planet round a single 
attiioting mass in general relativity (§ 170 (lii)) for the general differential 
equations oounecting the radius r with the time t in motion roun^he attracting 

mass are readily seen from § 170 to be ^writing p for 






dr (, 

and these equation| possess the one-valued integral 

1 T 
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If this integral is written ¥ (r, p) = Constant, it is easily verified that for a 
circular orhit w'e have _ „ „ 

^-0, .nd g^=0 

which shews that for these circular petiodic orbits the conditions (1) aie 
satisfied 

However, it is evidently only in quite exceptional cases such as this that 
the conditions (1) are satisfied at all points of the periodic solution, and the 
other alternative, namely that the Jacobian 3 (yjri, -v/rg, , yfrn) / 9 (A» > ^n) 

vanishes, must be in general the true one but when the Jacobian is zero, the 
detcrminantal equation for the characteristic exponents is evidently satisfied 
by the value ~ 1, i e. by a = 0 ' so that one of the characteristic exponents 
IS zero Thus zn general^ ^/ the differential equations possess a one-valued 
integral^ one of the characteristic escponents is zero 

Another way of arriving at this theorem, in the case when the equations 
are those of a dynamical system, is as follows by § 144, if the system admits 

the integral ' 

,jp«,0 = Constant, 

then the variational equations are satisfied by 


rs 9<^ fs 0<j!) 


(r=l,2, ,n), 


■dpr' “a?r 

where e is a smarf constant but these values of Sg, and 8p, are periodic when 
the orbit whose variations are studied is a periodic orbit, and therefore the 
correspondmg characteristic exponent is zero, which proves the theorem The 
only exception is when the periodic orbit is transformed into itself by the 
infinitesimal transformation corresponding to the integral, — which again gives 
us the exceptional case of “singular'* periodic orbits These are, in fact, the 
Levi-Civita particular solutions (§ 149) helongmg to the integral 

Example If the differential equations do not involve the time explicitly, and poasesH 
p one-valoed integrals , Fp which do not involve shew that either Qo + l) charao- 
teiistic exponents are zero, or that all the determinants contained in the array 

l|9^c| 




2,, ^n) 
(Poincar^O 


are zero at all points of the periodic solution consideied 
176 The theory of matrices 

In the next article it will be necessary to make use of matiiccs . the elemontaiy notions 
of the theory of matrices will therefore bo given hero for the benefit of leaders who have no 
previous acquaintance with it 

Consider any square array 
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fomed of ordinaiy (real or complex) numbers a^, which will be called the demmts This 
array will be called a matmx}^ and may be denoted by a single letter A or by the notation 
(o^) It may be thought of as representing an operation, namely the operation of per- 
forming the linear substitution 


3^1 = «11^1+«12^2+ • +<»ln^n> 

y2=a21^1 + «22^2+ +«2»i^n> 


l3/n*=^nl^l + <2fn2^2+ • 

but the theory of matrices is based on the idea that a matrix is a nwmber^ in the general 
sense of the word number, so that matrices may be added, multiplied, etc Two matrices 
jls(apg) and are said to be equod when their elements are equal, each to each 

’that IS, K for ^«=1, 2, . The product BA of any two matrices B^{bpq) and 
A s {Up^ IS defined to be the matrix which has 

hpi aiq + hp2 «2fl+Jj>a +&*)» 


as the element of the row and column The matrix BA corresi>onds to the operation 
of performing the substitutions A and B in succession 


Matnx multiplication does not in general satisfy the commutative law that is, AB 
and BA are in general two dilferent matrices But matnx multiplication satisfies the 
associative law 

AiBa)^(AJB)0 

The matnx 

<1 0 0 0, 

0 10 0 

0 0 10. 


M the vmt mtnx and is denoted by JS The matnx B such that BA<mB is called 
the rte^prooat matnx of A, and is denoted by The matanx which is obtamed from 
A by wterohangmg its rows and columns is caEed the corrugate matnx of A, and is denoted 
by 4' 

If 4«(<^) is a matrix, the roots of the determmantal equation m r 

I *12 (*18.. =0 

<*21 ®28 


I <*nl** ■ • »• 1 

are oailed the taimt rood of the matnx A One of the chief theorems of the tl»oiy of 

matrices is YUS, thatt/j-i.Ja, ,»*,«»•« tk4 latent rooU of a matnx 

Ajtheitthe latent roote of ang funotumof 4,i<jy/(4),are/(ri),/(rj), ...,/(»») Inparticular, 
tke latent mote of the matnx 4 "* are the reoiprocale of the IcUent roote of A 

If 4 be a matrix, and S anothof matnx, the matrix BAB-'^ has the same latent roots 
as 4 

(It will be that the aboYO theorems have been stated m their general form 

wittot referring to exceptional cases.) 
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177 The charaotenstto exponents of a Harmltomm system 

Consider now in particulai a conservative dynatnieal system which for 
simplicity we shall suppose to have two degrees of freedom The equations of 
motion may be written 

dpi^_djS 

'di~dpx’ dt dpi’ 'dt dq-,' dt dq^’ 
where J3 is a given function of ( 31 , qa,pi,pi) Suppose that this system admits 
a periodic solution 

?i = Qi (f), 3a = Oa (0> Pi — (0i (*)> 

and let an adjacent solution be represented by 

= + Pi=Pi + '^u P» = -Pa + «a 

Then the equations to determme (|i, fa. Wi.'=»'a) are evidently 

d^i fc 9“^ a. 6 3*ir /n 

dt 0 pi 931 ^*9^51 93 b ^ Spi’ “9l>i9p2 

and three similar equations 

Let (fi'j fa', •BJ-i', wa') be ahother solution of these equations, so 

dt 9pi93i dpidqa * 9pi® “ Spidpi 
and three similar equations 

Multiply equations ( 1 ) by Wi', wa', — f/, — fa', respectively, and the equa- 
tions ( 2 ) by — wi, — wa, fi, fa, respectively, and add We obtain 

I (fi + fa W - f 1 ' ^1 - f 2 Wa) = 0, 

and hence the integrated equation 

“■ '®’i “ ^a' ‘®’2 = Constant . . » (3) 

Now the values, which (fi, fa, tsTj, ^a) acquire when t is increased by a complete 
period T, are linear functions of their values at the beginning of the peHlod: 
let the transformation which gives the values at the end of a period, (fi, 

OTi, in terms of the values at the beginning of the period, (fx? ®’ 2 )> be 

h = ^11 + risrffi + r^tSTa, 

h = ^ai + ^ 22?2 + ^23^1 + ^24'®-2, 

'^1 ” ^31^1 "H ^82^2 d" ^33®^1 "h ^34'®'2> 

^2 = ni ?1 + r42f2 + 7*43 tSTx + 

Denote the transformation or matrix (r^^j) by iJ Then by (3), JR trans- 
forms fitsTj' + fa'CTa' — f/ra-j — fa'-effa mto itself, and therefore 
fi vr/ -h fa W “ ^a ^®"2 

= (Vn fi + riafa -H ^3^1 + r i 4 'CJ 2 ) (rsif/ -f rgafa -h rasUr/ -|- rji W) 

+ three similar products 
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Equating coeflScients of etc in this equation, we have a set of equa- 
tions which are comprehended in the matrix-equation 

0 0 10 -^ 

0 0 0 1 
-1 0 0 0 
0 -1 0 oy 

0 “♦‘ 8 i’'u“>’arjs+riirj 2 +r 2 jr 42 -rgiru— rflrjj+j’urss-HrjiJ'is 

-rjjirii-r 4 irii+rur 8 i+rg,r 4 i 0 -»'ssns-»' 42 »’ 28 +»'M»’s 3 +»‘a 2»‘43 


The matnx on the nght-hand side is equal to 



-r„ ni rai> 
-r« ru r-sa 

-To Vj, 

-Tu Tu Tu, 


(Tn J’i2 r„ Tity 

rji rj, rjs rj* 

ra ra 

KTa Tta r<* 


or to 


yru r»i ra ra> 
ri, r* r* 

»*« n. r« 

Kru Tm ru ra> 


0 0 1 ON 

0 0 0 1 
-10 0 0 
d -1 0 0 > 


frn r„ ru nA 
rii rjB ra r* 
rn ra ra ra 
Nra r* r^ ra> 


Therefore denoting the matrix 



by S, we have /S «■ B'iSJt, where E' denotes the matnx conjugate to B, and 
therefore (B')‘~^>" 8 BS~\ 

This equation shews that has the same latent roots as B, and 

therefore that B~^ has the same latent roots as B, and therefore that the set 
of the latent roots of B is Ike same as the set of th&vr reciprocals the reciprocal 
of every latent root of B is itself a latent root of B Now if there exists a 
linear combination i; = aji+)9f8 + 'y'w, + 8«r2 of (fi, fj, wi, w,). such that its 
value ^ after completing a period satisfies the equation 

• • • • p * • * • p p ( 4 ), 

then on writing down the equations which express this condition, it follows at 
once that X must be a latent root of the matrix Ep But as we have seen in 
the last article, any solution of the equations (1) is of the form 

C (6), 

h N. 


26—2 
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where the a^s are the characteristic exponents and the iSj,’s are periodic 
functions of t of period T, and equation (4) can be satisfied by an expression 
of the form (5) only when t) involves a svngle one of the characteristic exponents, 

f, = e^ifSk{t) . -( 6 ). 

Substituting from (6) in (4), we have 

so the latent roots of the matrix B are the quantities where the a^s are the 
characteristic exponents 

Thus the result that the set of latent roots of B is the same as the set of 
bheir reciprocals now yields the theorem that when the differential equations 
form a Hamiltonian system, the characteristic exponents of any penodio solution 
may he arranged in pairs, the exponents of each pair being equal in magnitude 
hut opposite in sign* 

From the results of this article and § 174 it is evident that in the motion 
of a particle in a plane under the action of conservative forces, the characteristic 
exponents of any periodic orbit are (0, 0, a, — - a), where a is some number 

Example 1 Shex that, in the motion of a particle in a plane under the action of con- 
servative forces, if Wtt, denote the normal displacements in an orbit ad/jocent to 

a JcTiown periodic orbit in three consecutive revolutions, the ratio ^“(‘Wn^.g+wO/'^n+i has 
a constant value, which w the same for all adjacent orbits, 

(Korteweg, Wiener Sitmngsber xoill (1886) ) 

This number h is called the index of stahd/Uy of the periodic orbit Let the characteristic 
exponents of the periodic orbit be (0, 0, then the characteristic exponent a la con- 

nected with the index of stabihty h and the penod T by the equation 

ooshaT 

Example 2 Shew that (so far as the question of stability is determined by considering 
small displacements) a pemodto orbit is stable or not according as the associated index of 
stability IS less or greater (in absolute lvalue) than two 

"JThis of course corresponds to the fact that the orbit is stable or unstable according as a is 
purely imaginary or not 

Example 3 Discuss the transitional case in which the index of stabihty has one of 
the values ± 2 shewing that the equation of the adjacent orbits is of one of the forms 

u:=:^El{<p(s) + s^|r(s)}•hhr2y|r(s), 

(«) + ^2 («)> 

where <p and ^|r either have the penod S (denoting by s the arc in the periodic orbit, when 
S denotes its complete length), or satisfy the equations 

(ji(s+S)^ -<l)(s), ylr(8+S)=-\lA(s), 

and that the known orbit may be either stable or unstable (Korteweg*) 


This theorem is due to Poinoard, Mio C6l i (1892), p 193 
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178 The asymptottc soluhons of § 170 deduced from the iheoiy of charac- 
tenshc euoponente 

We shall now shew how those orbits of planets in the general relativity- 
thcory, which (§170) approach spirally to an asymptotic circular orbit, may be 
obtained by considering the characteristic exponents of this circular orbit 
Writing down the equations of motion, namely (§170) 

d / r' \ lac? , g/» , 

(isl , a )■*■ 2 a 


and eliminating s and 6 between them, we obtain 
1 (ZV 3a /drV lac“ 

while from (2) and (3) we have 



(1). 

^ 

rr c*V/3 

(2), 


(3). 

w 

II 

0 

(4), 


and differentiating this. 


de 

a dt 
r 


t 

■/«’ 


£9 

dt' Hit 


drd6 


1 - 


a.dt dt 


= 0 


.(5) 


Equations (4) and (o) are the equations of motion when r and 6 are taken .as 
dependent variables and t as independent variable If r = ro (f), d = (f) are 

the equations of an orbit, then in order to determine the small oscillations 
about this orbit we put 

r = ro(Z) + |, B = dti{t)+'ri, 

and neglect the squares and products of f and i; The charactciistic exponents 
arc found by solving the differential equations in f and 17 

In particular, if the orbit is circular and of radius it,, wo must have 


and thorofore by (4) 


^ = 0 and ^ = 0 , when r = 

dt dt‘ 


ro»0,“ = iac*. 

The equation in f now becomes, after a simple loduotion. 


.( 6 ) 
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It is evident from this equation that a cvrouldr orbvt can be stable only 
when its radius is greatei than 3«, as we found in §170 When the radius is 
loss than 3a, the solution of equation (6) is of the form 





(7) 


Tho charnctoristic exponents being ± - 1 two terms on the 

right-hand side of (7) correspond to the two types of asymptotic solution to the 
circular orbit, namely the type which approaches the circle by a right- an e 
spiral and the type which approaches by a left-hxmded spiral It appear^ from 
§ 170 that a planet moving away from the circular orbit in a right-handed 
spiral, when it attains a certain distance from the attracting centre, passes 
through an aphelion, after which it moves m again asymptotically towards the 
cncular orbit in a left-handed spiral but of course this fact cannot be inferred 
by the more consideration of characteristic exponents 


179. The characteristic exponents of “ordinary” and “singular” periodic 
solutions 

We have soon (§ 177) that in a dynamical system with two degrees of 
freedom, the characteristic exponents of any periodic orbit arc (0, 0, o, - a), 
whore a is some number, and in the last article we have seen that for t o 
circular periodic orbits of a planet in general relativity-theory, ^h^ 
“singular" orbits, the quantity a is not zero On the other hand for the 
.,uasi-olliptic orbits (§170), which are “ordinary” orbits, and for which conse- 
iiuontly the period is constant over a singly-infinite sub-family, a is zero Ihis 
result 18 true for Hamiltonian systems with two degrees of freedom in general. 
for “ordinary” penodic solutions, all the charactenstw exponents are zero • but 
for “singular" periodio solutions, two exponents are zero and the other two are 
±a, where a is not zero and varies continuously over the family of singular 
periodic solutions 


180. Lagrange’s thi ee particles 

We shall now consider specially certain periodic solutions of the problem 
of three bodies 

Let tho otiiiations of motion of the problem bo taken m the reduced form 
obtained m § 100, and let us first enquire whether those equations ailniit of a 
particular solution in which the mutual distances of tho bodies are invariable 
throughout tho motion 


OF Pomcard, Nouv ii §148 
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The mutual distances are 


it follows that, in the particular solution considered, tho quantities 

, — p? — P^ 

q,, and cos 53 cos (74 sin sin 5^4 

must be constant, and hence tho functions U, d U/dqi , dUldq^ must be constant, 
where IT = Smj 77 ^ 2 ^ 12 “^ 

The equations 

^ dpi fJb dp,i jx 

shew that pi and must be permanently zero while the equations 
. dH dU _ 9H iV 

^ 02x dqx dq, p q^' dq^ 

shew that jj# and jp^ must be constant 
Moreover, the equations 


0 =2Ja=- 


shew that the expressions 


dq,’ 


0 = ih-~ 


dji 

dqt 


dqA 

h\ 

are zero, so wo have 


and 


— n * p^ \ 

cos <7, cos 54 - 2 pfh ^^7 

— P» — Pi^ \ 

cos <?, cos q^. - 2 pip t ^7 


tan ^3 cot qi = cot q^ tan qt = 


'%hpi ’ 


and therefore p? + p ;j-A,2=± 2pap4, 

or /c^ = (Pd±P4)S 

an equation which shews that the instantaneous pianos of motion of the 
bodies fx and p coincide with tho plane thiougli those bodies and tho origin 
in other words, the motion of fx and p! takes place in a plane and thcrefoie 
the motion of 7nj takes place in a plane 

It follows that, the centre of giavity 0 of the S 3 ^stem being supposed at 
rest, the particles nh^ nu^ 7?i, (which wo shall denote by P, Q, B) must move 
m circular orbits round 0 We have now to sec if such a motion is possible 

One condition which must obviously bo satisfied is that the resultant 
attiaction of any two of the pai tides on the thud must act m tho line joining 
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1 i. c Thici condition is satisfied if the 

^ .. .. . ...u 

line, it gives 

Wi ,m PRO = ^ sin QBO, and two similar equations 

TR^ QR' 

But since 0 is the centre of gravity of the paiticles, wc have 
m, smPRO _ sin QPR ^ QR 
m.,BmQR0 am PQR PR’ 

and this combined with the preceding equation gives PR= QR smu ar y wc 
*" 0 ^ 

them must be equilateral v„j,„o fp,«« 

Considering first the collinear case, let the distances of the bodies fro 

their centre of los^scn the 

conespondmg to circular motion round 0, we have 

ftStti = - Wlj (Os - ai)““ - Mia (Ua - ai)“^ 

whore n is the angular velocity of the line PQR> and similarly 

nhi, = - ma (oa - aar + (a. " «*«» “ 

Fiom these equations we readily find 

{(1 + ky-i}+ (1 + ky (fc» - 1) + [k^ - (1 + m * 0. 

where k denotes the ratio (a, - cta)/(aa - aO 

This IS a quintic equation in k, with real coefficients Since the 
side of the equation is negative when k is zero, and positive when /c-. 4- « 
there is at iLt one positive real root, such a root determines uniquely leal 
values lor the ratios o. a, a,, and if n is given, the distances «„ a^. jr* can 
bo completely determined It follows that there are an infinite -number of 
solutions of the problem of three^bodies, in which the bodies renutin always in a 
Liyht lie J constant distances fiom each other the straiyH hue ro ates 
umfimhj, and when its angular velocity has been {arbiti a) ily) (miyned, the 
mutual distances of the bodies are determinate 

Considering next the eciuilntcral case, lot a bo the k-iigth of one side of 
the triangle formed by the bodies, an.l let « bo its angular vol..ciby, .Sineo 
the foicc .xctiiig on m, is that which corresponds to a circular mbit lound 0, 

Avo hiW e 

’ii2 cos PRO + cos QRO = If OR, 


a condition which reduces to 


w, + Wj+9» I 
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The conditions relating to the motion of Q and of It reduce to the same 
equation and hence a motion of the kind indicated is possible, provided n 
and a are connected by this relation. Hence there are an infinite nwniber of 
solutions of the prdblem of three bodies, in which the triangle formed by the 
bodies remains eguilateral and of constani sxze^ and rotates uniformly in the 
plane of the motion the angular velocity of its rotation can he arbitrarily 
assigned, md the size of the triangle is then determinate. 

The two particular types of motion which have now been found will be 
called Lagrange’s colhnear particles and Lagrange’s equidistant particles 
respectively* 

For more than a century after Lagrange’s discovery, its interest was sup- 
posed to be purely theoretical But in 1906 a new minor planet, 688 Achilles, 
was found to have a mean distance equal to that of Jupiter, and it was soon 
realised that the Sun, Jupiter, and Achilles constitute, approximately at 
any rate, an example of the Lagrangian equilateral-triangular configuration. 
Shortly afterwards came the discovery of three other Asteioids, 617 Patroclus, 
624 Hector, and 659 Nestor, which are in the same casef, and in the next 
25 years, six more Of this Trojan group,” five aie in longitude J upiter - 60°. 
and the other five in longitude Jupiter 4- 60° 

Example Shew that particular solutions of the problem of three bodies exist, in which 
the bodies are always oollmear or always equidistant, although the mutual distances nro 
not constant but are periodic functions of the time 

These are evidently periodic iolntione of the problem, and include Lagrange’s i>articles 
as a limiting case 


181. Stability of Lagrange’s particles periodic orbits in the vicinity. 

It has been observed that in the neighbourhood of any configuration 
of stable equilibrium or steady motion there exists in general a family of 
penodic solutions, namely the normal vibrations about the position of oquih- 
bnum or steady motion We shall now apply this idea to the case of the 
Lagrange’s-particle solution of the restricted problem of three bodies, and 
thereby obtain certain families of periodic orbits of the planetoid. 

Let S and Jbe the bodies of finite mass, and their masses. 0 their 
centre of gravity, n the angular velocity of SJ, x and y the coordinates of the 

* They were discovered by Lagrange m 1772 Oeuvres de Lagranffc, vi. p. 229 For references 
to extensions of these results to the problem of n bodies, of my article in the Kttcgklopdilie d 
math Wne vi 2, 12, p 529, to the papers there mentioned may be added E. O Lovett, dimw/i 
di Mat (8), XI (1904), p 1, W B Longley, Bull Amei. Math. Soc xui (1907), p, 824, and 
'E.'RMoxdiion, AnnaU of Math xu (1910), p 1, C Carath^odory, /iayer Ak WUs H2 
(1938), p 257 

t Of F, J Lmdeis, Atkivfd) Mat iv (190B), No 20 



410 


The Qmeral Theory of Orbits [oh xt 


dai _ 3 ^ dy ^ dK 
dt Bu * dt Bv * 


planetoid P when 0 is taken as ongin and OJ as axis of ® The equations of 
motion of the planetoid are (§ 162) 

dv _ dK 
dt die ’ dt dy ’ 

where ^ i (m* + «’) + m (uy — vx) — mijSP - niifJP 

Let (a, h) denote the values of {te, y) m the position of relative equilibnum 
considered, so that for the colhnear case we have_6 = 0, and for the equidistant 

«^e we have a = ll(m, + w,), 6 = 4 J3l, where I denotes the distance 

8J, so that (§ 46) 

The values of «, u m the position of relative equilibrium are easily seen to 
be — no and na respectively 

Write ajs=a + |:, y^^b+ij, u-~nb + 0, v = na + (f>, 

where y, 9, ,f> are supposed to be small quantities neglecting a constant 
term, we have 

K = i(d‘ + <l>^) + n(f,e~^,l,)-n’‘{a^ + br]) 

On expanding and retaining only terms of the second order in the small 
quantities, we obtain an expression for K with which the equations for the 
vibrations about relative equilibrium can be formed we shall for definiteness 
consider vibrations about the equidistant configuration in this case the 
expression for K becomes 

^ = ^i9’‘ + <f)^) + n {yd — f0) 

” 8(mi + «i,) (P + V^) - 3toi (f + (f - V3v)=) 


The equations of motion are 


^ d9 ’ 


’7 = 


3^’ “ af’ 

Solving these equations in the manner described in Chapter VII, we find 
that the period of a normal vibration is 27r/X,, where \ is a root of the equation 

V-w“\> + (^|-*»)w^=0, where 

* mi + ma 

The two values of V given by this equation will be positive provided they 
are real, since (f J - Ar=) is positive and they will be real provided 4 (fj — 
or (»ii + m2)*>27mi?nj, a relation which is satisfied provided one of the 
masses S, Jis at least about 25 times as large as the other When this condition 
IS satisfied, there exist two families of periodic orhts of the planetoid m the 
vicimty of Its equidistant configuration of rekiiive equilibnum, the periods are, 
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to a first approximation, %irl\ and 2'7r/X2, where and V are the roots of 
the equation in 

These orbits have been computed by various investigators by numerical 
integration 

Eojwniple* Show that, for one of tho modes of normal vibration of the planetoid in the 
Vicinity of the equidistant configuration, the constant of relative energy is greater than in 
the configuration of relative equilibrium, while for the other mode the constant is less than 
in tho configuration of relative oqmlibrium (Charher ) 

A Similar discussion leads to the result that the colhneo/r Lagrange's- 
particle configurations are unstable, hut the equation for the periods of normal 
modes of vibration has always one real root, and consequently in the neigh- 
bourhood of a position of relative equilibrium of the planetoid on the line SJ 
there eansts a family of unstable periodic orhits 

Those orbits have been computed by numerical integration 

Let 8 and J be the bodies of finite mass, and P the “point of libration*’ 



beyond /, at which the planetoid could remain at relative rest Then there 
is a sequence of periodic solutions as in the above diagram, leading (as the 
orbit enlarges) to an “orbit of ejection'' discovered by Burrau, m which the 
planetoid collides with J and rebounds from it Beyond the orbit of ejection 
wo find orbits which have loops round J, and, as was shewn in 1924 by 
Strbmgron of the Copenhagen Observatory and his co-workers, after many 
changes of type we come back to the original simple orbit round P, so that 
tho sequence returns into itself and we obtain a continuous complete closed 
set of periodic orbits, 

For further work on tho subject of orbits in the neighbourhood of tho Ugiange’s- 
partiolo solutions and tho icstiiotod piobloni of throe bodies goneially, cf the memoirs 
rofovrod to on page 530 of my aiticle in tho Eneyklopndie, and also E 0 Ixvctt, Aiti 
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yaeh. ciix {1902), p 281, F R Moulton, /Voe LUS (2), xi (1912), p m, Math. Ann 
T.TTITT. (1912X p 441, Proc Inter Ceng of Math. Cambndge, 1912, ii p 182, and 
Penodte OrhU (Warfimgton, 1920), which gives an account of researches by 
himself and by "W D. McMillan, T Buck, D Buchanan, W B Longley, and F L Gnffin. 
various memoirs by E Haerdtl, G Pavanmi, L A H Waiien, .T Ghazy, L Amoroso, 
J Fisoher-Petersen, P Pedeisen, K Bohlin, W W Heinrich, A Wintnor, K Popolf, 
T Matukuma, M Martin, N, Moisseiev, PiM the Sternberg State Ast?on Inst vii 
(19.36) and a long series of paiiers by E Stromgron and his school in the PiMikatiomr 
fra Kobenha'vne Observaionuni^ the results of which aie collected in No 100 (1935) 


182 The stabiliiy of orbus as affected by terms of higher ordar in the 


Tn the present chapter, in our treatment of orbits adjacent to a given 
orbit or to a position of equilibnum, we have considered only an approtcvmoAe 
solution of the equations of the varied orbit, since we have neglected the 
influence of all powers of the displacement above the flrst The effect of these 
neglected terms may however be of great importance, as may be seen from 


.( 1 ). 


the following example*. 

Consider the Hamiltonian system 

dt~dyi’ dt’^dyt’ dt dtCi ’ 

where if = JA (ah* + yi’) - ^ (a?.* + y**) + i« “ n’) - 2®i y. y.}- 

The first approximation, obtamed by neglecting all powers of the variables 
above the first m the differential equations, is 


dy, ^ 

df ~ dx. 




dt 


hjBi, ^=-2Xya, 


dy, 
'dt ’ 




of which the solution is 

iCi — -4 sm(Xi-l-€), yi~J.cos(X^ + €), jBsin(2Xi+7), ya»»-“ 5 cos( 2 X.^ + 7), 
where JB, e, 7 arc the arbitrary constants of integration This first 
approximation therefore suggests stability, and in fact merely a superposition 
of two simple-harmonic oscillations. 

It can however be verified without difficulty that the differential equations 
(1) admit the solution 

where e and 7 are arbitrary constants, and these equations represent orbits 
which are indefinitely near the origin when and 00, but which 

have infinite branches, all the coordinates becommg infinite as i approaches 


* Dae to T, CSherry, Tran$ Comb Pkih 8oe, xxin (1926), p 199. 
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the arbitrary value - e The position of equilibrium at the ongin is therefore 
unstable, in spite of being stable to the first order 

The general effect of the neglected terms of higher order on stabihty in 
dynamical systems has been considered by T Levi-Civita* and A R Cigalaf 
and in a senes of memoirs by D J. KortewegJ and his pupil H J. K Beth§ 
Considenng the oscillations about equihbnnm of a system with any number 
of degrees of freedom, Korteweg shewed that if «i, denote the frequencies 
corresponding to infimtesimal oscillations m the different normal coordmates, 
then when 

is zero or very small (where p^, ,, are small integers, positive or negative) 
certain vibrations of higher order, which are usually of small mtensity com- 
pared with the principal vibrations, may acquire an abnormally great intensity 
The most important cases occur when 

|P>I + |P«I+ '^4, 

these cases have been fully discussed by Beth 


183. AttraeUve and repellent regions of a field offeree 
The general character of the motion of a conservative holonomic ^^stem 
is illustrated by a theorem which was given by Hadamard|| in 1897. For 
simplicity, we shall suppose that the system consists of a petrticle of nmt. 
mass, which is free to move on a given smooth surface under forces derivable 
from a potential energy function Y, a similar result will readily be seen to 
hold for more complex systems 

Let (u, v) be two parameters which specify the position of the particle on 
the surface, and lot the line-element on the surface be given by the equation 

4- 2Fdudo + Qdi?, 


where {E, F, G) are given functions of u and v The kmetic energy of the 

T-HEu'+m^i-Kh^. 

and the Lagrangian equations of motion 6u:e 


£(dT\_dT^_djr 
3t\0w/ dt\di)) chi’" dv ’ 

which can be written 


{EG~F>)U> 


■G^J+F^^+il*{F 


du 


dv 


dF_ 

du 




du 




* AmaU H Hat v (1901), p. 921. t -^nnol* Hat. n (1904), p «7 

$ rtrhand. d JK. Ahad. «. Weteiueh v. No. 8 (1S97) Arehtvu Nierland (2), i (1897), p 229 
g ^witerrfamiVwt.xii. (1910), p. 618 and p.78fi xin(1911),p 742 AreMvei Nderland. (3), xy 
(1910), p. 946- (8a), i. (1912), p 186 Phtl. Hag. (6), zxvi (1913), p. 268 

II Jcum. de Math (5), m p S31. Of Synge, Tiam Amr Math Soc xxxiv. (1932), p 481 
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,^y Tn^y 


We have, by differentiation, 

rr ^y ^ 

3u 3» 0tt’ 
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9j;* 


Substituting for u and v their values from the preceding equations, we 


have 


where 


t— (iff - B (®^)‘ - i!pg e (|[)‘) + « (». »). 


The quantities occurring in this equation can be expressed in terms of 
defoTTnation-eovarianU*. The principal deformation-covanants connected 
with the surface whose line-element is given by the equation 
<fo® as Edu^ + 2Fdudo + Gd'^ 
are the differential parameters 




8^ 9^^ 
dv dv 


-F 


'I 

i9w dv 


0ti 0tt y ^ 0tt 0« J 


i. (« - m - F-y-i [I; 9 - (o g - f 


where <f> and ifr are arbitrary functions of the variables u and « 

* The definition of a deformation-oovwant m giren m the footnote on page 111. 
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With this notation, the preceding equation becomes 
r=-Ai(F) + 4>(M,v) 

Utilising the equation of energy 

Ev? + 2Fwo + Chi^ = 2 (A — V), 
and observing that the expression 

<I> (w, v) (dVIdv, — dV/du) 

Eu^ + ^Fm + QvP E(d F/a®)’ - 2F(d VJdv) (0 Fjdu) + G(d V/duy 
contains the quantity (udV/du + vdV/dv) as a factor, we can write 

F= - A, (F) + + (\« +,a®) F, 

where X and /* contain in their denommators only the quantity 


E 






and where ly denotes the expression 

<D ( 07 / 3 ^, ^dVldu)/(EG - 

we readily find that Ty can be expressed in the form 

Jr-A,(F)A,(F)-iA{F,A,(F)} 

Consider, on the orbit of the particle, a point at which F has a minimum 
value, at such a point F is zero and F is positive as Ai(F) is essentially 
positive (since the line-element of the surface is a positive definite form), it 
follows that ly^O, the inequality becoming an equality only when Ai(F) is 
zero, 1 e at an equilibrium-position of the particle 

As the particle describes any trajectory, the function V will either have 
an infimte number of successive maxima and minima (this is the general case) 
or (in exceptional cases) the function will, after passing some point of the 
orbit, vary continually m the same sense. Suppose first that the former of 
these alternatives is the true one then if we divide the given surface into 
two regions, in which ly is positive and negative respectively, it follows from 
what has been proved above that the former of these regions contains all the 
points of the orbit at which Fhas a mmimum value, i e. it contains in general 
an infinite number of distinct parts of the orbit, each of finite length , whereas 
m the other region, for which is negative, the particle cannot remain per- 
manently. These two parts of the surface are on this account called the 
attraohve and repellent regions. Each of these regions exists in general, for 
it IS eJisily found that any isolated point of the surface at which F is a mini- 
mum (i e any point where stable equilibrium is possible) is in an attractive 
region, and any point at which F is a maximum is in a repellent region* 

It IS interesting to Qpmpare this result with that which corresponds to it in the motion 
of a particle with one degree of freedom, e g a particle which is free to move on a curve 
under the action of a force which depends only on the position of the particle In this case 
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the particle either ultimatoly travels an indofiiiito distance in one direction or oscillates 
about a position of stable c(iiulibnuni The attractive region, in motion with two degrees 
of freedom, corresponds to the position of stable e<5[uihbrium in motion with one degree of 
freedom 

Consider next the alternative supposition, namely that after some definite 
instant the variation of V is always in the same sense We shall suppose that 
the surface has no infinite sheets and is regulai at all points, and that V is 
an everywhere regular function of position on the surface, so that, since the 
variation of V is always in the same sense, V must tend toward some definite 
finite limit, 7 and F tending to the limit zero Considering the equation 
7= — Ai(7) + 2(/t — 7) iipr/Ai(7) i^v) 7, 

we see that if Aj (7) is not very small, \ and are finite and the last term 
on the right-hand side of the equation is infinitesimal, and consequently 
either there exist values of t as large as we please for which is positive (in 
which case the part of the orbit described in the attractive region is of length 
greater than any assignable quantity) or else Ai(7) tends to zero. But 
Ai (7) can be zero only when dVjdu and dVjdv are zero, if therefore (as is in 
general the case) the surface possesses only a finite number of equilibrium 
positions, the particle will tend to one of these positions, with a velocity 
which tends to zero A position of equilibrium thus approached asymptotically 
must be a position of unstable equilibrium for the asymptotic motion re- 
versed IS a motion in which the particle, being initially near the equilibrium 
position with a small velocity, does not remain in the neighbourhood of the 
equilibnum position, and this is inconsistent with the defimtion of stability 

Thus finally we obtain Hadamard's theorem, which may be stated as 
follows If a ^article is free to move on a surface which %s everywhere regular 
and has no infinite sheets, the potential energy function being regular at all 
points of the surface and having only a finite mtmher of maxima and minima 
on it, either the part of the orbit described in the attractive region is of length 
greater than any assignable quantity, or else the orbit tends asymptotically to 
one of the positions of unstable equilibrium 

ExamyU If all values of t from - oo to + cjo are considered, show that the particle must 
for i)art of its course be in the attractive region 

184. Application of the energy integral to the problem of stability 

A simple criterion for determining the character of a given form of motion 
o{ a dynamical system is often furnished by the equation of energy of the 
system Considering the case of a single particle of unit mass which moves 
m a plane under the influence of forces derived from a potential energy 
function V {oc, y), the equation of energy can be wntten 

= y) 
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Now the branches of the curve V (aj, y)^h separate the plane into regions 
for which {V fe} is respectively positive and negative, but as 
IS essentially positive, an orbit for which the total energy is A can only exist m 
the regions for which Y (a?, y)<h If then the particle is at any time in the 
interior of a closed branch of the curve Y (4?, y) = A, it must always remain 
within this region The word stability is often applied to characterise types of 
motion in which the moving particle is confined to certain limited regions, and 
in this sense we may say that the motion of the particle in question is stable. 

The above method has been used by Hull*, Bohhn‘|‘, and Darwin J, chiefly 
in connexion with the restricted problem three bodies. 

185 Applicaium of integral^nvanants to xmestigationa of stability 

The term stabdUy was apphed m a different se ise by Poisson to a system which, m 
the lapse of time, returns mfinitely often to positions xndefimtely near to its original 
position, the intervening oscillations being of any magnitude It has been shewn by 
Poinoar^ that the theory of mtegral-invanants may be apphed to the discussion of Poisson 
stability. 

Oonsidering a i^tom of differential equations 

»^») ,n), 

for which JJJ J 

is an integral-invariant, we regard these equations aa defining the trajectory in n dimen- 
sions of a point P whose coordinates are (471,^8, ..,irn) If the trajectories have no 
branches receding to an infinite distance from the ongm, it may be shewn§ that if any 
small region R is tslcen m the space, there exist trajectories which traverse R mfimtely 
often • and, in fhct, the probabihty that a trajectory issuing from a pomt of R docs not 
traverse this region infinitely often is zero, however small R may be. Pomcard has given 
several extensions of this method, and has shewn that under certain conditions it is 
applicable m the restricted problem of three bodies 

The development of this hue of thought led to the &ryodic theoiem, for which see 
Birkhoft; Bull Amev Math Soc xxxvill (1932), p 361, where refereuc^ are given to the 
work of Birkhoft himself and of Koopman, Hopf, Wintnei, and J v Neumann Cf also 
T. Carleman, Ark Mat. Astr Fys 22 B, Nr 7 (1932) 


186 3ynye^$ ^^Geomstry ofDyncmxca ” 

A brief account will now be given of recent work by Syuge|J , m which dynamical 
problems are treated by aid of the tensor calculus. 

The motion of a dynamical system whose configurations are specified by M coordinates 
(^^ ^ thought of as the motion of a pomt m a mamfold of M dimensions— 

the “manifold of configurations.” If the kinetic energy of the system is given by 
(where the repetition of an index m a product imphes summation of that 
index from 1 to jV), the mfimtesimal 


♦ Amr Math, i (1878), p 76 + Math x. (1887), p. 109 

t AotaMath jxl (1897), p 99 ^ x, 1 . 

( Poinoari, Acta Math, xm (189Q), p 67. Nauv Mich m Oh xxvn on Pomoar6 s work on 

stability h la Poiwoit of B. Picard, BuU dec $c math (2), xxxvin (1914), p 320 

n J li Synge, “On the (Jeomctry of Dynamics,” Phil Trans A, 226 (1926), pp 81-1^ For 
the essentials of the tensor calculus the reader is referred to Levi-Civita*s AbsoluU Differential 
OateuluM (English translation), or to Bisenhart'a RAemanman Geometry 
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18 an invariant, defined by two adjacent configurations The squa^ root of this q^ntity 
may be caUed the distcmce between the two configurations and the above form ^he 
ktlruau>al hne^lement In the case of a particle of uni^t mass moving in sp^ or on a 
surface the kinematical line-element so defined is precisely the ordinary geometnoal line- 

element. 

The vector whose components are jr « called the veloeitt/ wctorand the vector whose 
components are where {«^«} 

IS called the accelerat^on vector It is easily seen (p 39) that the equations of ^on ^7 
be wntton /’•=«’•, i e. acceleration -force Just as in particle dynamics the 
vLtor can be resolved into components along the tangent and principal normal to the 
traiectory the components in these directions being respectively and v k, wh^ v 

IX m4^Le o^ the velocity and < is the first curvature This 

leads at once to a generalisation of Bonnet’s Theorem (p 94) 

The purely geometrical concept of the relative curvature of two ouwes in Biemannian 
space duetoLipka(^f Avm Math Soo xxix (1923), p 346), thro^ furthw light on the 
qLtJon of Lei^t Curvature (Chap «) and leads to the theorem When a 
eervoHve eyeUm w ^jeOed to coneMe, holonomta or non.holorumv>, the mtural oor^rair^ 
trajectory has, relative to the tmconstrained natwal trajectory v>ah the seme vdooity vector, 
a maUer earvature than any oth^ curve having the same tangent and saimfyvng the conditions 

of conitraint 

When the methods of the tensor calculus are apphed to non-holonomio systems, a 
determinate form of Lagrange’s equations is obtained A system of Jf equations of ^ 
stramt implies that the velocity vector must be perpendicular to a certain etement of M 
dimensions It is always possible to choose M orthogonal unit vectors m this element , 
if these are denoted by ^(j), , S'W. equations of motion may be written 

^ = Sr - (-B(,)«<r + B’-d) 

where for example, is the oovanant derivative of B(i)m, 

The application of the method is peihaps most interesting in treating the problem of 
the stability of a state of motion Two motions, the undisturbed and the disturbed, take 
place along neighbouring curves in the mamfold If the distance between simultaneous 
wnfigurations of the undisturbed and the disturbed motions remains permanently small, 
we say that the motion is stable tn the hinenmtical sense The infinitesimal disturbance' 
vector joining the undisturbed configuration to the corresponding disturbed configuration 
being denoted by ij', it is found that rf satisfies the equation 

where « 

the rniTwl curvature tensor of the manifold, and 
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the accent a denotes the contravanant tvme-Jlux^ viz 


~dt 


The magnitude of the disturbance vector, defined as satisfies the equation 

1 + *; (<5^mn«t A"* - = 0, 


\{here /*** is the unit vector codirectional with rfy fi. the magnitude of A** and the 
covanant derivative of 


When the correspondence between configurations of the undistuibed and disturbed 
trajeotonos is not that of simultaneity but is defined by the condition that the disturbance 
vector shall be normal to the undisturbed trajectory, permanent smallness of rj for this 
corres^iondence is called stability in the kiifiem>atiG 0 '’ 8 t(ittc€^ sense In this case also 
differential equations for the components and magnitude of the disturbance vector have 
been ^ven in the ease of a conservative system In the case of two d^rees of freedom we 
obtain 

where A is the magnitude of the disturbance vector (but here counted positive on one side 
of the undisturbed trajectory and negative on the other side), K the Gaussian curvature of 
the manifold, v’’ the unit vector along the normal, k the first curvature of the trajectory and bh 
the excess of the total energy in the disturbed motion over that in the undisturbed 
motion 


As long as we confine our attention to conservative systems and, in considering stabihty, 
think only of disturbances which do not change the total energy, the geometrical statement 
of dynamical problems assumes a simpler form when, instep of the kinematical line- 
element, we employ the aotion line-element^ 

F) F) 

where h denotes the total energy of the system 

For this Imo-element the ciUTes of natural motion are geodesics (curves of stationary 
length) by the Principle of Least Aotion (cf p 251), and their equations may be written 


In discussing questions of stability we have now to deal with the separation of two neigh- 
bouring geodesios. Corresponding points bemg those at equal (action) distances from 
assigned points on the two geodesics, the disturbance vector satisfies the equation 




where 




j- Sm nXjjfn 


The Ohristofifel symbols and curvature tensor are, of course, to be calculated for the action 
Ime-elemoni For the magnitude of the disturbance vector we have 




In the case of a system with two degrees of freedom this gives 

^ + Efi~0, 

where fi is the magmtude of the disturbance vector (taken without loss of generahty along 
the normal and affected with sign) and E the Gaussian curvature of the manifold calculated 
with respect to the action line-element 

27—2 
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187 Conneanon with the theory of surface transforma;h4)m 

The questions of integrability, stability, and the classification of various types of 
motion of a dynamical system with two degrees of freedom, have been studied by Poincar6 
and Birkhoff by a method which depends on the theory of the transformation of surfaces 
into themselves a full account of this method is given in two papers by BirkhoflF, 
“Dynamical systems with two degi’ees of freedom,’^ Trans Anier^ Math Soc xviii (1917), 
p 199 and “Surface transformations and their dynamical applications,” Acta Math xuii 
(1920) 

The topics studied in the presfMit chapter are tieated more fully in BirkhofF’s valuable 
woik DynaMicol Systems {Amer Math Soc Goll Pub ix (1927)) and iii Hussons IjCs 
trajectoii es de la dynamique (Pans, 1932) 

Miscellaneous Examples 


1 Shew that the motion of a particle m an ellipse under the influence of two fixed 

Newtonian centres of force is stable. (NovikoflF ) 

2 A particle of unit mass is free to move in a plane under the action of several 
centies of force which attract it according to the Newtonian law of the inverse square of 
the distance denoting the resulting potential energy of the particle by V(Xyy\ shew that 
the integral 

where the int<^pration is taken over the intenor of any penodic orbit for which the constant 
of energy has the value h (the centres of force being excluded from the field of integration 
by small circles of arbitrary infinitesimal radius), is equal to the number of centres of force 
enclosed by the orbit, diminished by two {MoiMy Notices It AS LXii p 186 ) 

3 Let a family of orbits in a plane be defined by a diflPerential equation 

g=4(*.y), 

where (a, y) are the cuirent rectangular coordinates of a point on an orbit of the family , 

and let denote the normal distance from the point ( 47 , y) to some definite adjacent orbit 

of the family Shew that bn satisfies the equation 

d^bn ^ 

■^+i8»=0, 


and Ms a variable defined by the equation 

dx , 
~ = 1 
dt 


d by the equation 

dt * 


(Sheepshanks Astron Exam ) 


4 A particle moves under the mfluenoe of a repulsive force from a nxed centre shew 
that the path is always of a hyperbolic character, and never surrounds the centre of force , 
that the asymptotes do not pass through the centre in the cases when the work, which has 
to be done against the force in order to bring the particle to its position from an infinite 
distance, has a finite value , but that when this work is infinitely great, the asymptotes 
pass through the centre, and the duration of the Whole motion may be finite 

(Sohouten.) 


5 Shew that in the motion of a particle on a fixed smooth surface under the influence 
of graiity, the curve of separation between the attractive and repellent regions of the 
surface is formed by the apparent horizontal contour of the surface, together with the locus 
of points at which an asymptotic direction is horizontal 
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6. A particle moves freely in space under the influence of two Newtonian centres of 
attraction , shew that when its constant of energy is negative, it describes a spiral curve 
round the line joining the centres, lemaining within a tubular region bounded by two 
ellipsoids of rotation and two hyperboloids of rotation, whose foci are the centres of force 
and that when the constant of energy is zero or positive, the particle desenbes a spiral 
path within a region which is bounded by an ellipsoid and two infinite sheets of hyper- 
boloids of the same confocal system (Bonacmi ) 

7 The necessary and siifidcient condition in order that a two-parameter family of curves 
defined by a differential equation 

(a?, y,y) 

may be orbits of a system defined by equations of motion 


IS that 


1+y* 


shall Iks the total derivative of a function of x and y with lespect to x 

(P Frank and K Ogura ) 


8. Tn the motion of a imrticle in a plane under forces which depend only on its position, 
a ono-parametor family of trajectories is obtained by starting particles at a given point in a 
given directum with all imsMible velocities Shew that the locus of the foci of the osculating 
parabolas is a cucle ^Missing through the point If the initial direction is, now varied, shew 
that the locus of the centres of the oo ' circles obtained is a conic having the given point 
jis focus and if the forces are conservative, this degenerates into a straight hne counted 
twite. 


0. In order that a system of oo ^ space curves, of which go ^ pass thiough every point 
in every direction, may bo identifiable with the system of trajectories of a particle in an 
arbitrary iKisitional field of force, it is necossaiy (but not sufhciont) that the system 
should have the following properties 

(rt) Tho osculating pianos of the oo * curves passing through a given point fonn a 
pencil that m, all tho pianos pass through a fixed direction 

(/3) Tho osculating si>hcios of tho oo ^ cm ves passing through a given point in a given 
dnxictum form a pencil : their centres thus he on a straight line 

10. Show that the oo * curves of a natural family which moot any surface ortliogonallj 
aro orthogonal tq oc ' sui faces, that is, foiin a normal congruence (Tho surfaces in question 
am tho Murfiwios of e<iual Action ) (Hamilton ) 

11 Shew that tho property i-oferiod to lu Ek 10 belongs exclusively to natural 
families. 

12 Tn oixlor that a family of oo^ curves in space may constitute a natural family of 
orbits, two properties aro nocossarj and sufhcicnt, viz 

(a) If tho osculating 011*0108 of those curves of the family which pass thiough a gi\ cn 
point are constructed at that point, they have a second point P m common, and thus 
form a hmdle tJonsequontly, tluoo of the cuolcs in such a bundle have fourqioint conUct 
with the corrosponduig curves 

{fi) Those three hypcrosciilating cuclcs will l )0 mutually oithogonal 
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13 The only point-transformations which oonvert every natural family into a natural 
family are those belonging to the conformal group 

[Examples 8, 9, 11, 12, 13 above are taken from memoirs by E Kasner in the Trans- 
aetums of the Amer HatL Soe., 1906-1909 For further work in this direction the reader 
IS referred to Professor Kasner’s Pnnoeton Colloquium lectures on JDiferentidl Geometno 
Aspects of Dywvmcs ] 

14 Two sets of 00 1 curves in a plane, which form an orthogonal system, are orbits in 
a certain conservative field of force. If V denote the Action at any point (^,3/) of a 
particle considered as moving on one of the first set of orbits, and 7 denote the Action at 

when the particle is considered as movmg on one of the second set of orbits, shew 
that C^and Y are conjugate functions of ai and y and that the families of curves 
(7-= constant, constant, are identical with the orbits 

(P G Tait and K Ogura ) 



CHAPTER XVI 


INTEGRATION BY SERIES 


188. The need for senes winch converge for all values of the time, 
Pomcari’s senes 

We have already observed (§ 32) that the differential equations of motion 
of a dynamical system can be solved in terms of series of ascending powers 
of the time measured from some fixed epoch, these series converge in general 
for values of t withm some definite circle of convergence m the t-plane, and 
consequently will not furnish the values of the coordinates except for a limited 
interval of time By means of the process of analytic continuation* it would 
be possible to derive from these series successive sets of other power-senes, 
which would converge for values of the time outside this mterval, but the 
process of continuation is too cumbrous to be of much use in practice, and the 
senes thus denved give no insight into the general character of the motion, 
or indication of the remote future of the system The efforts of investigators 
have therefore been directed to the problem of expressing the coordinates of a 
dynamical system by means of expansions which converge for all values of the 
time One method of achieving this result f is to apply a transformation to 
the t-plane. Assuming that the motion of the system is always regular (i e. that 
there are no collisions or other discontinuities, and that the coordmates are 
always finite), there will be no singularities of the system at pomts on the 
real axis in the t-plane, and the divergence of the power-senes mt-% after a 
certain interval of time must therefore be due to the existence of singularities 
of the solution in the finite part of the <-plane but not on the real axis. Suppose 
that the singularity which is nearest to the real axis is at a distance h from 
the real axis, and let t be a new variable defined by the equation 


— log 

TT 


1 -f T 
1 — T 


A band which extends to a distance h on either side of the real axis in the 
^-plane evidently corresponds to the interior of the circle jr] “ 1 m the r-plane, 
the coordinates of the dynamical system are therefore regular functions of t 
at all pomts in the interior of this circle, and consequently they can be 

* Of Whifctaker and Watson, Modem Analysts, § 5*6 
t Due to Poincar^, Acta Math iv, (1884), p 211 
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expressed as power-senes m the variable t, convergent within this circle 
These series will therefore converge for all real values of t between — 1 and 1, 

1 e for all real values of t between — oo and + oo Thus these senes are valid 
for all values of the time 

189 The regula/n8at%on of the Problem of Three Bodies 
In the last article we made the reservation that there are to be no collisions 
or other discontinuities for real values of t The importance of collisions in 
the mathematical theory of the Problem of Three Bodies was first indicated 
by Painlev6*, who shewed that the motion of the bodies is regular (i e their 
coordinates are holomorphic functions of t) for all time, provided the initial 
conditions are not such that after a finite mterval of time two of the bodies 
collide The relations which must subsist between the initial values of the 
variables in order that a collision may ultimately happen between two of 
the three bodies have been discussed by Levi-Civitaf foi the restricted problem 
of thiee bodies (when there is one such relation) and by Bisconcini J for the 
general problem, when there are two relations these relations are analytic, 
but they are expressed by somewhat complicated mfinite series, and are not 
directly applicable except when the interval of time between the initial instant 
and the collision is sufficiently short 

A considerable advance was made when K F Sundman§ shewed that the 
singularity of the differential ecjuations which corresponds to a collision of two 
of the bodies is not of an essential character, and that it may in fact be 
removed altogether by making a suitable change of the independent variable 
that IS to say, it is possible to choose the variables which specify the motion, 
and the independent variable, in such a way that the differential equations of 
motion arc icgular even when two of the three bodies occupy coincident 
positions II It IS thus possible to obtain a real prolongation of the motion 
after the collision II the coordinates can bo specified for all values of the time t 
fioni — X to 4- X , whether collisions take place or not and a positive lower 
bound L can bo assigned to the two greater of the mutual distances. There 

* Itetpm mi la throne anal des iq diff , Pans, 1897, p 683 
j- Anmh di Mat (3) ix (1903), p 1, OomiiUa Rendus, cxxxvi (1903), pp 82, 221 
X Acta Math xxx (1905), p 49 Cf also H Block, Medd /raM 05«., Series ii , No C 
(1909), Ailuvf Mat Astr ochFys y (1909), No 9 

§ Acta Math xxxvi (1912), p 106 The essential features of the work were originally 
publislied m Acta SocietaUs Scient Fennicae in 190C and 1909 It seems to have been inspired 
largely by romoard’s theory of the uniformxsation of analytic functions cf Acta Math x\m 
(1907), p 1 

11 Levi -Cl vita regularised the differential equations of tho restricted problem of three bodies 
by an elementary transformation in Acta Math xxx (1906), p 306 , and in a later paper, Rend* 
d Lineal, XXIV (1916), p 61, he extended this to the problem of three bodies m a plane Cf* also 
bis paper in Acta Math xlii (1917), p 99 

H The variables can be expanded m ascending powers of («i - t)S, where ti represents tho 
instant of collision tho orbits have cusps at the point of impact 
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18 only one case of exception, namely wlien all three bodies collide simul- 
taneously* but this can happen only in a very special type of motion, in which 
all the constants of angular momentum are zero together*. 

Disregarding this case of triple colhsion, Sundman introduced a new 
independent variable w defined by the equation 

= — e ^)(1 — e *)(1 — e 

where Jv, fi, r* denote the three mutual distances, and I is the lower bound 
already mentioned. The coordinates of the bodies, and the tima, are then 
holomorphic functions of w within a band of finite breadth 20 m the to-plane, 
bounded by two lines parallel to the real axis and on either side of it. There 
exists a contmuous one-to-one correspondence between the real values of t and 
the real values of w, so that when t vanes fix>m - oo to + oo , w likewise 
vanes from — « to + « 


Lastly, Sundman applied Pomcar4’a transformation 



1+T 

1-t’ 


in order to transform the bsmd in the w-plane into a circle of radius unity m 
the plane of a new vanable r The coordinates of the three bodies, and the 
time, are now holomorphic functions of t everywhere within the umt circle m 
the T- plane and therefore iJiey cm be expanded as convergent senes of powers 
of T for aM real values of the tvme, whether there are collisions or not: the 
case of triple collision alone being excepted} 


190. Trigonometric senes. 


The senes discussed in the preceding articles are all open to the objection 
that they give no evident indication of the nature of the motion of the 
system after the lapse of a great kterval of time they also throw no light on 
the number and character of the distmct types of motion which are possible 
in the problem ; and the actual execution of the processes descnbed is attended 
with great difficulties. Under these circumstances we are led to mvestigate 
expansions of an altogether different type 

If m the solution of the problem of the simple pendulum (§ 44) we consider 
the oscillatory type of motion, and replace the elliptic function by its ex- 
pansion as a trigonometric senes§, we have 


sin \6 


27 r 5 </***“” (2s — l)ir/*(t — 


* This last fact had been known to Weieratraaa 
thoB in one plane. 


of. Aeta Math xxxr p 55 The motion u 


lU lU UUP ulmiAO* « • 

t A simpler equation available in the restricted problem of three bodies waa given by 

<J. Azmellini, Oomte* Rendut, OLvra CWW)t P 258 , . , ^ n laso 

J Of K.PopoiI,Co»tpt««J2«>i<l««iOLmin.(1926),p 472, and M,Kiveliovitch,r/t8«e, Pans, 193 

§ Of. Whittaker and Watson, Modem Analytu, §22 6 
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where 0 denotes the inclination of the pendulum to the vertical at time t, 
K and i^iay be regarded as the two arbitraiy constants of the solution, and 
/I IS a definite constant, while q denotes where E' is the complete 

elliptic mtegral complementary to E This expansion, each term of which 
IS a trigonometric function of t. Is valid for all time Moreover, when the 
constant q is not large, the first few terms of the senes give a close approxi- 
mation to the motion for all values of t The circulatory type of motion 
of the pendulum may be similarly expressed by a tngonometric series of the 
same general character 

Turning now to Celestial Mechanics, we find that series of trigonometric 
terms have long been recognised as the most convenient method of expressing 
the coordinates of the members of the solar system, these senes are of the 
type 

,njfcCOS (Wi^i 

where the summation is taken over positive and negative integer values of 
ni, ?i 2 , , Wjb, and dr is of the form 6 r, the quantities a, X, and e being 

constants Delaunay* shewed in 1860 that the coordinates of the moon can 
be expressed in this way, Newcomb j” in 1874 obtained a similar result for 
the coordmates of the planets, and several later writers!]! have designed 
processes for the solution of the general Problem of the Three Bodies m this 
form, these processes are also applicable to other dynamical systems whose 
equations of motion are of a certain type resemblmg those of the Problem 
of Three Bodies In the following articles we shall give a method§ which 
is applicable to all d 3 mamical systems and leads to solutions in the form of 
tngonometnc senes 


191. Removal of terms of the first degree from the energy function. 
Consider then a dynamical system, whose equations of motion are 


dqr _ dH 

dt '^dpr* dt ^ dqr 


(r — 1 , 2 , . 7 i), 


where the energy function H does not involve the time t explicitly 
'Che algebraic solution of the 2n simultaneous equations 


^ = 0, ^-0 (r:=l,2, .,n) 

OPr 

Will furnish in general one or more sets of values (oi, Og, . , On; ii, 62 , 6 n) 

for the variables (ji, qa, . , q^fPi} Pn)) each of these seta of values 
will correspond to a form of equilibnum or (if the above equations are those 
of a reduced systetn) steady motion of the system 


* Thdone du mouvement de la lune Pans, 1860 + Smithsonian ContrlhutUmSf 1874 

Z e.g Lindstedt, Tisserand, and Pomoar4 

§ Whittaker, Proc Land Math. Soe 70017 (190^), p. 206 Proe B8M xxxvn (1916), 
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Let any one of these set of values (a,, a,, b,, 6,, , 6„) be selected, 

we shall shew how to find expansions which represent the solution of the 
problem when the motion is of a type terminated by this form of equilibrium 
or steady motion. Thus if the system considered were the simple pendulum, 
and the form of equilibnum chosen were that m which the pendulum hangs 
vertically downwards at rest, our aim would be to find series which would 
represent the solution of the pendulum problem when the motion is of the 
oscillatory type. 

Take then new vanables (?/, g,', . g„', p', p,', , defined by the 

equations 


3 r — qr\ 

the equations of motion become 

dt dpr ' 


Pr=lr+Pr' 


dt dqr 


(r = l, 2, ,n), 
(r=l. 2, ,n), 


and for sufficiently small values of the new vanables the function H can be 
expanded as a multiple power series in the form 


B = Bn + Bi + Bn + Bt + , 


where jH* denotes terms homogeneous of the fcth degree in the variables 

(S'/.?/, p/. ,Pn') 

Since Bn does not contain any of the variables, it may be omitted and the 
fact that the differential equations are satisfied when (g,', g/, , g^', p/, , p„') 
are permanently zero requires that Bi should vanish identically The expansion 
of B therefore begins with the terms B,, which (suppressmg the accents of 
the new variables) may be written in the form 

Bn "I" "f" d" {prrPr d" ^CriPrPa\ 


where a,, = a„, c„ = c„, 

but br, 18 not necessanly equal to 6„ If the terms fl», B^, were neglected 
in comparison with Bn, the equations would become those of a vibrational 
problem (Chapter VII). 

192. Determination of the normal coordinates by a contact-transfomiahon 
We shall now apply a contact-transformation to the system m order to 
express JT, in a simpler form*, — in fiict, to obtain variables which correspond 
to normal coordinates for small vibrations of the system 


Consider the set of 2n equations 

9 \ 

SPr d* Bn (®i, Pi> > Vn) ~ ® 

— Saj,.d '5 — Bn(jOi,ain, , ®ni Pii ,yn)~^ 

oy^ 


• (r=l, 2, .,«) 


* In obtaining tine transformation of this arUole a method is used which was suggested to the 
author by Dr Bromwich, and which furnishes the transformation more directly than the method 
originally devised 
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or — $yr = + 0 tr 2^2 + + Clm^n + &n 2^1 + + (r == 1, 2, , , w) 

SXy = hifOOi + 6ar^2 + + inr^n + 

On solving these equations, we obtain for s the determinantal equation 
which in § 84 was denoted by fis) = 0, we shall suppose that a positive 
definite form, and (as in § 84) we shall denote the roots of the equation 
by ±t5i, ±152, , ±i5n, the quantities 5i, S 2 , , 

simplicity we shall suppose no two of them to be equal 

To each root there will correspond a set of values for the ratios of the 
quantities (a?i, , ^n, yi, • > y»), 1st the set which correspond to the root 

%Sr be denoted by (rXi, ^ 2 , > r^n> rViy , ryn)> and let the set which corre- 

spond to the root - is, be denoted by -r^ 2 , • , -A, -ryi, • > -ryn)» so 
that we have 

— %Sf f.yp = dpi fXi 4“ dpfi ± ’¥‘*dpn fXff, + hpi r^i ± ± r^n , 

±&2pt^2+ • H“6?»i>r^n±Cpiryi+ • + Cpnryn 

Multiply these equations by and j^yp respectively, add them, and sum with 
respect to p , we thus obtain the equation 

n 

ISr 2^ (r®p l^p - yXlp tVp) = {t, *), 

where 

7/ (r, Ic) = rtii ffl?! A;a?i + rtia (r^ + ife^i r^ 2 ) + + ^11 {r'lOx hVi + ItP^i fV^) + 

+ Cii f yi hUx + * * > 

so that H (r, h) is symmetrically related to r and h 
Interchanging r and we have 

n 

2 (l^p ryp r^'p ij/p) ~ 

;)=1 

n 

and therefore {s^ ± 5*) 2 rl/p - r^p kUp) = 0 

j>=i 

So, unless 5 , + is zero, we have 

n 

2 (^p fcj/p ,yp) = 0^ 

and consequently iI(?,Z) is zero if Sr + '^ifc is zero, we have 
iyp = -jypy aud therefore 

n 

is^ 2 {^Xp ^^yp"^ — r^p fj/p) = ff (r, — r), 

ps=l 

If now wc define new variables (qt,q 2 > ,qn\pi 7 -»PnO by the equations 

qr“ i^rqi »^'rq2 + ± 4"— ± 2 

v>=iy>2i +^rq*+ +»2/,2'«' +-12/.J9/+ 

and if S and A denote any two independent modes of variation, it is evident 

n n 

that the coefficient of m 2 (Bqi^pi— ^qitpi) is 2 {rXi^yi — -t^irjh), 

/=1 ?=1 
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which IS zero when r is not equal to k Thus I - AqtSpi) contains no 

terms except such m Ag/Si,/), and'the coefficient of this term is 

n 

Now hitherto the actual values of r^ttryi have not been 

fiKcd, as only their ratios aie determined from their equations of definition, 
wo may therefore choose their values so that 

n 

% (r®{ -,yi - ryi) =1 (» = 1, 2, , n), 

6=1 

utul then we shall have 


2 (Sfj't Ap/ - AgjSpi) = S (Sg/ Ap/ - Ag/Sp/), 

r-l 

so that(§ 128) the transformation from the variables (gi, q^, , g„, pi, ,p„) 

to the variables {q{, q^, , g„', p,', , p„') is a contact-transformation 

Moieovor, if in //j wo substitute for (gi, q^, , q„, p^, , p„) m terms of 

iqi, <1%, ?n, K> • > Pn), we obtain 

H,^iH(r.-r)q;p/ 

r^l 

n 

tU* ^£^2 ” ^ S ^r^rPr 


Now ajiply to tho variables (g/, g/, , g»', p/, 

tmnsformation doiiiied by tho equations 

dW dW 


q, = 


dpr"’ 




, Pn) the contact- 
(r = l, 2, ,?0, 


where 


(p/V+i 

r«l\ ' 


which gives ITa = J 2 (p/'“ + Sr'jr”*) 

r=l 

As all tho transformations concerned have been linear, wo see that 
Hjif Hif will bo homogeneous polynomials of degrees 3, 4, in tho new 
variables i and thus, omitting the accents, we have the result that the equations 
of motion of the dynamical system have been brought to the form 

(r-1,2, ,»), 

dt dpr dt dqr 
whet^e jy = iTa + JTs •+“ ^4 + j 

in which Hr is a homogeneous polynomial of degree r in the variables^ and in 
particular 


r=l 


It IS clear that if we neglect H,, Hti companson with Ha, md 

integrate tho equations, the solution obtamed will be identical with that 
found in § 84. 
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193. Transformation to the trigonometric form of E 
The system will now be further transformed by applying to it a contact- 
transformation from the variables , Pn) to new variables 

(gi'. g/, , g»'. Pi, , P«'). defined by the equations 

/»._i o 


(r = l,2, 


where 
so that 




p^=( 2 s, 3 /)isinp/, qr’=(2qr)^Sr ^cospr, (r = l,2, ,n) 

The differential equations beconae 

§Sl-^ ^ ^ (r=12 n) 

dt~dpr'’ dt ~ dq; ^ 


where 


E — s^qi + Sag*^ + • "I* ®ngn •\~Ei+Ei+ 


and now Jff, denotes an aggregate of terms which are homogeneous of degree 
^r in the quantities qf aiid homogeneous of degree r m the quantities 

cos Pr, sin pr' 


Since a product of powers of cosp/, sinp,' can be expressed as a sum of 
sines and cosines of angles of the form (ihpi ■{•ntPi' + +nnp»'), where 

have integer or zero values, it follows that Er can be expressed 
as the sum of a finite number of terms, each of the form 


qn'”^ ^^(n^pZ + naPi' + +n„p„'). 

where +mn = i»*, |n.,|<2«V) 

and therefore |ni| + K|4-... + |mn|<r 

The function E is thus expressed in the form 


TT Sin / / » 

,nn +^iJ2 + 

where for each term we have 


I ^1*4“ 1^1 + . i + 1 tz-TjJ ^ 2 (Wj + wi2 + . 

and clearly the senes is absolutely convergent for all values of^/, p^', ♦ ,pn\ 
provided g/, do not e;xceed certain limits of magnitude. 

To avoid xmnecessary complexity, we shall ignore the tenns m 
sm(na2)/ + W2p,'4-.- ^n^Pn)> 
as they are to be treated in the same way as the terms in 
C08(?iip/ + n3|i2'4- ^•+n^pn)> 

and their presence complicates, but does not in any important respect modify, 
the later developments 
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194. 0<Aer types of motion which lead to equations of the same form 
The equations which have now been obtained have been shewn to be 
applicable when the motion is of a type not far removed from a steady motion 
or an equilibrium-configuration, eg the oscillatory motion of the simple 
pendulum, or those types of motion of the Problem of Three Bodies which 
have been studied in §181. But these equations may be shewn to be 
applicable also to motion which is not of this character, and in particular to 
motion such as that of the planets round the sun, or the moon round the 
earth*. 

For let the equations of motion of the Problem of Three Bodies be taken 
in the form obtained in § ICO, and let the contact-transformation which is 
defined by the equations 

dW , 0F 


be applied to this system, where 




Pr =- 


02/ 


(r=l, 2, 8. 4) 


, f?* ( 

J i 



.2l‘1 

2« 

2/) 


The new variables can be interpreted in the following way. Suppose that at 
the instant t all the forces actmg on the particle p cease, except a force of 
magnitude miW^q^ directed to the ongin, and let a be the semi-major axis 
and e the eccentncity of the ellipse described after this instant then 

qx - {miiOtfia (1 - q,' = 

Further, if the lower limits of the mtegrals are suitably chosen, p/ + is 
the true anomaly of /* m its elUpse, and — p/ is the mean anomaly. The 
variables q^, qi, p/, pi stand in a correspondmg relation to the particle f/i. 

The equations of motion now take the form 

dqr dH dH / i o o 

(r-1,2,8,4); 

when the particles m» and m, are supposed to be of small mass compared with 
mi, and are describing orbits of a planetary character about m,, it is readily 
found that H can be expanded in terms of the new variables in the form 
S - ao,o,(,,o + + ««P.' + ntp/ +n,px'). 

where the coeflScients o are functions of (ji', g/, g,', g/) only, the summation 
extends over positive and negative mteger and zero values of Wx, ji*, n^, 
and the coefficient ao,o,t,o is much the most important part of the senea As 
this expansion of if is of the same character as that obtained in § 198, it 
follows that the method of solution given in the following articles is ctppUoahle 
either to motion of the planetary type or to motion of the type studied tn § 181. 

* l>da,\xiMj,TM<yritdelaJMne, 1iM»ettaA,Atm)a«*d«robi de Parii,Uemir«»,xna. {ISSS). 
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196 The problem of vntegratwn. 

For simplicity we shall suppose in what follows that the system has only 
two degrees of freedom so that the equations to he integrated are 

0fir dq3_dH dpi dH dpt^ 

dt dpi ‘ dt dpz ’ dt dqi ' dt 

where the Hamiltonian function H can be expanded as an infinite series 
proceeding in powers of »Jqi and and in trigonometric functions of 
multiples of Pi and p^ that is to say, in terms of the type 

q^q^”- (im{%pi-\r3p^, 

where m and n are integers (positive or zero) and i and j are integers 

(positive or negative or zero) moreover, if we call (m + n) the “order” 

of a term, the terms of lowest order are linear in qi and q^ and free from pi 
and Pi, so that they maybe written («ig'i+Saq 2 ), where Sj and Sj are constants 
Further, m— jtl is zero or an even mteger, and »— |j| is also zero or an even 
integer 

The Hamiltonian function M may therefore be expanded in the form 

H’=Siqi + 8iqi-¥Hi-¥E[i-\-Hi+ . ( 2 ), 

where H, denotes the terms of order r, so we may write 
Hs=q^ ( Hi cos Pi + Ui cosSpO+gi^j^ { Hs cos pa+ H 4 C 0 S ( 2 pi + pa) + HjCos ( 2 pi — p^)} 
+ 2i^g'a{!75Cospi+ C/'7Cos(2p2+pi) H 80 os( 2 p 2 — pi)}+g'a®{HsCospa + Hi»cos Sps}, 
and 

Hi = g-i’ (Xi + Xi cos 2pi + X, cos %) 

+ (Pi 008 (pi -pe) + X, COS ( 8 pi +-pa) + X 7 COS (3pi — Pa)} 

+ qiqi [Xs+X, COS 2pi+XioC08 2pa+Xii cos ( 2 pi+%)a)+Xi 2 C 0 s ( 2 pi- 2 p 2 )} 

+ 9i^?2^{XisCOS(pi+Pa)+Xi4COS (Pi— Pa)+XiBCOS(pi+3pa)+Xio COS (pi” 3pa)} 
+ 9a’ {Xi,+Xi8 COS 2pa+ Xi, COS 4pa}, 
the coefficients H, Ha, . U^, Xi, X*, . Xi, being constants 

We know one mtegral of the differential equations (1), namely the integral 
of energy 

ga,pi, Pa) = Constant 

and we know (§ 121) that if we can find one other integral, the system can be 
completely integrated 

It was shewn by the author in 1916* that this other integral can be found, 
but that %t cannot in general be represented by a single ancdytical eoopression 
which IS valid for all values of the ratio Sijsi, or even for any finite range of 
values of sjsa in fact, it is necessary to distinguish three cases 

• Froc jB S, Edin xsxm (1916), p 96 
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Case I. Tho ratio sjsi is an irrational number 

Case II. The ratio Sj/sj is a rational number, say equal to m/ii (where 
m and n are integers and the fraction m/n is m its lowest terms) and terms 
in cos (npi - mpt) are absent from H,. 

Case III The ratio is a rational number, say equal to min, and terms 
in cos (npi — mpi) are present in if, 

The integral which wo are seeking (and which we slTall call the ade^)ho 
integral, for reasons which will appear later) always exists, but its analytic 
expression is different in these three cases , so that as is continuously 
varied, tho form of the adelphic integral is abruptly changed whenever Si/s^ 
passes from a rational to an irrational value, or conversely This is the 
ultimate fact which lies at the basis of Poincare’s celebrated theorem that 
tho series of C^i^stial Mechanics, if they converge at all, cannot converge 
uniformly for all values of the' time on the one hand, and on the other hand 
for all values of the constants compnsed between certain limits 

We shall now determine tho adelphic mtegral in each of these cases in 
turn. 


196 . Determination of the oMphw integral in Case I 
Let us then first suppose that tho Hamiltonian functioti is expanded as 
in § 196, and that tho ratio is an irrational number We shall now shew 
how to set up formally a senes which, if it converges, is an integral of the 
system. 

If ^(ji, qtt Pi> iij) * Constant is an mtegral, we must have (from the 
equations of motion) 

SSi 9pi 93s 9p9 dqi dptdq^ ' ’ 

an equation which we may wnte (^, H) = 0 

Let us see if this equation can be satisfied formally by a senes proceeding 
in ascending powers of \/3i and VSi and tngonometric functions of pi and pt 
(like tho senes for if), whose terms of lowest order are (Si3i-«jga) so that 
we may write 

<f>ssiqi—Stq} + ^i + ^i+<f>i+ -I 


where denotes the terms which are of degree rin V3i and VSs 

Substituting in equation (1), and equating to zero the terms of lowest 

order, we have ^ _ 

d<jn dJSi 

This evidently implies that to any term A cob (mp, + npi) in there 
corresponds a term ®as (mpi + npj) m ^ so the value of 


W. D* 


28 
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may be written down at once Having thus determined we equate to 

zero the terms in equation (1) which are of order 4 m V?i and VSj 
gives the equation 

' 0<f>4 d<j)i dHi dffj . / j TT \ 

As the quantities on the right-hand side are all known, we can solve this 
equation for in the same way as the preceding equation was solved for 
<j)i and thus combining our results we obtain for our integral senes <f> 

Con8tant=^s5igf,— cospi -f- tfa cos Spt) 

+ U,co3{2p,-p,) - 

-t- gi% I Us cospi-t- U,cos{2pa+pi) + i78Cos(2pa-Pi)| 

+ 3s^ UaGoaps- UwCosSps • 


4*-yi 


. „ J„ 4 I co®(Pi ±£s) J UsU, - - S -. U.Us + UsU 

2i 9a 4 25*2 (2^1 ^2) (^1 2.92) 


cos4pi1 


+^rr.u.-u,u,+ ^ u, u. + ^ v, ir.+ (« -.jz.} 


2^1 4" ^2 


2^1 + 52 


6^2 
2^1 ^2 






♦the equation for ^^wiUnot have a elution of the desired form unless on the right the 
coefficients of , qiqt , q%^ are aU zero, since terms of this form in ^4 are annulled by the o^rator 

A 4,^2 ^ It IS easy to venfy that these terms are m fact absent from $i 

from ( 08 , Bs)» The same point arises in the equations for 06» 08» ^ general diswssion of 

these “cntioid'’' terms, of T M Cherry, Proc Camh Phil Soc, xm (1924), pp $26,610 
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+00,^ ^ u,u. 


TT T1 

Sx — 2^2 


cos (2pi + 2p a) 


+ ®os<?Pi-2^)l .±2«1 njj jjrr , rrTT 

{+ '^•^•- 7 ^ + A: 


+ Js® 


Si + $g [ 


^2"" 2^2 


+ ^25^±«{+ *!r.tr.-^ ’T.u.-^u.u, 

*' [{?^ ir.t^+ W.-x»)o«2p. 

+ terms of the 5th and higher orders m Vffi oad Vg* ••• •• (2) 

The terms of higher order in the series may be determined m the same 
•way as the terms in <}>, and ^t, and we thas obtain the complete expansion 
of 6. 


88—2 
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We may note that instead of assuming as the lowest term 

of our integral, we might have assumed q^, or q^, or any linear function 
of qi and q^, the integral then ohtamed would be merely a linear combina- 
tion of our mtegral (2) with the integral of energy, whose lowest terms 
are (fiigi + SaJa) 

We may further note that in the above process, when finding ^4, we 
may if we please add to ^4 any terms of the form aqi’‘ + ^qiqt + 'yqa^ where 
«, i8, <y are constants, for these terms are annulled by the operator 

( ri \ 

and therefore 64 satisfies its differential equation just as well 

when these terms axe present as when they are absent The introduction of 
these terms into <^4 will cause changes m the terms of higher order — m 
^8, (j>t, etc and the sum total of all the changes will merely amount to adding 
to our function ^ a quadratic function of the two integrals which we know, 
namely, the mtegral of energy and the integral (2) itself 

Similarly we may add any terms of the form + 

to ^8 the ultimate effect is merely to add to our integral a cubic function 
of itself and the integral of energy There is evidently nothing to be gained 
by domg this, and we may therefore omit these arbitrary terms in <^4, <^8, <j!>8, . 

197 An example oftJie adelphc integral in Case I 

As an example, consider the motion of a particle of unit mass in a field 
when the potential energy is (with rectangular coordinates x and y) 

1 + 3«? 

3(1 -}- 2aj + 

or (expanding) - fa;® - asy® + 6a;* - + terms of the 6th order, so 

that the ongin is a position of equilibrium We shall study orbits near to this 
equilibrium position 

If we make the contact-transformation 

X = 2%^ sin pi, X ~ 2%^ cos pi, 

y = 2^3^ sm ps, y == 2^ cos pa, 

the system is now specified by the Hamiltonian function 

H = 2^51 sin®pi 4- sin®pa l + 3,2^gi^c (gpi ^ 

^ 3 (1 H- 2^ cos Pi 4- 22 cos® Pi + 25^2 cos® 

or expanding, 

5 = 2^21 + 22 +2^ (-COSPi- JeosSpi) 

-1- 2ri q^q^ {- 2 cos Pi - cos (pi + 2j>a) - cos (p, - 2ps)} -1- . .(1). 
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The corresponding adelphic integral, obtained by substituting in formiiU ( 2 ) 
of the last article, is 

Constant = ^ = - 5 , + 2 %? (- cos cos 3 pi) 

+ 2-y?a-2cosp.+(l-^2)«cos(p, + 2p,) + (l + + 

( 2 ) 

Now It may be veiified readily by differentiation that this dynamical system 
possesses the integral 

Constant = {q) sin p, + sinp^ cos p, - iiq^q} sin p^ cosp^f 

_ 1 + cos Pi 

(1 + 2 ^ 51 ^ cos Pi + 2 % oos“ Pi + 2 g's cos“pi)- ’ 
which when expanded takes the form 
Constant = ?, + 2 “i (1 - V 2 ) qi^ q^ cos (pi + 2 pa) 

- 2 i (1 + VI) gii q^ cos (p, - 2p^) + . . ( 3 ) 

It IS evident, on companng the series, that the series ( 2 ) is what would 
be obtained by subtracting twice the series (3) from the seiips ( 1 ), which 
represents the integral of energy This shews that for the paiticular 
dynamical system wo arc considering, the ^-series ( 2 ) is identical with the 
expansion, formed by ordinary algebraic and trigonometric processes under 
conditions which ensure convergence, of a known integral and the con- 
vergence* of the senes ( 2 ), for sufficiently small values of V(?i and V'fj. is theieby 
established for this paiticular system 

198 . The question of convergence. 

For pirticiilar dynamical systems such as that considcied in the l.ist aiticle, 
the convergence of the adolphic-intcgral scries (2) of §196 can bo piovcd, foi 
sufficiently small values of g’l and q,, so long as the ratio Sj/si is an iiratioiial 
nuiiibor. No proof of convergence applicable to the most general case, h.is 
yet been devised, and the procedure of § 196 must theicfore be regardoil, 111 
the present state of the subject, meicly as a method of constiucting a foinial 
series, whoso convcrgeiice must be investigated sepai.ately in the case of each 
particular dynamical system to which the method is applied In all such 
puiticulai systems examined hitherto, the senes is convoigent and the 
following consiileratioiiB may bo adduced in support of the opinion that the 
convergence is general. 

Since the ratio Si/s^ is an irrational numbci, none of the denominatois 
(s,+sA («i - «d> (2s,-t-Sa),(2«i-s,), (s. + 2ss). (Ssi+Sa). v.inish, and there- 
fore no term of the senes can be infinite. The senes is a powci -senes in 
t/q, and fi/j, and it has been derived from anothei absolutely conveigeiit 
]:)owcr-BorieB in V^i i^wd Vf/ii namely, the senes foi II, by opeiations which are 
of an ordinary algebraical and tiigonometrical combmatoiy chai.actei, except 


' i4hirii 1 1 
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as regards the operation of introducing the divisors of the type + ns^ 
(where m and n are positive or negative integers) in the integrations. We 
may therefore expect that the senes will converge for sufficiently small values 
of Vji and Vffnj unless the smallness of some of these divisors causes the senes 
to diverge for all values of however small Now the values of 

the integers m and n may indeed be so chosen that the divisor (msi + ns^ may 
be as small as we please . hut |m| and |n| are then large, and since |m| and \n 
are not greater than the order of the term, this small divisor can occur only 
in a term of high order, where it will be more or less neutrahsed by the high 
powers of Vffi and V 22 and it was m fact shewn many yearn ago by Bruns’** 
that this state of things is consistent with the absolute convergence of a senes 
The example given by Bruns was the senes 

00 00 /» W/v W 

2 2 

where qi and ai*® proper fractions and J. is a positive irrational number 
which IS an algebraic number, i e a root of an irreducible algebraic equation 

, + (?n=0, 

with integer coefficients 0, If we multiply the numerator and denominator 
of any term in Bruns* series by 

where A\ A'\ are the other roots of the algebraic equation, then the 
denominator becomes a polynomial in m and n with integer coefficients . and 
as it IS never zero, it must be at least equal to unity while in the numerator 
we now have a polynomial in m and n of degree {s— 1). whence it follows at 
once that Bruns* senes converges 

The adelphic-mtegral senes (2) of § 196 is much more complicated than 
Bruns’ senes and although the analogy so far as it goes is favourable to the 
convergence of (2), yet our opinion must rest mainly on the undoubted con- 
vergence of (2) in the case of particular systems where a test is possible. 

199. Use of ike adelphto integral in order to complete the integration^ 

Still restricting ourselves to Case I, in which the ratio Sijs^ is an irrational 
number, we now know two integrals of the dynamical system, namely, the 
integral of energy (which is obtained by equating the Hamiltonian function 
to a constant) and the adelphic integral expressed by equation (2) of § 196. 
Now it is known (§ 121) that if, in any conservative holonomic dynamical 
system with two degrees of freedom, we know one integral m addition to the 
integral of energy, the system can be completely integrated, i.e we can find 
expressions for the coordinates and momenta (ji, 221 Pi)J> 9 ) m terms of the 

♦ Astr ITach oix. (1884), p. 215 Cf. akoW J MaeMiUan, JProc. Ac 80 x. (1915), p. 487 
and Bull. Am M S xni (1915), p 26 
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time and 4 arbitrary constants of integratioBi, We shall now perform this 
process 

If we add the integral of energy to the adelphic integral (2) of § 196, and 
divide throughout by 2^1, we obtain 

Zj s= i TJi cos Pi + - CTfi cos 3pi[ 

+ 3i% P> + (%>2-Pi)| 

+ terms of the 4th and higher orders, 
where li denotes an arbitrary constant. 

Similarly hy subtracting the adelpliic integral from the integial of energy, 
and dividmg by we obtain 

k=qa+ 3i?a^ ■ Us COS Pa + COS (2pi + Ps) - U, COS (2pi - Pa)| 

r 2 2 ' 

+ |s7+'^. ^P'^~ aT^«, ~ ■ 

+ |i U, cos Pj + - 17,0 COS Sp,, ■ + terms of the 4th and higher orders, 

(,^a . * 

where k represents a second arbitrary constant. 

It IS an easy matter to obtain g', and j* from these equations in terms of 
ik, la,Pi,Pa) by successive approximation in fact, the first approximation gives 
qi = li>qa = k, and second approximation gives 

3i = U,cos Pi + i Us cos 3pi| 

- h la^ Us cos (2p, + Pa) + 2^— - Us COS (2p, -p,)| 

- ih U, cos Pi + — ™ U, cos (2po + P.) + ^ Us cos (2p, - p,)| 

+ terms of the 4th and higher order in ^Jh and V^a, 

5.=l.-I.I,*|i£r.»osy,+ g^!7.c«(2ft+y.)-2^_V,cM(2p.-pjj 

-‘■*‘•{,7+2^ l7,c<»(2,^+y,)-^^P.«»(2p,-|.,)} 

-ls^\- Us cos p* + 7 Uis COS Spa • 

+ terms of the 4th and higher orfer in VA VA 
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Now we know (§121) that the expressions thus found for qx 
be the partial differential coeflacients with respect to px and oi some function 
of Qx, pi) aJid, in fact, we have obviously 

dW _dW 

where 

W=lxPi + kP2-k^(j^ + 

- |j Ua ampt + ^Uxo sin Spaj 

+ terms of the 4th and higher orders in VA and V^a 
The terms in which px and pa occur otherwise than m the arguments of 
trigonometric functions are 

Pi {lx + terms of the 4th and higher order in V^i and V^aX 

+Pa(Za+ » » » •' ^ 

Denote the coefficients of px and p* m this expression by «i and «» respec- 
tively express lx and k m terms of a, and a* by reversion of senes, and replace 
lx and lx throughout in the series for W by these values in terms of and Oa ; 
SO that we now have 


w = a, Pi + axPx - ai'5 Ux sm Pi + sin 3p,) 

- «i Jf.sm P»-^2sh^a ~ 

-ai^aa|i i^«sinpi-l-2^^^?sin(2pa+i5,) + 2-~ [raSin(2pa-pi)| 


- |J Ua sin Pa + Uxo sin Sp^ 

+ terms of the 4th and higher orders in v«i and V«a • • • (1). 

and now pi and pa do not occur except in the arguments of tngonometric 
functions and in the terms («i px + Ogpa) 

Now the equations 


dW 



dW r, _dW i,JbW 
^^~dpa’ 9«i' S«2 


define a contact-transformation from the variables {qx, q^, px, pi) to the 
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vanables (ai.aa, ^1,162) so m terms of these new vanables the diffeiential 
equations take the form 

■ d^_dJS dH dH 

dt ~d0i’ dt dt ~ 9«i’ dt ~ dcct 


But we know that «i = Constant and = Constant ar& ti^o, of the integrals 
of the system, since li and are constant and therefore 


dE 


-0, 


dH 

S/S. 


= 0 , 


so when J? is expressed in terms of (ui, Ot, I3i, ^t), it will be found to involve 
tti and Og only*, and then the equations 

dt 'Six’ dt do. 


give 



9.5(01,02) 

901 

9ir(ai,Oa) 

902 


i + 6i 
t +62 


\ 


( 2 ), 


where and £2 are arbitrary constants 

Thus we have the complete solution of the dynamical system expiesscd 
by the equations 

9Tr_ 9F_ 

dW_ 05-(«i,«,)_ dW_ 9ir(o„02),.. 

9«T dir 


where W is given by equation (1), and the four arbitrary constants of 
integration are (oti, ofj, €i, 62) On rofemng to the form of W, we see that 
these equations enable us to express qi and as purely trigonometric series, 
the arguments of the tngonometne functions being of the form 

mjSi+nySa, 

where m and n are integers (positive, negative, or zero) and where and 
02 ^^0 linear functions of the time, given by equations (2) We have thus 
obtained eccpresmns for the coordinates in terms of the timet '^n^eems of sei ies 
in which the time occurs only in the arguments of trigonometric fmctiom each 
coordinate is, in fact^ represented by a series whose terms are of the form 

O^n cos (m A + 

where m and n are integers (positive, negative, or zero), the coefficients a^nn 


* Wo may remark that + f-H’aiag-f terms of 

order 
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functions of two of the constants of integr^ton, «j md Ot only, and the angles 
ySj and A are defined hy equeOions 

fii = 6i. = fht+et, 

where and /<, are functions of «i and Oi ordy, and Ci and ca are the two 
rmiaimng constants of integration 

200 The fundamental property of the adelphic integral. 

Periodic solutions of the d3mamical system evidently arise when the con- 
stants «! and Oa are such that pi is commensurable with /Aj the period of the 
solution IS then 27r/i;, where v is the largest quantity of which pi and /^a are 
integer multiples 

Suppose then that ai and ck have such values Then if the constant €i be 
varied continuously, we obtam a family of periodic solutions, each having the 
same period (since this does not depend on €i) The constant of energy 
depends only on cti and (H2, and is therefore the same for each of these 
periodic solutions The family is therefore a family of “ordinary” periodic 
solutions (§ 172 ). 

It might hastily be supposed that by varying as well as €i we should 
get a family of x * periodic solutions But it is easily seen that the trans- 
formation which IS obtained by varying Cg may be obtained by combming the 
transformation which consists m varymg ei with that which consists in adding 
a small constant to t Now this latter transformation merely transforms every 
orbit into itself (each point being displaced in the direction of the tangent to 
the orbit), and so may be disregarded The €1 and eg transformations are there- 
fore to be regarded as not distinct from each other* 

Consider, then, those infinitesimal transformations which change each 
trajectory of the system into an adjacent trajectory, in such a way that every 
ordinary periodic solution is changed into an adjacent periodic solution of the 
same family, i e havmg the same period and the same constant of energy. In 
the notation we have just been using, this transformation corresponds to a 
small change in ei This transformation will be called the adelphic transforma- 
tionf The adelphic transformation changes any solution of the dynamical 
system, whether periodic or not, into one of x ^ other solutions which stand 
in a particularly close relation to it, being in fact derived from it by a change 
of the constant 61 only 

Now, referring to the formulae of the last article, it is evident that a change 
in €1, m which the other constants of integration (eg, ctj, Oj) are left unaltered, 
does not affect either of the constants l^ and (since these depend only on Hx 

* The only case of exception is when aU the orbits of the system are penodio 

t From brotherly, because these orbits stand m very olose relation to each other, 

and also because themtegral corresponding to tbe transformation stands m a much closer relation 
to the integral of energy than do the other integrals of the system 
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and Oj) and therefore does not affect the constant of the adelphic integral or 
the constant of energy this shews that all the orbits, which difiPer from each 
other only in having different values of the constant Ci, have the same values 
for the constant of the adelphic integral and the constant of energy, and 
hence that the infinitesinial transformation, which corresponds (§ 144) to the 
adelphio mtegral, transforms these orbits into each other that is to say, ihe 
adelphic integral is the mtegral which corresponds to the adelphic tramsforma- 
Uon. This IS the fundamental property of the adelphic mtegral. 

As there is only one really distinct adelphic transformation of a giVen 
dynamical system with two degrees of freedom, so there is only one really 
distinct adelphic integral all other adelphic integrals may be obtained from 
this by combimng it in various ways with the integral of energy* 

In practically all the known soluble problems of dynamics with two degrees 
of freedom, the mtegral which enables us to effect the solution is an adelphic 
mtegral Thus, when the trajeotones are the geodesics on an ellipsoid, the 
adelphic integral is the equation pd = Constant When the problem is that 
of two centres of gravitation, the adelphic integral is Euler’s mtegral of that 
problem When the solubility of the problem is due to the presence of an 
ignorable coordinate, say ^ 2 ) the corresponding integral (namely p 2 = Constant) 
18 adelphic. 

201 Determinodnon of the adelphic integral in Case II. 

We now proceed to the discussion of “Case II," in which the ratio Si/sa is 
a rational number (say equal to m/n), but no term in cos (npi — mpa) is present 
among the third-order terms in the Hamiltonian function H Certain terms 
of the series (2) of § 196 now contain in their denominators the factor (wi - msa), 
which vanishes since 8i/s, = mln and therefore the senes ( 2 ) as it stands 
cannot converge in Case II, unless the terms whiSh have zero denominators 
have numerators which also vamsh We have heie come upon the real root 
of the principal difficulty of Celestial Mechumcs. by removing it here, so as 
to obtain a valid adelphic integral in Oases II ahd III, we shall be enabled to 
remove it from the whole subject 

To fix ideas, we shall suppose that Sj = 2, s* * 1, so that sjst has the rational 
value 2 , and the denominator («, — 2 «»), which occurs frequently in the scries 
(2) of § 196, IS zero 

In this case the equation for <f >3 becomes 

2?^4-^a2 — 

dpt“ dpt~' dpt ’ 

* The intogral of energy oorresponds to that infinitesimal transformation whioh changes every 
orbit into itself, each point of an orbit being displaced in the direction of the tangent, to the 
orbit. 
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takes the 


s.^' + S2i? = 9i^sini)i 


and indeed the equation for any one of the functions <#>4, «#>», 
form 

2 4- = a known sum of terms of the type gi^ja^sin + Ipi) 

Now in integrating the differential equations for <f> 3 , .. m §196, we 

used only the “particular integral.” which corresponds term-by-term to the 
known function on the right-hand side of the equation so that, e g , the inte- 
gral of the equation 

o I . ^ — 

‘0pi 

would be taken to be 

,£, = -^cospi 

The reason for this was that the “complementary function,” or arbitrary ^rt 
of the solution of the differential equation, is a function of (s^pi - SiPa), aii^so 
does not contam terms of the type appropriate to But when = 2, s* - 1, 
the arbitrary part of the solution of the differential equation does contain terms 
of the type proper to and these must be taken account of, so that we must 
take the integral of the equation 

0P\ opt 

to be 

</>3 = - JPi 

where a is an arbitrary constant In this way we obtain terms with arbitrary 
coefficienis in <#>4, «/>», • and these arbitrary coefficients must be chosen in 
such a way as to remove terms with vanishing denominators from the siibsequently 
detei mined part of ^ This principle enables us to obtain, in Case II, an 
adclphic integral free from vanishing denominators 

202 An example of the adelphio integral in Case II 
We shall now illustrate the working of this principle by an example. 
Consider the dynamical system which is specified by the Hamiltonian function 

H == 2f/, sin® Pi -I- sin® Pa -i- ■ 


2 (1 -h 2^1^ cospi -t- gi cos® Pi + %u cos“pa)* 
1 cos Pi 


( 1 ) 


(1 + 2qi^ cos Pi + 9i cos® Pi -1- cos® p*)^’ 

If this be expanded in ascending powers of VSi ^.nd Vg'a, we obtain 

jy = 2(j(, -1- 5a + (- 1 cos Pi - 1 cos 3pi) + 5i® ^ cos 2pi + f j| cos 4p,) 

4 2, {_ 3 _ 3 cos 2pi - 3 cos 2pa - § cos (2pi + 2p,) - 1 cos (2pi - 2pi)} 
+ A - 2 2pa - TfV cos 4^14} 

4- terms of the 5th and higher order in hJqi and •/qz, 
so that in this case Si = 2, 8a= 1 
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As explained at the end of §196, we may assume that the lowest teim of 
the .ulelphie integral is simply q^. Then if we wiite 

^ <f>4+ (l>s + 

the equation to detoinune (f >3 is 
so by §201, 

<t >3 = cos (p, - 2yi.,), 
whole a is an arbitrary constant 
Tho equation for <f>i now becomes 

9pi 

= ?i |(6 + y) i- (3 + ^) sm (2pi + 2pa) - (3 + ^) sJii (2pi - 2p,)| 

+ 2a* (f sm 2pa + f sm 4pa), 

of which the integral is 

<#>4=2128 1- (3 + ^)cos2pi-Q + ~)cos(2p,+ 2pj)+ + l~‘^c(.,s(2p, - 2p,)J 

+ 9a’ (- 1 cos 2pa - A cos 4pj) 

The equation to determine is now 

whore, as usual, (<#»j, Ht) denotes the expression * 

d<f >3 dfft , 9<ifr» dJEt 4 ^ d(pt ^3^4 9<#>| 9^4 

^ ^ ^ ^ ^ ’ 

and wo have to choose « so as to annul the terms in sin (p, — on tho right- 

hand side of this equation. On calculating these terms, we find 

from lyi 21^28 sm (pi - 2pa) 

(from (^4, H 4 )) - ( 1 + 2i*?« sm (2>i - 22),) 

(from (^„ ZTj)) + ' nHi sm (jPi - 2pa). 

The quantity « must therefore satisfy the equation 

¥-¥( 1 + j)+-4^«=o. 

which gives 

tt sas -- 2, 
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Substituting this value of a in ^ and ^ 4 , our integral becomes 

Constant = ga — cos (pi — 2 j)j) 

+ qi qt [% cos 2 pa + J cos ( 2 jpi + 2 pa) - 1 cos ( 2 pi - 2 pa)) 

+ qi (- 1 cos 2 pa - cos 4pa) 

H- terms of the 5th and higher orders in V ?i and \/?a (2) 

Now it may be veiified by differentiation that the dynamical system speci- 
fied by equation ( 1 ) possesses the integral 

Constant = i sinpa + gi^v'2^ cos^i sinpa - 2 V2^ sm pi cospa}“ 

1 + gi^cospi ( 3 )^ 

(1 -I- 231^ cosjJi + cos* Pi + 2 ga cos* 

and this integral is adelphic, as may be shewn by completing the solution, or 
more simply by remarking that the integral (3) is a function of the variables 
(Vgij ■’^l^ich IS one- valued and firee from smgulanties for a certain 

range of values, and therefore the infinitesimal transformation corresponding 
to it will also he one-valued and free from singulanties, and so must transform 
closed orbits into closed orbits 

But on expandtng this integral (3) in ascending powers of \/gi ond 
the multinomial theorem^ we amm at the series (2) This shews that, /or the 
dynamical system we are considering, the series obtained by the process of the 
last article converges for all real values of pi and p% so long j | and | ^ 2 1 are 
inferior to certain fixed guantitieSf and that the senes represents the adelphio 
integral of the dynamical system. 


203. Determination of the adelphio integral in Case III* 

The pnnciple for the removal of vanishing divisors from the adelphic 
integiul, which has been explained and illustrated in the last two articles, is 
not sufficient for the purpose if the Hamiltonian function contains, among its 
third-order terms, a term in oos(s^pi — Sip^ for this term gives nse to a 
vanishing divisor in and the arbitrary terms which are used in order to 
annul terms with vanishing divisors do not come into operation early enough 
to remove vanishing divisors from (f>z. 

In this ^'Case III’' we must make use of another principle (concurrently 
with the pnnciple of § 201) which may be explained thus Suppose that an 
integral of a system of differential equations in variables j 8 ,yi>jpa) is of 
the form 


f(quq2sP^sPid^ 




where 7 is the arbitrary constant and is a definite constant iormed of 
quantities occurrmg m the differential equations The integral in this form 
ceases to have a meaning when tends to zero But we may derive from it 
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an integral which has a meaning .when 0 , by merely supposing first that 
H 13 difierent from zero, and multiplying the equation throughout by so that 
it becomes 

3a. Pi .l>a) +3 (3i. 3a. Pi. Pa) = W 
and then making 0 , the equation becomes 

3(3i.3a.Pi.Pa) = C, 

where c denotes Lt (/ay) This is the desired form of the integral when /a 
IS zero. 

Our case is not so simple as this, since the vanishing divisor occurs not 
only in the inverse first power, but in an infinite series containing all the 
inverse powers The method we follow, which will be illustrated in the 
next article, is really equivalent to using the principle of § 201 in order to 
remove all inverse powers of the small divisor except the first, and then 
using the pnnciple of this article in order to remove this inverse first 
power 


204. An emmple of the adeVphic integfal %n Case III. 

We shall now shew by considering a particular dynamical system how the 
principle just mentioned is applied m order to obtain an adelphic integral 
free from vanishing divisors in “ Case III 

Consider the dynamical system whose Hamiltonian function is 
i5r= - 2g's + J7, cosp, + q,iq^V4. cos (api+lJ*). 

Now if the Hamiltonian function is 

iT= «!?!+ Sjffa + 3 i^17, cos p, + 3 i3»^I7«co 8 (2pi +p,), 
where Si and s, are arbitrary, the adelphic-integral series to which we are led 
by the method of § 196 is 

Constant cos pi + 3i3*^ I 74 COS ( 2 p, + p») 






8 cos(4!p i+p,) 


6 co8(2pi+p,) 

Sffi+Sa 2Siq'S8 


+ UiU/qi^q» 


a, f 2(9Si4-Sg) COB Pi ^ 
[{ai+Sj)(3aj+s») 


6 C08P> | 

Sl+Sj ^ j 

4 cos( 8 pt + 2p,) | 

38i + 2aj ) 


■ TTTT..# 5Sl+8t 

2 ^, (8ax + *,)(«. + «.) 


cos 




h 


+ terms of the 6 th and higher orders in »/qx and ^ 3 * ”'( 1 ) 
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In our problem = 1, Sa = - 2, so 2si + is a vanishing denominator. This 
denommator makes its appearance in the fourth term of the above expression, 
and occurs in every subsequent term, being squared in the coefficient of the 
fifth-order term We must now modify this senes (1) so 

as to obtain an integral which has no vanishing denominators 

In the first place, we apply the principle of § 203 the lowest term which 
IS affected by the vanishing denominator is the term 

?^> 2 , 3 ,il 7 ,oo 8 ( 2 p, + j)a) 

"t oa 

we therefore try to form an integral whose lowest term (discarding tho non- 
essential factors (2si — Sa) and shall be 

g'ig'aicos(2pi+pa). 

If then we suppose this integral to be 

Constant = ^ s ji ja^ cos (%)i + 29a) + ^4 + + > 

where <f)r denotes the terms of degree r in »nd V2»» and substitute in the 
equation (<j>, E) = 0, we find on equating to zero the terms of order 4 that ^4 
IS to be determined from the equation 

_ 2 ^ = qh^U, {2 sm (p.-* + sm (^p^+p,)] 

dpi opi 

The integral of this is 

' (pi = ^1 {2 cos {pi 4 - Pa) - cos ( 3 pi +^2)}) 

to which, however, we may add terms of the type 

+ ( 2 ), 

where a, 7 are arbitrary constants, since these terms satisfy the differential 
equation and axe of the type proper to ^4 It should be noticed that these 
terms are not now superfluous, as they were in the general case studied in 
§ 196 , for in the general case the addition of such terms to <^4 would merely 
be equivalent to adding on an arbitrary quadratic function of the integral of 
energy and the adelphic integral but in our present case the adelphic integral 
does not begm with terms Imear in qi and q^, and therefore a quadratic 
flinction of it does not account for terms like those in (2) The arbitrary con- 
stants in (2) are to be determined m sucl a way as to make terms with 
vanishing denominators disappear from the higher-order terms of Thus, 
writing now 

(pi = ETi {2 cos (pi + pa) —cos (8pi + p^)} + 

and substitutmg in the differential equation satisfied by ^5 which is 
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we find that on the nght-hand side of (3) the terms involving sin(2/)i + ;j;j) 
(which would lead to vanishing denominators on integration) are 

- Ui* sin (2pi + Jij) - 4a}x*3a^ sin + p^), 

and these will collectively vanish provided 



In this way, by repeated application of the pnnciple of § 201, we are able to 
remove all terms with vanishing denominators and obtain an adelphic integral 
free from them. 

206, Oompletion of the vniegrahm of the dynamical system in Cases II 
and III 

Having now in §§ 201—204 overcome the difficulty caused by the presence 
of terms with vanishing divisors in the adelphic mtegial in Cases II and III, 
we can use this integral in order to integrate the dynamical system com- 
pletely, just as was done for Case I in § 199 We thus obtam expansions. for 
the coordinates in terms of the time in all cases, but these expansions are 
completely different in form, according as the dynamical system &ll8 under 
Case I, II, or III This result supplies the underlying explanation of Poincare’s 
theorem that the series of Celestial Mechanics canhot converge uniformly over 
any continuous range of values of the constants for the senes to which he 
was referring were of the kind which we have classified under Case I, and we 
have seen that when the constants Si, s, are continuously vaned, these series 
must be replaced by the series appropriate to Case II or Case III, whenever 
the ratio Si/s, passes from an irrational to a rational value. The advantage of 
solving by means of the adelphic integral is that the forms of the adelphic 
integral corresponding to the three cases can be readily determmed’ and thus 
the difficulty is removed before the adelphic integral is used in order to obtain 
the complete expressions for the coordinates m terms of the time. 

For further leoent reaearohes on the general solution of the equations of dynamical 
systems, reference may be made to the important senes of memoirs by T. M. Cherry, 
published in the years 1924-27 in the Proo Camb PhL Soo., Trans, Comb PkA Soo,, and 
Proo. Zond. Math. Soe . and also to papers by B B. Baker and E B Ross m Proo. JBdm 
Math. Soc, Vols. xxxix.-xu, (1921-23). 


Miscellakbovs Examples. 

1. Let ^ denote any fiinotion of the variables qi, jj, ., . ,,p» of a dynamical 

system which possesses an integral of energy 

ya. -mS") Pi) -Constant j 

lot ai.oj, he the values of gi.3»i—i2»)Pii. jPn respectively at the 
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instant and let {f^g} denote the value of the Poisson-brackot (/, q) when tho quan- 
tities g'i,g2j }Pi^ occurring m it are replaced lespcctivel} by 

5i, »,6n* 

Shew that 

, W + (^ - ^o) {</>, ^} 

% Shew that the dynamical system whose equations of motion are 


where 


dt 0^0 ’ ’ 

rr 


possesses a family of solutions represented by the expansion (retaining only terms of order 
less than a"^) 

- 3o , /2a\^ 3a 


where 

and a and c are arbitrary constants 
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